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One of the most important issues concerning functional languages is the efficiency and the correctness

of their implementation. We focus on sequential implementations for conventional von Neumann

computers. The compilation process is described in terms of program transformations in the functional
framework. The original functional expression is transformed into a functional term that can be seen

as a traditional machine code. The two main steps are the compilation of the computation rule by
the introduction of continuation functions and the compilation of the environment management
using combinators. The advantage of this approach is that we do not have to introduce an abstract

machine, which makes correctness proofs much simpler. As far as efficiency is concerned, this

approach is promising since many optimization can be described and formally justified in the
functional framework.
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1. INTRODUCTION

The design of efficient and correct implementations is a crucial issue concerning

functional languages. Functional languages are still less efficient than traditional

imperative languages, but much progress has been made within the last few years

[6, 7, 12]. However, functional languages possess a definite advantage over

imperative languages: their semantic elegance makes program correctness proofs

and program transformations easier to establish. In this paper, we show that

these properties can be turned into account to build a correct and efficient

implementation bawd on program transformation.

The implementation of functional languages is generally described in terms of

an abstract machine [5, 7, 9, 12, 16], reducing either the source functional

program or a compiled version of this program. The abstract machine itself is
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22 . P. Fradet and D. Le Metayer

implemented on a traditional von Neumann computer. So, a complete correctness

proof’ of the implementation should involve three steps:

(1) proof of the compilation process,

(2) proof that the reduction of a compiled expression by a specific computa-

tion rule and its execution on the abstract machine yield the same result

[18, 19, 22],

(3) proof that the implementation of the abstract machine is correct.

Step (I) is generally easy because the compilation produces a functional expres-

sion. Step (2), however, involves the operational description of a specific machine

that makes proofs much more difficult to tackle. Step (3) is generally omitted

because the abstract machine is supposed to be close to the real one. This step

would probably deserve more attention if the implementation of the abstract

machine on the real one involved a nontrivial translation process.

Since correctness proofs are much easier in the functional framework, we

believe that the whole implementation process should be described in a purely

functional way. We present a method for transforming A-expressions into simpler

functional expressions whose reduction can be seen as an execution on a tradi-

tional machine with two components: the code and the stack. The important

point is that we do not have to introduce a machine with an operational

description indicating how the state evolves during the computation. The state

of the “machine” is the expression itself, and its evolution is specified by the

definition of basic functions (combinators ). The functional expressions produced

are of the form F G S1 . . S., where F is a basic function that behaves like a

machine instruction operating on the stack S1, . . . . S. and where (1 is an

expression representing the rest of the code. The code produced can be seen as

generic code for a traditional machine and can be specialized for a particular

processor by a straightforward macroexpansion.
This approach has interesting payoffs as far as correctness proofs are con-

cerned. We can say that we provide a proof of the whole implementation process.

Furthermore, this approach allows the derivation of efficient code because various

optimization techniques can be systematically applied at each level of transfor-

mation. In our formalism these optimizations (some of them well known by

compiler constructors) are expressed as simple transformation rules that can

easily be justified.
The execution of a functional program involves two main tasks:

(11 searching for the next expression to be reduced according to a specific
computation rule,

(2) management of the environment.

We achieve the compilation of these two tasks in the functional framework.

Section 2 describes the compilation of the computation rule using continuations.

The resulting expressions can be evaluated from left to right by successively

applying the head function. We describe the compilation of call-by-value and

call-by-name and give a sketch of the correctness proofs. Many improvements

are possible on the expressions produced by this first step; Section 3 introduces

the most important ones and applies them to an example. In particular, we
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Compilation of Functional Languages by Program Transformation “ 23

describe a transformation rule corresponding to the well-known tail-recursion

optimization. The compilation of environment management, presented in Section

4, is done by an abstraction algorithm in the same spirit as [1], [17], and [30].

This algorithm, independent of the computation rule, is based on a set of

combinators acting like traditional machine instructions (move, push, . . . ). A

sketch of its correctness proof is given. We describe in Section 5 various

optimizations that allow a drastic improvement of the code; some of them are

straightforward translations into the functional framework of well-known com-

piler optimization techniques such as peephole optimizations [2]. Section 6

describes a representation of closures and the implementation of call-by-need. In

conclusion, we provide figures illustrating the efficiency of the produced code,

and we compare the method with previous work in two respects: the compiler

derivation approach and the implementation choices.

2. COMPILATION OF THE COMPUTATION RULE

Our source language is an extended A-calculus with the following syntax:

E::= x/klopm El.. Em [ cond E, Ez E, I E, E? I kx.El I Ietrec f = XX.E,,

where Et are expressions, x is a variable, k is a basic constant, and opm represents

a strict primitive operator of arity m; the primitive cond is the only nonstrict

operator. The definition of factorial in this language is

letrec fact = ~x.cond (eq O x) 1 (mult x (fact (sub x l))).

The A-calculus has been chosen because it is a simple lanb~age that can easily

express any functional program. So if we have an implementation of the 1-

calculus, we can implement high-level functional programs just by translating

them into A-expressions.

The evaluation of an expression involves a repeated search for the next redex;

for example, in a call-by-value semantics, the first operation to execute in the

body of fact is eq, then cond, then either 1 or sub, and so on. The compilation of

the computation rule should produce an expression that can be evaluated by

systematic rewriting of the head function at each stage. We could have chosen

another particular function that can be found without recursive search; our choice

results naturally from the analogy with machine code.

We first consider a call-by-value semantics for the language; the compilation

of call-by-name is given at the end of the section. Basically, we have to invert

the order of subexpressions in a composition: the call-by-value evaluation of a

composition (El Ez ) entails the evaluation of E~, then the evaluation of El, and

finally the application of the result of E, to the result of Ez (we take here the

rightmost, innermost interpretation of call-by-value; the leftmost, innermost

strategy could have been chosen as well). But replacing (El Ez ) by (E2 El) is not

correct; we have to provide a mechanism for putting the result of Ez back to its

place after its evaluation. This effect is achieved via the use of continuations; we

transform each expression into an expression taking a continuation as argument
and applying it to the result of its evaluation. In the same way, we define a new

operator opmc for each operator opm such that

opmCCE1 . . . E~=C(opm E,. ..E~)
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24 . P. Fradet and D Le Metayer

and a new conditional operator condC, which takes two continuations (here Ez

and E3 )

Let us now take an example to illustrate the goal of the transformation described

in this section. We describe the call-by-value evaluation of the application

( Ax.add x (add x 1)) 3. The operator applied at each step is underlined.

(kx.add .r (add .x 1)) 3

+ (k. add ~ (add -r 1)) 3 searching for the next expression to reduce,

~ add 3 (add 3 1) @-reduction,

~ add 3 (add 3 1) searching for the next expression to reduce,

-+add34 first addition,

+7 second addition.

Our transformation ( followed by a simple optimization) applied to Ax.add x

(add x 1) will produce

Xx.ad& (add id x) x 1, where id = kc.

In this expression (addC id x) is the continuation of the leftmost ad~ (it will be

applied to its result), and id is the continuation of the rightmost ad~. The

application of this new function to the value 3 can be evaluated by systematic

reduction of the head function:

(~.ad~ (add x) x 1) 3
+ a&lC (ad~ id 3) 3 1, ~-reduction,

+a@Cid 34, first addition,
* id 7, second addition,
+~ application of the continuation id.

This example shows in which sense the computation rule has indeed been

compiled: there is no dynamic searching for the next redex during the evaluation.

Before giving a formal and comprehensive account of the transformation rules

for the compilation of call-by-value, let us introduce them in a more intuitive

way. We should keep in mind that the goal of the transformation ( 7 for call-by-
value) is roughly to rearrange subexpressions according to the order in which

they would be evaluated by call-by-value. To this aim, the transformed expres-

sions take an extra argument representing a continuation function to apply to

the result of their evaluation ( function calls will be of the form: F C’ El . . . En).

Let us first consider expressions E, which do not require any evaluation

(i.e., weak head normal forms): these expressions are constants, variables, and

k-abstractions. Their evaluation consists only in returning their value, so they
should be transformed into something like Ac.c E‘ which means that the contin-

uation can be applied immediately. If E is a constant or a variable, its value is

obviously itself; so we have

7(.X) = k.c x

7 “(k) = k.C k.

If E is a A-abstraction XX.F, this expression itself should be transformed. So E‘

must take a continuation and is of the form hc. ix. F’, where F‘ represents the
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(transformed) expression F applied to the continuation c. Thus we have F{ =
Y’(F) c, and the rule for ~-abstraction is

7 ‘OLT.3’) = Ac.c (XC.)JC.7’(F) c).

The only case where some evaluation is required is application. Let us first

consider an expression El Ez, where El is not a primitive operator. We should

have as previously Z’(EI El ) = Ac.E’. Call-by-value indicates that Ez should be

evaluated first; so E‘ = ‘7 (E2 ) E”. After the evaluation of Ez, call-by-value

imposes the evaluation of El and the application of the result of El to the result

of E2; El should return a function to be applied to the value of E2 with

continuation c. So we must have E” = Y (El) apply c where apply f c = f c. In

this context apply is equivalent to id, and we have

We can check that the rules for }-abstraction and application are coherent.

According to the previous rules we have

%((kl’) E) = AC:Z”(II) (z’(Ax.E’) id c)
= ACYZ (E) ((AC.C (AC.AXY (I’) c)) id c)
= ic.Z’’(E) (( AC.AX.7”(F) c) c)
= AC.7 ‘(E) (AX2’’(F) c).

The application of this expression to the continuation C is evaluated as follows:

(AC.7’ (E) (AXY “@’) c)) c c is bound to the global continuation C,
e y (E) (~x.Y ‘(F) C) E is evaluated first,
+ (AX.7’(F) c) NE then ix.~ ‘(F) C is applied to its result Npj,
+ 7 ‘(F)[NE/x] c and ‘7 ‘(F) is evaluated with x bound to the value of E.

Let us remark, however, that we must give the general rule for z ‘(EI Ez ) because

El may not be a ~-abstraction: it maybe itself an application or a variable.

The transformation of a primitive operator can be explained along the same

lines. In the expression opm El . . . En, call-by-value indicates the evaluation of

E~, E~-l, ..., El, then the application of opm; so we have

Y“(opm El . . . Em) = kc.z’”(11~) (7 (E~-,) (. ~ (T’(E~) (opm, c)).. )).

‘7”(E,-1) (. . .(7 (El) (opm, c)) . . .) is the continuation of 7“ (Ez ) ( for all i > 1),

opmc c is the continuation of 7 (El ), and c is the global continuation.

A special rule is attached to the conditional operator because it is strict in its

first argument only. Furthermore, cond takes two continuations and chooses

among them according to the value of its argument; so we have

?’(cond E, E, E,) = XC.Z”(EI) (con& (7 (E,) c) (v”(E, ) c)).

(E, and E3 take the global continuation since they represent the result of the

whole expression.)
The following rules gather the transformations described above. The rule for

letrec expressions can be deduced from the other rules and the definition of the
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26 . P. Fradet and D. Le Metayer

call-by-value recursion combinator Y. [25]: YU = Af.

(Au.gg u)).

Y (x) = Ac.c x
y-(k) = ~C.C k

Ag.f (Av.ggu)) (M.f

T“(cond E, E, E3) = Ac.Y’”(E, ) (con& (7 (E,) c) (7 (E, ) c)) (7 -~)

T“(E, Ez) = XC. Y(EJ (7 ‘(E,) id c) (7”5)

7“(i.1.E) = Ac.c (Xc.ix. 7“(E ) c) (7”6)

7 ‘(letrec t = Ax.E) = Ac.c (letrec f = Ac.Ax.7’ (E ) c). (77)

Let us return to our introductory example to illustrate the transformation z :

z (Ax.addx (addx 1))
= Ac.c(~c.kx.~ (addx (addx 1)) c) (7’”6)
= Ac.c(Xc.xx.(lc.?z(addx 1) ~7 (x) (addCc))) c) (7’3)

= xc.c (Ac.k.(~c.(Ac.7 ‘(1) (’z (x) (ad& c))) (Z (x) (ad& c))) c) ~z-~)

= k.c (~c.kx.(kc.(kc. (~c.c 1) ((~c.cx) (add c))) ((~c.cx) (adcLc))) c) (7”1),(72)

We take the convention that top-level continuations are always id; exploiting

this property and applying all possible @-reductions we get Ax.ad& (add, id x)

x 1; we have shown at the beginning of the section how this expression can be

computed by systematic reduction of the first function. Section 3 contains a full

treatment of optimization rules.

In order to establish the correctness of this first transformation, we have to

show that the evaluation of the original expression by call-by-value (CBV) and

the evaluation of the resulting expression by a computation rule modeling our

intuitive notion of “systematic reduction of the first operator” (FIRST) yield the

same result. To this aim, we describe the two computation rules in the form of

deductive systems in the style of [21].

Our system is made of (1) a set of axioms EI __+cREz, where CR indicates

computational rule, which can reduce El into Ez in one step, and (2) inference

rules of the form

El +cR E2

exp(El ) +cR exp(Ez)

where exp(El ) (respectively, exp(E2 )) denotes an expression (possibly) involving

El (respectively, E2 ), meaning that if El can be reduced into Ez in one step by

CR, then exp(El ) can be reduced into exp(Ez ) in one step by CR. In the following,

E, denotes any expression in our language, whereas N, denotes a weak head

normal form. In the remainder of the paper, the symbol = denotes syntactic

equality, We first give our definition of call-by-value.

Axioms

opm IVl N. +CBV r

with r the result of applying opm to NI . . . N~

cond True El Ez +CBV E,

cond False El Ez +CBV Ez

cond NE1 Ez ecBv 1, if N + True and N < False

( ix. E) N -+c,, E[N/x]
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where E [N/x] denotes the expression E where free occurrences of x are replaced

by N

(letrec f = AxE) N +rBV E[(letrec f = k.E)/fl[IV/x]

NE +(y,” 1, if N=k, N=x, or N=l.

Inference Rules

E, +CBV E;

opm E1. .. E, NL+l . . . N~ +CBV opm El . E: N,+, . Nn

E, -+cBv 1

opm E1. .. E, N,+ N~a C~vaC~v 1

E, +CBV E;

E, Ez +~Bv El E;

E, _+CBV E;

E, N _+~Bv E; N“

Here, -L represents the

with the rule Y’(1) = _

E, +CBV _L

E, E, -~Bv ~

undefined value; in order to deal with J_, F is extended

L. We must introduce 1 in order to be able to describe

precisely the number of reduction steps required by a computation rule.

We describe now the system corresponding to the FIRST computation rule;

this deductive system possesses a noteworthy property: it is defined only in terms

of axioms. This is a formalization of the fact that FIRST involves no dynamic

search of the next redex.

Axioms

opmCCE1. .. EE. ..E. *IRST c r E~+l . En

with r the result of applying opm to El . . . Em and r # 1

opmCCE1. .. EE. ..E. ‘FIRST ~ , ifr=~

con~ El Ez True Eb . . . E. --+~lRsTEl Ed . . . E.

con~ El Ez False Ed . E. *FIRST L & . . En

con& El Ez ES Ed . . E. ‘FIRST ~, if E3 % True and E? ~ False

(xx. El) E, E, . . . E. ‘FIRST EI[E2/xl E~ . . E.

(letrec f = kr.E,) E, E, ~ En +,,~,~ E, [(letrec f = Xx.E,)/f ][EJx] E, . ~ E.

E,...EE __+FIRST ~ , otherwise.

For any computation rule CR (here CR = CBV or CR = FIRST) the result of

the evaluation (normal form) of E by CR is denoted by CR(E); if the evaluation

does not terminate, CR(E) is undefined. NCR(E) represents the number of

reduction steps by CR to reach the normal form of E, and CR,(E) is the
expression obtained after i reduction steps by CR. We first state two important

lemmas relating the evaluation of 7 (E) and 7 (CBVI (E )) by FIRST. In the

following lemmas and properties, E and C represent closed ~-expressions.
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LEMMA 1. (YE, C) FIRST(Y (E) C) = FIRST(Z (CBV, (E)) C).

LEMMA 2. ( VE, C). If E is not in normal form, then

N~1~,sT(7 ‘( CBV,(E))C) + 1 s Nms,(7’(E)C) s Nm,,,(7 (CBV,(E))C) + k

ulhere k is a constant depending on the arities of primitiue functions.

PROOF. These two lemmas are proved by structural induction on the expres-

sions: in fact we prove slightly generalized forms of these lemmas where the

continuation C is replaced by a list of expressions Cl . . . C.; this generalization

is required by the induction itself. The proofs are based on a routine inspection

of the different cases [10]. Each case is treated in a mechanical fashion using the

following assumptions and properties:

(1) opm is strict and returns a basic value,

(2) E, C,,..., C. are closed expressions,

(3) if E is a normal form (~ .-L), then 7“(E) = Ac.c E’,

(4) if 7 ‘(E, ) = Ac.c E; (i.e., E, is a normal form # L), then Y’ (EIIEJx]) =

7 (El)[E;/x].

This last property is easily proved by structural induction on E, using only

definitions of F and substitution.

Although not tricky, these proofs have to examine too many cases to be

presented here in complete detail. To give their flavor, we describe the case E =

El Ez, where Ez is not a normal form:

PROOF OF LEMMA 1

FIRST(7 (EI E,) C, . C.)
= FIRST((AC.7 “(EJ (7 “(El) id c)) C’, C.) [definition of Y”]

= FIRST(7’”(E,) (7’(E1) id Cl) c, C.) [definition of FIRST]

FIRST(Z (CBV1(lll E,)) Cl C.)

= FIRSTC7 (El CBV1(,E,)) Cl C.) [definition of CBV, ]

= FIRST((AC.7 (CBVI(E,)) (y”(El) id c)) Cl C.) [definition of Y ]

= FIRSTCZ ”(CBVI(IZ, )) (.z (~,) id C,) C, C,,) [definition of FIRST]

= FIRST(Z(EZ) (Y(EI) id Cl) C, . C.) [induction hypothesis].

Hence Lemma 1. ❑

PROOF OF LEMMA 2

N~,~s~(z “(CBV, (E, E,)) C, Cn)
= 1 + NF1~5~(> (CBV, (E,)) (7”(E1) id C,) C, ~~ C.)

by induction hypothesis on E,, which is not a normal form. ❑

ACM TransactIons on Programmmg Languages and Systems, Vol 13, No. 1, January 1991.



Compilation of Functional Languages by Program Transformation “ 29

Lemma 2 allows us to derive a first correctness property.

PROPERTY 3. The evaluation of E by CB V terminates if and only if there exists

some C such that the evaluation of z ‘(E ) C by FIRST terminates.

PROOF. If the evaluation of E by CBV terminates, then there exists n such

that CBV. (E ) = CBV(E ). Since CBV. (E ) is a normal form (i.e., 1, a constant,

or a k-abstraction), ? ‘( CBV. (E )) = 1 or 7( CBV. (E )) = Ac.c E‘ with E‘ a

normal form itself; so ~F~~s’r ( Z“(CBV. (E ) ) id) s 2. Applying Lemma 2 n times

gives us

NF1R~T(7’(E ) id) s NF1R,T(7 ‘(CBVI(E)) id) + k

s . s iVFI~S~(Y’(CBVn (E)) id) + n X k 5 2 + n X k.

So there exists C (= id) such that the evaluation of z (E) C by FIRST terminates

since a normal form is reached in less than 2 + n x k steps.

If there exists some C such that FIRST( z ‘(E ) C ) terminates, then there exists

n such that NFIRsT( z (E) C ) = n. Let us assume that CBV(E ) does not terminate;

then ( Vp > O) CBVP (E ) is not a normal form, and we can apply p > n times

Lemma 2 to get

n- = NFIRST(7’(E ) C )
z N~I~s~(7’(CBVl(E)) C) + 1 > . . . z NF1RsT(7’(CBVP(E)) C) +P

which is a contradiction. So CBV(E ) terminates: it must reach a normal form in

less than n steps. ❑

We can now introduce the general correctness property.

PROPERTY 4. If the evaluation of E by CB V terminates, then

(w, c) FIRSZ’(7’(E) c) ==FIRS7’(’7-(CBV(E)) c).

PROOF. The proof of Property 4 is carried out by induction on Nc~v(E ):

(1) Nc~v(E ) = O * CBV(E ) = E, and the property is trivially true.

(2) Let us assume that the property holds for any E‘ such that Nc,v (E’) <

NCBV (E ); then

FIRST(Z”(CBV(E)) C )
= FIRST(7”(CBV(CBV, (E))) C) [definition of CBVI]
= FIRST(7”(CBV, (E)) C) [induction hypothesis]
= FIRST(Z (E) C) [Lemma 1].

This concludes the sketch of the correctness proof of the transformation Z. ❑

Two interesting corollaries follow directly from Property 4.

COROLLARY 5. (VE) CBV(E) = h * FIRST(Z “(E) id) = h

So when the normal form of the expression by call-by-value is a basic value,

the same result is obtained by the application of FIRST to the transformed
expression with continuation id.

COROLLARY 6. (VE ) CBV(E ) = kx.F - FIRST(Y (E) id) = Ac.AxY (F) c.
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This corollary deals with expressions whose normal form is a A-abstraction: in

such cases, the evaluation by FIRST of the transformed expression yields the

corresponding transformed A-abstraction.

For the time being, we have only described the compilation of call-by-value.

Other evaluation orders can be compiled by our method, and we now describe

the compilation of call-by-name (and therefore call-by-need, since there is no

difference at this level). The transformation rules are described as follows:

“l-(x) =x (1”1)
./’(k) = ~C.C k (.12)

t’(opm El Em) = AC. /’(E~) (. I-(E_,) (. ..(.1 (El) (opmC c)). . .)) (.1 3)
./ (cond El Ez E3) = XC. 1 L&) (con~ ( 1 (E, ) c) ( ~ (E, ) c)) (f4)
./’(E, E,) = k..~ (E, ) id c /’(E?) (/5)

,f ‘(AX.E ) = XC.c (Xc.kx. 1 (E) c) (/6)
,.1‘(letrec f = Ax.E ) = letrec f = kc.c (kc. X.x.. I (E) c). (,.1-7)

The two main departures from transformation 7” appear in rules (. 1“1) and

(.. I “5). By call-by-name, arguments are not evaluated before a function call; this
explains rule (. I‘ 1): the argument is evaluated in the body of’ the function,

whereas it is just returned by call-by-value. Rule (.1’5) expresses the fact that

the argument E~ is passed unevaluated to the result of El (since FIRST is

intended to be the evaluation rule). As we did for call-by-value, we can check

that the rules for A-abstraction and application are coherent:

/-(( AX.F) E) = xc..i (lx.F) id c .1’(E) (,1 5)
= Ac.(Ac.c (Ac.h. J“(F) c)) id c ./’(E) ( 1’6)
– XC.(XC.AX..l’(F) c) c f (E)—
= ~c.(Xx..r@’) c) [’(E].

The application of this expression to a continuation C is evaluated as follows:

(kc.(xx.l ‘(F) c) I’(E)) c c is bound to the global continuation C,
-+,HWT (Ax../ ‘(~) C).~ ‘(E) ix. 1’ (F) C is applied to its unevaluated argument,

_+171RsT~ (~)[.~ (E)/.x] C 1“(F) is evaluated with x bound to ,\ (E).

Let us illustrate the transformation ../’” by compiling the simple expression

previously used with call-by-value:

l“(kx. add x (add x 1))
= Xc.c (Ac.Lx.. ~’(add x (add x 1)) c) (.1’6)
= xc.c (Ac.kx.(lc..f (add x 1) (,I (x) (add c))) C) (./”3)

= Xc.c (Ac.Ax.(Ac.(kc..l (1) (.; (x) (add c))) (./ (x) (ad~ c))) c) (.1”3)

= Ac.c (lc.Xx.( XC.(AC.(AC.C 1) (X (add c))) (x(ad~c))) c). ( /’1), (.1 2)

Applying the same simplifications as above, we get

So x is bound to the argument and is evaluated first, then the first addition (with

1) can be computed; its continuation is (x (addC id)); x is reevaluated (in the case
of call-by-need, it just returns the previously evaluated value (see Section 6));

and the second addition can be performed.
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We do not dwell here on the correctness proof of the transformation .~’ since

it is very similar to the proof of 7’; the interested reader may refer to Fradet [10]

for a full description of the proofs.

3. SIMPLIFICATION RULES

As we already noticed, the expressions produced by the application of’ transfor-

mations Z“ and.. f’” are rather bulky and may be simplified greatly by some trivial

transformation rules. We present in this section some methods for improving the

result of our transformations, and we relate them to well-known compiler

optimization techniques.

3.1 Simplification by &Reduction

It is clear from the examples above that z‘ and I” introduce many new applica-

tions of A-expressions that can be reduced by ~-reduction. In order to ensure the

termination of this reduction, we apply the following strategy: a ~-reduction is

performed only if it strictly decreases the size of the expression. This restriction

does not forbid most of the simplifications since all the compositions introduced

by our transformations correspond to applications of an expression to its contin-

uation and, by definition, a continuation is applied only once (at the end of the

evaluation of the expression).

We illustrate this simplification with the compilation of the traditional recur-

sive version of factorial by ?’”:

Y“(letrec fact= kx.cond (eq O z) 1 (mult x (fact (sub x l))))
= Ac.c (Ietrec fact= Ac.kx.z’(cond (eq O x) 1 (mult x (fact (sub x l)))) c) (7’7)

= Ac.c (Ietrec fact = kc.kc.~(eq O X) (con~ (2 (1) c)

(2 (mult x (fact (sub x l))) c))) (Z-4)
—=.. .

= Ac.c (letrec fact = kc.lx.(lc.(kc.c .x) ((kc.c O) (eq, c))) (condc ((Ac.c 1) c)

(((k.(kc.(ic.(ic.c x) ((XC.C 1) (sub. c))) ((kc.c fact) id c))
((kc.c .x) (mult. c))) c))).

This expression can be simplified by a succession of @-reductions into

~c.c (letrec fact = Xc.~x.eqc (con~ (c 1) (sub. (fact (muIt. c x)) x 1)) O x).

We have already mentioned that top-level continuations are assumed to be

equal to id. This convention is rather natural since top-level expressions are just

supposed to return their result. This property can be exploited to achieve new

improvements of the code. For example, the result of the compilation of fact

above can be transformed into

letrec fact = kc.k.eqC (con& (c 1) (sub. (fact (mult. c x)) x 1)) O x.

The evaluation of this function applied to the continuation id and the integer 1

is described in the Appendix.

We should notice that the simplifications by &reduction described in this

section realize incidentally two well-known compiler optimizations called copy

propagation and dead-code elimination [2]. In the imperative framework, copy
propagation consists in replacing any reference to a variable x after the assign-

ment x : = y (and before any further assignment to x or y) by a reference to y.
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Copy propagation may give the opportunity to eliminate the assignment x := y

it’ it is unused; this optimization is called dead-code elimination. The counterpart

of such a situation in the functional framework is an expression of the form

(XX.E ) y, which is simplified by ~-reduction into E [bY/X]: copy propagation is

carried out, since y is substituted for x and dead-code is eliminated because the

application disappears.

3,2 Improvement of the Transformations

Let us now introduce another straightforward optimization. The transformation

of the expression

(ix.~y.E ) X Y,

by z”, yields after simplification

XC.7‘( Y) (? ‘(X) (xx. (kc.~y.:~ (E) c)) c).

No ~-reduction is possible on this expression; however, it is clear that the

continuation of 7 (E) will be the global continuation (i.e., the rightmost occur-

rence of c). So the result we would like is

kc.7’”(Y) (7 “(x) (XX.(A.V.’Z(E ) c))).

This optimization can be obtained by the introduction of a new rule in the

definition of Y :

7 ((lx, kx~.F) E, ~ En) (7”6.)
= Ac.? (En) (.. .( Z”(El) (~X1 . . . kn.~(~) C))...).

This rule is very similar to the rule (z “3) for the complete application of a

primitive operator to its arguments. A top-level function does not have its

arguments at compile time, and ( 7 6.) is not directly applicable. If we assume

that top-level expressions are applied to all their arguments, then the same kind

of optimization is obtained using this rule:

~“(k~l . xx~.F) = ~C.~X1 ~Xn:~”(~) C (76, )
if Axl . LX. .F is the top-level expression.

The same technique is used (with certain restrictions) when the function is

defined by a letrec-expression. Similar rules are introduced to improve the

transformation ,.1~

To illustrate these new definitions, we take the example of the compilation of

an iterative version of factorial according to call-by-value:

letrec itfact = kx.k.v.cond (eq O x) y (itfact (sub x 1) (mult x y) ).

Applying ~ and the optimization described above, this function is transformed

into

letrec itfact = ic.Xx.Ay.eqC (con~ (c y) (multC (subC (itfact c) x 1) x y)) O x.

3.3 Tail-Recursion Optimization

Let us continue the example of itfact above to show how the traditional tail-

recursion optimization can be expressed in our framework. In operational terms,

a tail-recursive function is a function such that no computation has to be carried
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out after the recursive calls. In functional terms, this means that the continuation

is always the identity function and tail-recursion optimization consists in remov-

ing this identity continuation, that is to say, producing a function taking no

continuation. Let us define function it fact’ by

letrec itfact’ = itfact id.

Using the definition of it fact, we get

Ietrec itfact’ = Lx. Ay.eqC (cond. (id y) (mult. (sub. (itfact id) x 1) .x y)) O x

which can be transformed ( folding the definition of itfact’ ) into

letrec itfact’ = Lx.ly.eqC (condC (id y) (multC (subC itfact’ x 1) x y)) O x.

We have obtained a new function that does not take any continuation; this

transformation is possible because all the recursive calls to itfact in (itfact id)

take id as a continuation (otherwise the final folding would have been impossible).

So, we have expressed in the functional framework the definition of tail recursion

and the corresponding optimization.

4. COMPILATION OF ENVIRONMENT MANAGEMENT

Let us compare the evaluation of expressions obtained after the first transfor-

mation with machine code execution. Throughout the reduction, the expression

under evaluation is always of the form El Ez E3 . . . E., where El is the next

function to apply and Ez its continuation (see, for example, the reduction of

fact id 1 in the Appendix). When El is evaluated and returns the value NI, the

expression becomes Ez NI E3 . . . E.. Let us now look at the expression under

evaluation as a machine state. Clearly, El would be the next instruction to

execute; Ez would be the rest of the code, and E3, . . . . E. would play the role of

a stack. However, these expressions are still far from machine code; the basic

reason is the occurrence of A-expressions whose reduction is not straightforward:

it involves some kind of environment management.

We use a well-known technique for the compilation of environment manage-

ment within the functional framework, which is called abstraction [5]. The

abstraction process consists in translating a functional expression into an equiv-

alent one that contains no variables via the use of combinators. Combinator-

based compilers generally use combinators such as S, K, I [30] or indexed

combinators [1, 17]. These combinators must be then implemented on a real

machine; they may be interpreted, or custom hardware may be designed to

support them. We take an alternative approach here: we choose a set of indexed

combinators that act on their arguments as traditional machine instructions on

a stack.

id E =E
push E F =FE
dupln E S, . S. =ES. S,. ..S.
flshn ES1. ..Sn =E

movem,. E S1 S~_l S’m Sm+l S. = E S1 . Sin-l S. S~+l S“, ifn>m

move~,n E S’l . S. . . . S~-l S~ –E S,...— s. . Sin-, s., ifn<m

ldcl. EFSl. ..S. –E(FS.)SI. .. S..—
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These combinators can be seen as machine instructions operating in the following

way:

(1) id corresponds to a return instruction: if the stack contains a single element,
then id returns it; otherwise it causes a jump to the address given by the top

of the stack,

(2) push is the traditional push instruction with an immediate argument,

(3) dupl~ pushes the rzth element of the stack,

(4) flshn pops the first n elements of the stack: it amounts to a modification of

the stack pointer,

(5) move~,n replaces the rrzth element of the stack by the nth element,

(6) ldcl~ is used to build a closure on the top of the stack.

In a real machine, the top of the stack would contain a pointer to the currently

built closure, and ldcln would involve the allocation of a new memory cell to hold
the new value. Section 6 presents such an implementation of closures in the

functional framework.

In order to make the description of the abstraction algorithm clearer, we

introduce more powerful combinators, which can be defined in terms of the

previous ones:

exed~,.,~ SI.. .smxxn. .xn =Xtsl. ..sm
mkcl~,n EFS1. .. S~XX. .. X.= E(FXl . .. X.) Sl. .. S~XX. ..X.
delt~,nESj..S~X,..Xn =ES1. ..S~.

In operational terms, exed~,~,i is a jump to the address contained in the i + mth
element of the stack after removing from the stack the n elements corresponding

to the current “environment” (i.e., arguments of the function under evaluation).

The first m elements correspond to the arguments of the called function. The

combinator mkcl~,n builds in one step a closure on the top of the stack, and

delt~,. removes n elements from the stack. The following properties can be easily
checked:

exed~,n,i = dupl~+, (delt~+l,n id)
mkcl~,n E = ldcl~+l (. (ldcl~+n E). . .)
delt~,n E = move .n m,m ( (move~+l,l (flsh~ E)) ~).

We can now present our abstraction algorithm; the abstraction of variables

xl, ..., X. from M is denoted by [xl, . . . . xn]~ M. In other words, [xl, . . . . xn]~ M

is an expression that does not contain xl, . . ., x. such that ([x1, . . . . X.]O M )

x~...xn = M. Actually, we give a more general definition of the abstraction
[x,, ..., X.]P M such that

(Vsl, . ..jsp)([xl. xn]plnf) slfspl. ..spX,... xn=ws,ssp. .sp.

We take the convention that when a function is called, its arguments are on

the top of the stack. The execution of a function may involve the installation of

new elements on the top of the stack: index p in the abstraction algorithm denotes

the number of values pushed on the stack over the arguments of the function at

a particular execution step. So, the ith argument of a function can always be

found at the position p + i in the stack.
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The global expression is first normalized nested A-abstractions are closed

using the following transformation (nested letrec-expressions are treated

similarly):

where -vI, . . . , y~ are the free variables of the original A-expression.

This normalization, called A-1ifting [13], is very much in the spirit of supercom-

binators [11] but does not exhibit full laziness. An expression [xl, . . . . x. ]0 E will

be a combinatory expression without free variables; therefore we do not have to

design special rules to abstract letrec-expressions or combinatory expressions.

Each subexpression of the form ( Xxl . . ~ Xx. .E ) (respectively letrec f = Axl . . .

Ax. .E ) is replaced by [xl, . . . . x~]o E (respectively letrec f = [xl, . . . . x.]0 E), and
the abstraction algorithm is applied to the innermost A-expressions in a bottom-

up fashion.

The basic abstraction rules are defined as follows (when the left-hand sides of

two rules overlap, the first rule should be applied first):

[.xl,. ... xn]piw = deltP,. M,
ifxl, ..., xn@Mandn#O

[X,,. .. XJPMX,X, = duplP+, ([XI, . . . . xn],o+I M),
ifx,~~xl,...,xn~

[xl,. ... &My =([x,,..., ~.]p+] M) Y,
ify~{xl, . . .. x., I

[X1,..., x.]PMk = push k ( [XI ,.. . ,xnlP+l M)
[x,,..., ~n]popm. M = opm. ([xl, . . . . x&~+l M),

(pzrl)

[xl,... , xn]pcond MN = cond. ( [xl ,... >X.lp–lM)([~l,. . ,xnlrl~)>
= exejP ~ 1)

[xl,. . . ,Xn]px, p,n,i
ifx, ={xl, . . ..xnj

[xl,.. . , xnlp MN =push ([xl,... , x.]~ iV)(mkclP,~ ([xl, ..., x~]P+l M)).

(Al)

(A2)

(A3)
(A4)

(A5)

(A6)

(A7)
(A8)

Before tackling the correctness proof, we give an intuitive justification for

these rules.

(Al) means that the arguments of the function can be discarded from the stack

as soon as they are no longer referenced in the remaining code.

(A2) indicates that a composition (M x, ) is evaluated by first pushing the value
of x, (which can be found at position p+i in the stack) and then evaluating M

with one more element on the stack.

(A4) achieves the same effect with a constant argument k.

(A3) is applied when the abstraction of a nested expression contains free

variables (i.e., in this context, function names), which are left unchanged.

(A5) describes the treatment of operators. An operator of arity m consumes m

elements from the stack and produces one element; so the remainder of the
expression is compiled with index p—m+l.

(A61 expresses the fact that cond. consumes one (boolean) element and then

transfers the control to one of its alternatives.
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(A7) is applied when the remaining expression is an argument, which means

that all other arguments can be discarded. The effect is achieved by the exed

combinator.

(A8) deals with the evaluation of a nonbasic expression M with a nonbasic

continuation N. A representation of the continuation N must be pushed on the

stack with its environment so that the expression M can call it after its own

evaluation (this is achieved by push and mkcl).

Let us now come back to our simple example to illustrate this abstraction

algorithm; we have described in Section 2 the transformation of the expression

Ax.add x (add x 1) by 7 ; after simplification the result was:

h.ad& (ad& id x) x 1.

The application of our abstraction algorithm to this expression gives

[.x](, (ad& (add. id x) x 1)
= push 1 ([x], (add. (add id x) x)) (A4)
= push 1 (dupl~ ([x], (add (ad& id x)))) (A2)
= push 1 (dupl. (add ([x], (add id x)))) (A5 )
= push 1 (duplz (add (duplz ([x], (ad& id))))) (A2)
= push 1 (dupl, (add (dupl, (delt,,, (add. id)))). (Al )

We now state the correctness property of our abstraction algorithm.

PROPERTY 7. (VP = O) (VM, S1, . . . . S’p) ([x,, . . . . Xn]p M) S, . . . SP

xl ... Xn =MSI . . . SP. This property includes ( for p = 0) the classic

property of abstraction algorithms: ([xl, . . . . x.] M) xl . . . x. = M; the gen-

eralization is needed to show the property by induction on the structure of the

expressions.

PROOF. The proof’ is a routine inspection of the different cases [10]. Each

case is treated in a mechanical fashion, using only the definitions of the combi-

nators, the rules of the abstraction algorithm, and the induction hypothesis. We

describe the cases E = M x, and E = MN:

(1)E=Mx,

([x,,. ... xn]pMx[)sspxlsxnl. ..xn
= duplP+i ([ X,, . . . . ‘nlP+l”)sl ‘“”spxl’’”~n (A2)

=([x,,..., xn]p+, kf)x,ss px,sxn,.. .xn [definition of dupl]

=Mx, S,. ..SP. [induction hypothesis].

(~) E~MN

([x,, . ..,.Yn]p MN)s, ---sDxxn--xn

=push([xl, . . . ,x~],l~) (mkclP,n ([xl, . ,xJP+l M))S1 SPX1 Xn (A8)
= mkclP,. ([x,,. ... xJP+,M)(X,,,,XJ, N)S,N)S, .$ ,x, ...x~

[definition of push]

=([x,,. ..,.v~]P+, M)(([x,,. ... x~], N)x, xn)S,... SPx,..x~
[definition of mkcl]

=M(([x,,. . .,xnlol’v)x] ..xn)s,. ..sp

=MNS, . ..S.
[induction hypothesis]

[induction hypothesis].
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5. OPTIMIZATION TECHNIQUES

The abstraction algorithm given in Section 4 is straightforward, and the code

produced can be improved in several ways. We first describe some optimizations

of the algorithm itself; then we present a simplification process, which can be

applied to the result of the abstraction algorithm.

5.1 Reducing the Size of Closures

According to rule (AS) of our abstraction algorithm, a closure is made of an

expression and the current environment. However, saving the whole environment

may be unnecessarily expensive if some identifiers are not referenced at all in

the expression contained in the closure. Rule (A8) can be improved in order to

gather in the closure only the values required to evaluate the expression:

[x,, ..., ~n]P M N = push ([x,1, . . . . x,,h N)
(ldclP+~, .

(As)
(Idclp+,r ([x,, . . . . X.] P+, M)). .)

where x ~2, ..., x,, are the free variables of N.

This new version of (A8) is more efficient than the original in our implemen-

tation because we do not have an explicit environment (the stack is used to store

the environment as well as the intermediate values); so the construction and the

installation on the stack of a closure take time proportional to the size of the

environment.

5.2 Avoiding the Creation of Closures

It is well known that the manipulation of closures is an important source of

inefficiency in the implementation of functional languages [15]. Closures involve

environments, and their construction is time and space consuming. It is necessary

to build a closure when the execution of an expression is deferred (because the

expression is a function or due to the normal-order evaluation rule) in order to

save the right environment for its subsequent evaluation. This strategy is the

most general and must be used when the compiler cannot know when the

expression whose evaluation has been deferred must be evaluated. However, there

are expressions whose evaluation time can be predicted. The typical case is

expressions M N, where N is the continuation of M; in such a case, N will be

evaluated when the evaluation of M is finished with the value of M on the top of

the stack. The straightforward compilation indicated by rule (A8) would involve

saving the environment with N in a closure, executing M, which provokes the

destruction of the current environment, and reinstalling this environment (or a

part of it) for the evaluation of N. It would, obviously, be more efficient to avoid

constructing a closure for N and to compile M in such a way that its evaluation

keeps the current environment in place. So, in order to carry out this optimization,

one must be able to

(1) detect expressions M N such that N is a continuation of M,

(2) compile an expression in such a way that it does not destroy its environment.

Let us consider item (1) first. The following definition allows us to make more

precise what we mean by “N is a continuation of M.”
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Definition 8. Any expression M such that for all SI, . . . . S~ there exists

some M’ such that (VN) ill N SI . . . S~ = N M‘ is called a stable expression

of order m.

In other words, if M is a stable expression of order m then in the expression

M N El . . E. (with n > m), N is a continuation of M. The order of an expres-

sion produced by the first transformation step can be obtained from the trans-

formation itself. For example, correctness properties of transformations z

(Property 4, Section 2) and, 1‘ allow us to derive the following property.

PROPERTY 9. ( b’E ) :7’(E) and. 1“(E ) are stable expressions of order O; (’dE )

?’ ‘(xx.E ) id and [ (hx.E ) id are stable expressions of order 1.

PROOF. Let us just justify that Y (E) is a stable expression of order O. By

Property 4, we have z (E) C = .Z (CBV(E )) C. By definition of Z; if N is a

normal form, then .Z (N) is of the form Xc.c N’. Thus 2‘ (E ) C = 2 (CBV(E ))

C=(AC.CE’)C=CE’. ❑

Let us now consider item (2). What we need is an abstraction algorithm [ ]‘

such that

([x,, . . . ..xn]. il’f) s, . SPx,. ..x~=MSSPxl Pxl. ..x~.

In fact, this algorithm can be obtained from the previous one in the following

way.

Definition 10. We consider the abstraction algorithm [xl, . . . , x.]; M similar

to the previous one (replacing ([xl, . . . . x~]P by [xl, . . . . x.];) except that (Al)

(A7), (A8) become

[xl, . . . . Xn]j k =k (Al’
[X,, . . ..xn]. x, = duplP+, id (A7’
[x,, . . . . xJ~ M N = push ([x,, . . . . x.], N) (mkclP,~( [x,, . . . . xJ+, M)). (A8’

One can show that the following property is true.

PROPERTY 11. (YP > O) (VM, S1, . . . . SP) ([xl, . . . . xn]~ M) S, . . . SP

x~... x.= MSl. .. SPxx~. .x~.

PROOF. Similar to the proof of Property 7.

We can gather these two pieces of information to improve the abstraction

algorithm by adding a new rule (between (A7) and (A8) ):

[Xl, . . . . X.]P MN = push ([xl, . . . . x~]P-m,+,N) ([x,, . . . . Xn];+l M), (A8a )

if M is a stable expression of order m ~ p.

PROOF. The proof of the algorithm remains the same; we just have to prove

one more induction case corresponding to rule (A8. ):

hlNS, SP=NM’S~+,... SP
[Definition 8, M is a stable expression of order m]
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and

push([x,, . . . . ‘nl.mm+l ‘)([Xl , . . . . ~nli+l~) sl”””sPxl”””xn
= ([X1, . . . . d;+, M) ([X1, . . . . Xn]p-m+l N) s, . Sp xl . . Xn

[definition of push]
=M ([x,,..., ‘nip–m+l ‘) ‘1 “ ‘P ‘1 “ ‘~

[Property 11] ❑

= ([xl,..., Xnlp–m+l ~) M’ sm+I . “ ~ Sp XI “ $.

[Definition 8, M is a stable expression of order m]
=NM’S~+, . ..SP

[induction hypothesis].

This optimization may be applied to expressions produced by 7’ or .1, but its

most useful application is to subexpressions (x E ) produced by.. i.’ In this context,

every variable x (not introduced by 1 ) is to be bound to an expression of the

form .1 (E), which is a complete expression of order O. So (A8. ) can be applied,

and (x E ) is abstracted as follows:

[x,, ..., xnlp XLE = push ([XI >. ..> X.lp+l E)([xI, . . . . xnlj+I x1) (A8.)
= push ([xl, . . . . x.IP+I E)(dupl~+l+i id). (A7’)

This case is so common that it is convenient to introduce a new combinator

calln E PI . . . P. = P. E P, . P. [calln E = push E (dupl.+, id)].

This combinator can be seen as the machine instruction “subprogram call”,

which pushes the return address before jumping to the subprogram. Using this

combinator, we can add a new rule used only for expressions previously

compiled by. / :

[xl, ..., x.IP X1 E = =W+P ([xI, . . . . Xnlp+l E)

[if x is not a continuation variable].
(A8,)

The detection of continuation expressions has already been used by Kranz et

al. [15] to improve the code produced by the ORBIT compiler. The optimization

consists of allocating on the stack rather than on the heap closures whose lifetime

can be predicted.

Now, let us take an example in order to illustrate the optimized abstraction

algorithm. We consider the expression

Xy.(kx.add x (add x 1)) (add y 1).

After compilation of call-by-name by. f’ and simplifications, we get

Ay.(kt..x (ad~ (.x (add id))) 1) (~c.y (ad& c) 1).

The rightmost A-abstraction is not closed; A-1ifting gives us

Ay.(kx.x (ad& (x (ad& id))) 1) (( AY.XC.Y(ad& C) 1) Y).

The abstraction algorithm can now be applied:

[YIO ([XIII x (ad& (X (add id))) 1) (([ Y,cIo .V (add C) 1) Y)
[x], x (add (x (addc id))) 1

= push 1 (callz ([x], adcL (x (add id))) ) (A4), (A8h)
= push 1 (callz (add (call, (deltz, 1(ad&id))))) = X (A5). (A8h), (All

[Y,c],, y (ad~) 1 = push 1 (call, (add exed~,,,~)) = Y. (A4), (A8~), (A5), (A7)
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so

[Y]. x (y Y) = push y (mkcl~,~ (deltl,z X)). (A8), (Al)

Actually, in the abstraction of [y]. X (Y y ), we have implicitly used q-reduction

([ y]o ( Y y) = Y). This new rule could be included in the algorithm like our
previous optimizations. Another way to perform this optimization (and many

others) is to simplify the expressions produced by the abstraction process. This

kind of simplification is presented in the next section as rewriting rules on

combinatory expressions.

5.3 Peephole Optimization

Now we introduce simplification rules which may be applied to the result of the

abstraction algorithm; most of these rules are the translation in the functional

framework of well-known compiler optimization techniques called peephole

optimizations [2]. We give here some of the most useful simplification rules:

dupl, (move,+ ,,1 E) = dupl, E (s1)
dupl, (move,,j E) = dupl,.l E (s2)
dupl, ( fish, E ) = flshj.l E, if~>O (s3)
flshi ( flshj E ) = flshi+; E

flsho E

(s4)
=E (s5)

movez,i (flsh~ E) = flsh~ E, ifi=k (S6)
movei,j (movei,& E ) = movei,k E (s7)
rnove,,j (rnovej,i E ) = move;,i E (S8)
dupl, (move,,. E) = movej.l,k.l (dupl~ E), ifj # 1, h # 1, i # j – 1 (s9)
dupli (rnovej,l E) = movei-l,i (dupli E), ifj# 1 (s10)
flshi (move~,, E) = move,+,,,+, (fish, E) (s11)
fish, (duplj E) = movei,i+j ( flshi-l E). (s12)

The general idea behind most of these rules is to avoid redundant stack

movements. The correctness of each individual rule is obvious. The termination

of the rewriting system can be shown using an ordering involving the size of the

expression (rules (S I )–(S8) strictly decrease the size of the expression) weighted

by a priority of combinators (rules (S9)-(S12)).

Let us continue our factorial example to show an application of this rewriting

system. The function produced by the first transformation ~’ is, after simplifi-

cation (see Section 3.1):

letrec fact = Ac.Lx.eqC (con~ (c 1) (sub, (fact (mult. c x)) x 1)) O x.

Applying the abstraction rules (notably A8.), since this fact is a stable expression
of order 1, we get

letrec fact = dupl, (push O (eq. (con~

(push 1 exedl ,,,1 )

(push 1 (dupl, (sub. (push (cIuP1, (mult, exed~,~,, ) ) fact))))))).

The macrocombinator exed is unfolded:

exedl,z,l = duplz (moveA,2 (moves,l (flsh;~ id))).
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It is simplified using the rewriting system (S1)-(S12):

exedl,~,l = moves,l (duplz (moves,l (flshz id)))
= move3,1 (duplz (flsh~ id))
= moves,l (flshl id)

(s9)
(s1)
(s3)

and the final version of fact is

letrec fact = dupl, (push O (eqc (cond

(push 1 ( moves,l (flshl id)))

(push 1 (dupla (sub, (push (dupls

(mult~ (moves,, (flsh~id)))) fact))))))).

This example illustrates the interest of the simplification strategy: the dupl

combinators are moved toward the end of the code where they may be canceled

by a fish combinator. In operational terms, we delay the execution of the dupl

operators until they turn out to be really necessary or useless.

5.4 Linearization

The expressions yielded by the abstraction algorithm look very much like machine

code. The only remaining difference is that in general these expressions are still

binary trees, whereas machine code is made of sequences of’ instructions. The

linearization is achieved by the introduction of names denoting embedded com-

posed expressions. In operational terms, these names correspond to code ad-

dresses. The last remark concerns function names in recursive definitions. These

names remain unchanged by the abstraction process since they are free variables.

If we assume that names represent code addresses, then we must translate

the occurrences of function names into jump instructions; in functional terms,

jump f is defined by jump ~ = ~. This introduction of explicit labels and jumps

has also been used in the context of semantics-directed compiling [3, 27]. The

application of the linearization process to the previous expression yields:

letrec fact = duplz (push O (eq. (con& f,, f,)))
let fu = push 1 (moves,, (fish, id))
let fl = push 1 (dupls (sub. (push f, (jump fact))))
let f, = dupl, (mult. (move,., (flsh~ id))).

We have now several linearized trees that can be written as sequences of

instructions in the following way:

fact dupl 2 f, push 1

push O dupl 3
eq< sub,

cond. fo, fl push F,

fo push 1 jump fact

move 3,1 f, dupl 3

fish 1 multc

id move 3,1
fish 1
id
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The Appendix describes the evolution of the stack during the execution

of this code (applied to id and 1) and illustrates the duality—functional

expression/machine code—of the result of the compilation.

6. IMPLEMENTATION OF CLOSURES AND CALL-BY-NEED

The expressions obtained after the transformations described in the previous

sections can be translated into code for a specific machine by a straightforward

macroexpansion. For example, dupli can be expanded into the 68020 assembly

instruction

movl sp@(4*(i—1 )), sp@,—

where sp is the stack pointer and 4 is the word length. However, one combinateur,

mkcl, does not have any immediate counterpart in the instruction set of usual

computers. It builds a closure by constructing a succession of applications on the

top of the stack; this is not realistic since a real stack element cannot contain

objects of unbounded size. The usual solution is to build the closure in the heap

and to leave a pointer to it in the stack. This representation makes also possible

the sharing of closures corresponding to arguments occurring several times in

the body of the function. The version of call-by-name that updates a closure

after its first evaluation is usually referred to as call-by-need. The transforma-

tions seen so far to compile call-by-name remain valid for call-by-need; the

difference between those two evaluation rules only appears in the implementation

of closures.

In order to express this low-level step in the functional framework, (1) we add

a new arawment H to expressions (an array representing the heap) and (2) we

introduce indexes (a new set of basic constants noted 1, q, . . . ) to access elements

of H. Closures are represented as vectors (groups of contiguous elements) in the

heap: the first element is a label (or pointer) corresponding to the code of the

closure and the remaining elements correspond to the environment of the closure.

We want to obtain expressions of the form E 1? H S, . . S., where (E F) is

the code (F is a continuation), H the heap, and Sl, . . . . S. the stack. To this aim,

new versions of combinators and another transformation are introduced. A

complete description of this treatment is beyond the scope of this paper; we just

present the main ideas by resuming the example in Section 5.3, where the

function Ay. ( Ax.add x (add x 1)) (add y 1) was compiled into

push (push 1 (call, (ad& exed,,z,z )) )
(mkcl~,~ (delt,,, (push 1 (call. (add (call, (delt,,~ (ad& id))))))))

This expression is now transformed into

Push (Psc1l (Push 1 (Call, (add Exedl,z,z))))

(Mkclo,j (Delt,,z (Push 1 (Call, (ad~ (Call, (Delt~,~ (add Fin)))))))),

which has the linearized form

Push fi) f,

with

let f. = Pscll (Push 1 (Ca112 ret.)) let ret~ = add. Exedl.2,2
let f, = Mkclo.1 (Deltl,z (Push 1 (Call. ret, )))
let ret, = add, (Call, ret, ) let ret, = Deltz,l (add Fin).
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The combinator Push denotes the same operation as push but takes an extra

argument: Push E F A = F A E. The same trivial transformation is applied to

obtain Dupl, Delt, Fish, and Move. Fin is the final continuation (previously

denoted by id) and deletes the store before returning the result: Fin A E = E. In

operational terms, Mkcl~,. builds a closure as a vector in the array; llxed~,m,,

remains the same except in one case: if the i + nth element is an index, then

Exedn.~,i is an indexed jump to the function part of a closure; Call~ is a call to
a function in the stack or the function part of a closure according to the type of

the nth element (index or not); the new combinator Pscl is used to push the

arguments of a closure in the stack before its reduction.

Let us give an idea of the reduction rules of the new combinators by describing

the execution of the above expression applied to the argument 1. The compiled

form of this argument is

let arg = Push 1 Exedl,l,l (.1 (1) = Ac.c 1, and [c], c 1 = push 1 eked,,,,, )

and the reduction proceeds as follows:

push fO fI [ 1 arg
+ MkclO,l (Delt1,2 (Push 1 (Cal12 retl))) [ ] j) arg

[the initial array is empty (not initialized)] (1)

Mkclo,l builds the closure { fo, arg} in the array and pushes an index pointing

to it.

+ Deltl,Z (Push 1 (Callz retl )) [ f~~,arg] I fO arg (2)

Delt1,2 removes fO and arg from the stack.

+ Push 1 (Callz retl ) [ fo,arg] I f. arg (3)
-+ CaH2 retl [ fo,arg] 1 ~1 (4)

Call, saves the return address and installs the function part of the closure ( fo)

for evaluation.

-.+ Pscll (Push 1 (Callz retO)) [ fO,arg] J retl 1 ~! (5)

Pscll pushes the argument of the closure, which is now reduced.

.-+ Push 1 (Callz reto) [ fo ,arg] arg retl 1 II (6)

-+ Callz ret. [ f(,,arg] 1 arg retl 1 I (7)

The argument to be executed (second stack element) is not a closure, Callz is a

direct jump to arg, which is reduced.

+ Push 1 Exedl,l,l [ f(l,arg] retO 1 arg retl 1 I (8)
-+ Exedl,l,l [fo,arg] 1 ret~ 1 arg retl 1 u (9)

After evaluation, the control returns to retO to complete the reduction of the

closure.

+ addC Exedl,z,z [ f~,arg] 1 1 arg retl 1 ~ (lo)
-+ Exedl,2,2 [ fO,arg] 2 arg retl 1 I (11)

Exed1,2,2 makes a jump to the return address ret, after having removed arg from

the stack.

~ addC (Callz retz [f. ,arg] 2 1 f (12)

~ Callz retz [ t(l,arg] 3 ~ (13)
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The closure is needed a second time and is reevaluated; the reduction is the same

as previously.

+.. . (see steps (5)-(11)) (14)-(20)

The execution of ret~ takes place when the closure in normal form (2) is on top

of the stack.

+ Delt2,1 (ad~ Fin) [fo,arg] 2 3 1 (21)

(22)+ ad& Fin [ fil,arg] ~ 3
- Fin [f,,,arg] 5 (23)
+5 (24)

The closure { fil ,arg] (which corresponds to {(add .Y 1), .Y=l }) is executed twice

because it is bound to two occurrences of x in Ax.add x (add .x 1); this is why call-

by-name is never used in practice. Call-by-need keeps the advantages of normal-

order reduction while avoiding recomputation of arguments. The idea consists in

replacing the closure by its value after the first evaluation. In order to imple-

ment this update operation, we need to introduce two new combinators and

a new version of Call. The updating operation is performed by the combinator

Updt which replaces the function part of the closure by the combinator Pshv

(= Pscll Exedl,S,s) and the first argument by the normal form of the closure;

Pshv is used to push the value of the closure (i.e., the first argument) on the

stack. The new version of Call still saves the return address before reducing the

closure but now installs Updt on the top of the stack as an intermediate

continuation.

Let us describe the evaluation of the example above by call-by-need. The

compiled expression has the same syntax; only the definition of Call is changed.

Push f, f, [ ] arg
+ ... The first steps are not changed. (l)-(3)
-+ Callz retl [ ~O,arg] 1 ]1 (4)

Callz installs Updt on the top of the stack as an intermediate continuation. The

index pushed between Updt and retl is used by Updt to locate the cells to

update.

+ Pscll (Push 1 (Callz ret,) ) ) [ ~o,arg] 11Updt II retl 1 )1 (5)
+ . . . we steps (6)–(10) for call-by-name (6)-(10)
- ExedI,z,z [fo,arg] 2 arg Updt i retl 1 i (11)

The closure in normal form is on top of the stack. The intermediate continuation

Updt is executed.

+ Updt [fo,arg] 2 II retl 1 II (12)

The closure is replaced by Pshv and its normal form.

- add’ (Callz ret~) [Pshv,2] 2 1 i (13)

a Callz retz [Pshv,2] 3 I (14)

The closure is needed a second time, and Pshv is executed,

+ Pshv [Pshv,2] i Updt I retz 3 I (15)
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Pshv pushes the value of the closure and deletes the update operation and its

associated index. This way, the updating operation is performed at most once

per closure (after the first evaluation).

+ Delt2,1 (add Fin) [Pshv,2] 2 3 I (16)

+5 . . . see steps (22)–(24) with call-by-name. (17)-(19)

Due to its low-level nature, this last step is not so elegantly expressed in the

functional framework. We had to introduce an array along with indexes and new

combinators so that we could express the classic implementation of closures,

sharing, and the updating inherent to call-by-need. For the same reason, the

correctness proofs are somewhat less simple. However, we should point out that

all the proofs already done by call-by-name remain valid for call-by-need, the

correctness proof of the implementation of call-by-need can focus on this last

transformation.

The combinator Mkcl and the new combinators introduced to implement

closures and call-by-need have a straightforward translation into machine in-

structions; so the compilation of our original functional lanaguage into functional

machine code is now completely described.

7. CONCLUSIONS

We advocate in this paper that the implementation process of a functional

language should be described in a purely functional way. We have presented a

method for transforming functions defined in a A-calculus with constants into

“equivalent” functions defined in terms of combinators acting on their arguments

like machine instructions on a stack. The major originality of this approach in

contrast with the SECD machine [5, 16], the TIM [9, 33], and the CAM [7, 19,

20] is that we do not have to introduce a machine and describe it in terms of

state transitions. The state of the machine is the expression itself, and its

evolution is specified by the definition of the combinators. For example, the

evaluation of the result of the compilation of the factorial function can be

described as the reduction of a functional expression or as the execution of code

on a stack machine (see the Appendix). This approach has interesting payoffs as

far as correctness proofs are concerned. We do not have to prove that the

operational definition of the machine is coherent with the operational semantics

of the language as in [18] and [22] since they are identical. The only operational

argument in our proof appears in Section 2, where it is shown that the reduction

of the transformed expression by FIRST amounts to the reduction of the original

expression by the computation rule compiled. However, this proof does not

involve reasoning on tricky machine states. We should also mention that the

first transformation ( z‘ or ./“) does not depend on the chosen implementation

and could be applied as well in the context of graph reduction (it would lead to a

simpler graph evaluator reducing systematically the first term of the expression).

7.1 Related Works

The formalization of the implementation process has also been studied by
Reynolds [24], followed by Schmidt [26] and Wand [32]. They proceed

by successive transformations of a semantics of the source language to derive an
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interpreter or a compiler and an abstract machine. In particular, Wand [32]

presents heuristics for analyzing the compilation process. This method also

involves continuations and combinators, but in a quite different way: it takes a

continuation-based semantics as input, whereas in our work continuations appear

in the compilation process as a formalization of the computation rule. Further-

more, Wand translates the semantics of the program into a sequence representing

the code and a program (or “machine”) to execute it; in our approach semantics

or machines do not appear explicitly. In some sense, the transformation described

in Wand [3’2] to derive machine code can be seen as the specialization of an

abstraction algorithm to a particular program, which is the semantics of the

language. We believe that staying in the functional framework and proceeding

exclusively by program transformation (instead of interpreter transformation)

makes formal proofs easier. Let us remark, however, that Wand’s goal is a bit

different since he deals in the same way with any language (imperative or

functional) that can be described by a continuation semantics. Raoult and Sethi

[23] propose a related approach to semantics-directed compiling they use
combinators acting on an explicit tuple (which can also be seen as a stack) and

introduce a “pipe” combinator that expresses instruction sequences and plays

the role of continuations in our setting.

The benefits of continuations to compiler design have already been illustrated

by two-Scheme [29] compilers: Rabbit [28] followed by Orbit [15]. They integrate

continuation conversion as a preliminary standardization step, but the compila-

tion is not entirely described in terms of program transformation. Appel and Jim

[4] describe a continuation-passing style compiler of ML written in ML. The

originality of the paper is the presentation in several phases, within the ML

framework, of optimizations that are tangled into one phase in ORBIT. Kelsey

and Hudak [14] present a compiler based on program transformations in an

intermediate language. The idea is to use a feature-for-feature comparison of the

intermediate lanawage and the machine language to guide the transformation

process. Continuations are used again to make control explicit, and environments

are introduced to manage identifier binding. In contrast with our approach, the

source and intermediate language are imperative, and the semantics of the

intermediate and target languages are different. These works put deliberate

emphasis on efficiency issues rather than on the correctness of the implementa-

tion. Let us also mention the presentation of the TIM, which has been rephrased

by Wray and Fairbairn [33] as a succession of simple transformations in the

spirit of the work presented here.

7.2 Performances

Even if the performance considerations are not the main topic of this paper, we

must say a few words about the produced code. We have chosen the environment-

based approach rather than graph reduction because it is closer to traditional

von Neumann machines. The code produced by our transformation rules is lower

level than the code of Burge [5] for the SECD machine and that of [7] and [20]

for the CAM. In operational terms, the main difference between our implemen-
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tation and the SECD machine is where environment savings are achieved: in our

implementation, environments are saved when encountering intermediate

subexpressions rather than at function call. We depart from the CAM as far as

environment representation is concerne~ in the CAM, environments are repre-

sented as trees, which entails less expensive closure building but costly access

time.

Most of our transformations can be directly written in a functional lan.wage

with pattern matching. A prototype compiler based on this approach has been

implemented in Miranda [31] on a SUN workstation for three computation rules:

call-by-value, call-by-name, and call-by-need. We should mention that only the

simple lan.wage described in Section 2 has been implemented so far. We illustrate

the efficiency of the code produced with some small functions chosen to evaluate

specific aspects of the implementation:

letrec fact = kx.cond (eq O x) 1 (mult x (fact (sub x l)))
letrec fib = Lx.cond (leq x 1) 1 (plus (fib (sub x 1)) (fib (sub x 2)))
letrec itfact = ~x.~y.cond (eq O x) y (itfact (sub x 1) (mult ~ Y))

letrec ack = ~.x.~y.cond (eq x O) (PIUS Y 1)
(cond (eq O y) (ack (sub x 1) l)(ack (sub x 1) (ack x (sub Y 1))))

letrec zerocl = kx.ky.cond (eq x 0) O (zerocl (sub x l) (Ax. PIUS 1 (Y z)))
letrec addcl = kx.~y.cond (eq x O)(Y 0) (addcl (sub x 1) (k~. PIUS 1 (Y z))).

Functions fact and fib are classica! benchmarks; itfact is a tail-recursive function;

ack involves embedded recursive calls; zerocl is a function designed to illustrate

the efficiency of closure creation, and addcl involves closure creation and closure

application. Tables I and II show the execution times of the codes produced by

several compilers; our compiler is denoted by CPT (Compilation by Program

Transformation). All the safe optimizations provided by each compiler have been

applied (e.g., using short integers).

The two results for itfact in C correspond to the left-recursive definition of

itfact and to the iterative version (using a while-loop) of the same function. The

relative inefficiency of addcl using our compiler may be explained by the fact

that the complexity of closure application is linear in the size of the environment

(because environments are installed on the stack. Another possible choice is to

keep a pointer in the global environment and to distinguish access to local

identifiers and to global identifiers [6]; this makes function calls more efficient

because context switching amounts to a pointer movement. This technique could

have been implemented in our approach as well.

These results have to be confirmed for a more realistic language including lists,

user-defined data types, and pattern matching. Nevertheless, they are promising

and show that the code produced by our compiler for simple programs is realistic.

7.3 Further Prospects

We believe that the efficiency of the code produced by our compiler is due to the
program transformation approach, which allows the systematic application (and

justification) of optimization rules. Each technique is applied at the appropriate
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Table I. Execution Times for Functions fact 12, fib 20, and ack 33 Produced by Various

Compilers

CPT CPT CAML CAML Chez Standard

Recursive calls Call by Call by Call by Call by scheme ML

per second value need value need (CBV) (CBV) (C:v)

fact 12 180,000 40,000 80,000 15,000 15,000 110,000 180,000

fib 20 265,000 40,000 95,000 20,000 30,000 180,000 z60,000

ack 33 2?0,000 25,000 60,000 10.000 25,000 100,000 240,000

Table II. Execution Times for Functions itfact 121, zerocl 100 id, and addcl 100 id
Produced by Various Compilers

Recursive calls CPT CAML

per second Call by value Call by value Chez scheme Standard ML c

itfact 121 160,000 40,000 10,000 70,000 160,000/

200,000

zerocl 100 id 230,000 40,000 20,000 125,000

addcl 100 id 50,000 30,000 15,000 80,000

transformation level; we have shown that tail-recursion optimization, copy prop-

agation, and dead-code elimination can be carried out after the first transfor-

mation step (Section 3), whereas peephole optimizations are applied on combi -

natory expressions (Section 5).

Other well-known compiler optimization techniques such as common sub-

expression elimination and code motion [2] can be expressed in the functional

framework. For example, let E be an expression in which F occurs several times;

the following transformation achieves common subexpression elimination:

E + (~x.E [x/F]) F.

Code motion is applied to loops involving a subexpression whose evaluation

always yields the same value (“loop-invariant computations” ). The optimization

consists in taking the loop-invariant expression and placing it before the loop,

thus avoiding reevaluation. In the functional framework, loops are represented

by recursive functions. A subexpression in the body of a function is constant

through the calls (“function-invariant” ) if it does not involve any argument

of the function. We can again resort to ,8-expansion to name such an ex-

pression and extract it from the body. Let F be a subexpression ‘oF letrec f =

AxI . . . Axn .E, which occurs several times and does not involve any of the

arguments .xI, . . . , X., and let x be an identifier that does not occur in E. Code

motion is carried out in the following way;

letrec f = Lxl . . . kx..l? -+ (kx.(letrec f = h, kxn.E[x/F])) F.

These techniques, avoiding reevaluation of expressions, are related to the

compilation method proposed in [11] to obtain fully lazy supercombinators.
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However, Hughes [11] strives to avoid the duplication of expressions during the

compilation phase and is not concerned with the detection of common subexpres-

sions already present in the original function. Finally, let us notice that these

techniques do not depend on the compilation rules described in this paper, so

they should be applied on the original expression, which is generally simpler.

The results of the strictness analysis can also be exploited very easily in

our approach. Let us consider the transformation . I described at the end of

Section 2; assuming that function /is strict in its ith argument, we can define

an optimization of’ rule (. t’ 5):

.t’(f E1 . . . E,) = ~C../(~L)L) (.r’(f E1 .. E,_l) c). (./”5)

This rule forces the evaluation of E, before the call off. Function ~ itself must be

compiled using a composite set of transformation rules (. f”’) in order to take

into account the fact that its ith argument is evaluated before the call (basically

rule (.~’1) is used to compile the occurrences of the i – 1 first arguments, and

rule ( z‘ 1) is used for occurrences of the ith argument).

Another promise of our approach could be the expression, within the same

framework, of various implementation techniques. This would provide a better

understanding of the relations between implementations, which is very difficult

to assess, in general.

APPENDIX

We show that the evaluation of the function fact obtained after the first

compilation step (Section 2) can be carried out by systematic reduction of the

head operator. The function is applied to the continuation id and the integer 1.

(- fact = Ac.kx.eqC (con& (c 1) (subC (fact (multC c x)) x 1)) O x) id 1
-+NRST (&eq. (con& (id 1) (sub. (fact (mult. id x)) 1 1)) O x) 1
-+FIRST ~. (con~ (id 1) (sulz (fact (rmdt. id 1)) 1 1)) O 1
+FIRST m. (M 1) (sub (fact (mult, id 1)) 11)) False
‘FIRST @. (fact (multc id 1)) 1 1

‘FIRST (& fact
= Ac.Ax.eqc (cond. (c 1) (sub. (fact (multc c x)) x 1)) O x) (multc id 1) O

-FIRST (M.eq. (cond (mult. id 1 1) (sub. (fact (multc

(multc id 1) x)) x 1)) Ox) O

+FIRST e% (con& (rnult~ id 1 1) (sub. (fact (mult. (muIt. id 1) O)) O 1)) O 0
+FIRST ~. (mult. id 1 1) (sub. (fact (mult. (muIt. id 1) O)) 0 1)) True
+FIRST -. M 1 1

‘FIRST ~ 1

‘FIRST 1.

We now describe the evaluation of the result of the compilation of fact given

in Section 5.3. We show in parallel the evaluation as the execution of code on a

stack machine and as the reduction of a functional expression (see Table 111). In
the middle part of the table, we represent the state of the stack (the top being

the leftmost element) before the execution of the corresponding instruction.
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Table III. Execution of Code on a Stack Machine and as Reduction of a Functional
Expression

Machine state

Code Stack Functional expression

fact dupl 2
push O

eqc
cond fa, fl

fl push 1
dupl 3
sub.
push f,
jump fact

fact dupl 2
push O

eqc
cond fU,fl

fo push 1
move 3, 1
fish 1

f? :Pl 3
multc
move 3, 1
fish 1
id

id
result = 1

id 1

l:id:l

O:l:idl
False:id:l

id 1
l:id:l

l:l:idl
O:ld:l

f2:O:idl

f2:O:idl

O:j,:O:idl

O:O:f,: O:idl
True: f2:O:idl

f2:O:idl

l: fz:O:id:l

I: f,:l:id:l

f,:l:idl

l:id:l
l:l:id:l

l:idl
l:id:l

id: I

1

duplz (push O (eq. (con&i, f, ) )) id 1
push O (eq. (con&f, f,)) 1 id 1

eq. (concLfOfl) O 1 id 1
con~ f. f, False id 1
push 1 (dupl, (sub. (push f, [jump fact)))) id 1
dupl. (sub, (push f, (jump fact))) 1 id 1

sub. (push f~ (jump fact)) 11 id 1
push fz (jump fact) O id 1
jump fact f~ O id 1

duplz (push O (eqc (con&f, f, ))) f? O id 1
push O (eqC(con~ f. f, ) ) Of, O id 1

e% (con&f, f,) O 0 fz O id 1
cond f“ fl True f! O id 1
push I (move.,l (fish, id)) f, O id 1
move~,l (flshl id) 1 fz O id 1
fish, id 1 f, 1 id 1
id f~lidl
dupl, (mult. (move.,, (flshl id))) 1 id 1
mult, (move~,l (flshl id)) 11 id 1
moves, I (fish, id) 1 id 1
fish, id 1 id 1
id id 1

id 1
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