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PREFACE

This book is intended for a first undergraduate course in modern
abstract algebra. Linear algebra is not a prerequisite. Since terse mathemat-
ical elegance often leaves beginning students bewildered, the emphasis
here is on clarity as well as rigor. Concepts are fully explained, with numer-
ous examples, and all the nontrivial details of proofs are filled in. The goal
has been to produce abook which an average student can read with minimal
outside assistance. To enable the student to develop the necessary skills for
doing mathematics, there are more than 1500 exercises, grouped by level of
difficulty.

The flexible design of the text (which is fully explained in the TO THE
INSTRUCTOR section) makes it suitable for courses of various lengths at
different levels of mathematical sophistication. It can be used for a tradi-
tional abstract algebra course or for a course with a more applied flavor.

Virtually all the previous algebraic experience of most college stu-
dents has been with the integers, the field of real numbers, and polynomials
over the reals. This book capitalizes on this experience by treating rings,
fields, and polynomials before groups. Consequently, the student can build
on the familiar, see the connection between high-school algebra and the
more abstract concepts of modern algebra, and more easily make the transi-
tion to the higher level of abstraction.

Although I have no doubts that doing rings before groups is best for
most students, it took me almost a decade to accept this conclusion. So I am
quite sympathetic with those who are reluctant to abandon the conven-
tional “groups first” order. I ask only that they give this approach a fair
classroom trial: “Try it, you’ll like it.”

The other features that set this book apart are its thematic development
and organizational overview. The Core Course (Chapters 1 —8) is organized
around three themes: arithmetic, congruence, and abstract structures.
Each theme is developed first for the integers, then for polynomials, and
finally for rings and groups. This enables students to see where many ab-
stract concepts come from, why they are important, and how they relate to
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one another. The congruence theme is strongly emphasized in the develop-
ment of quotient rings. Consequently, students can see that ideals, cosets,
and quotient rings are a natural extension of familiar concepts in the in-
tegers rather than an unmotivated mystery. Dealing with congruence in
polynomial domains before arbitrary rings not only eases the transition but
also provides some nontrivial results on field extensions much earlier than
customary.

To assist the student in forming a coherent overview, the interconnec-
tions of the basic areas of algebra are frequently pointed out in the text and
in the THEMATIC TABLE OF CONTENTS on page xx. Each horizontal
line of that table shows how a particular theme or subtheme is developed
first for integers, then for polynomials, rings, and groups. Each vertical
column exhibits the interplay of all the themes for a particular topic.

The final version of this book has benefited from the comments of
many students and of mathematicians who reviewed or class-tested the
manuscript. My thanks to:

Gary D. Crown, Wichita State University

Richard Grassl, University of New Mexico

Paul R. Halmos, Santa Clara University

Robin Hartshorne, University of California, Berkeley
Peter Jones, Marquette University

Robert Lax, Louisiana State University

David Leep, University of Kentucky

Arthur Lieberman, Cleveland State University

Steve Monk, University of Washington

Philip Montgomery, University of Kansas

Murray Schacher, University of California, Los Angeles
Daniel B. Shapiro, Ohio State University

Nick Vaughan, University of North Texas

Bhushan Wadhwa, Cleveland State University

I also want to thank Ann Melville and Joyce Pluth for expertly typing
the first draft and patiently assisting me to learn word processing for later
drafts. The latter would not have been possible without the computer pro-
vided by Dean Georgia Lesh-Laurie and extensive technical assistance from
my colleague Frank Lozier. Their generosity is appreciated. I am also
happy to acknowledge the assistance of Bob Stern, Maureen Iannuzzi, and
the rest of the Saunders College Publishing staff. It has been a pleasure to
work with them.

Finally, a very special thank you goes to my wife, Mary Alice, and my
children, Anne and Tom, for their patience and understanding during the
preparation of this book.

T. W. H.
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TO THE STUDENT

OVERVIEW This book begins with things you’ve seen before: grade-
school arithmetic and the algebra of polynomials from high school. We shall
then see that these familiar objects fit into a larger framework — that they
are just special cases of certain abstract algebraic structures.

To assist you in the essential task of tying the various topics together in
a coherent fashion in your mind, the book is organized around several
themes. Here is a brief description of the three most important themes in
the first eight chapters:

Arithmetic You will see how the familiar properties of division, re-
mainders, factorization, and primes in the integers carry over to polyno-
mials and then to more general algebraic systems.

Congruence Congruence of integers may be familiar to you in the
form of ““clock arithmetic.” * But the concept is deeper and more far-reach-
ing than you might suspect. It leads to new miniature arithmetic systems
that serve as a model for what can be done with polynomials and other
systems. Congruence and the related concept of a quotient object are the
keys to understanding abstract algebra.

Abstract Algebraic Structures The essential properties of familiar
systems (integers, rational numbers, polynomials) are identified. Then we
consider other mathematical systems that share some or all of these proper-
ties.

PROOFS The emphasis in this course, much more than in high-school
algebra, is on the rigorous, logical development of the subject. If you are
one of the many students who have had little experience with mathematical

* When the hour hand of a clock moves 3 hours or 15 hours from 12, it ends in the same
position, so 3 = 15 on the clock; similarly 0 = 12, If the hour hand starts at 12 and moves 8
hours, then moves an additional 9 hours, it finishes at 5; so 8 + 9 = 5 on the clock.
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To The Student

logic and reading or writing proofs, you should begin by reading Appendix
A. It summarizes the basic rules of logic and the proof techniques that are
used throughout this book.

Read the text with pencil and paper in hand before looking at the
exercises. When you read the statement of a theorem, be sure you know the
meaning of all the terms in the statement of the theorem. For example, if it
says “every finite integral domain is a field,” review the definitions of
“integral domain” and ““field” —if necessary, use the index to find the
definitions.

Once you understand what the theorem claims is true, then turn to the
proof. Remember: There is a great deal of difference between understand-
ing a proof in the text and constructing one yourself. Just as you can appreci-
ate a new building without being an architect, you can verify the validity of
proofs presented by others even if you can’t see how anyone ever thought of
doing it this way in the first place.

Begin by skimming through the proof to get an idea of its general
outline before worrying about the details in each step. It’s easier to under-
stand an argument if you know approximately where it’s headed. Then go
back to the beginning and read the proof carefully, line by line. If it says
“such and such is true by Theorem 5.18,” check to see just what Theorem
5.18 says and be sure you understand why it applies here. If you get stuck,
take that part on faith and finish the rest of the proof. Then go back and see if
you can figure out the sticky point.

When you're really stuck, ask your instructor. He or she will welcome
questions that arise from a serious effort on your part.

EXERCISES Mathematics is not a spectator sport. You can’t expect to learn
mathematics without doing mathematics, any more than you could learn to
swim without getting in the water. That’s why there are so many exercises in
this book.

The exercises in group A are usually straightforward. If you can’t do
almost all of them, you don’t really understand the material. The exercises
in group B often require a reasonable amount of thought — and for most of
us, some trial and error as well. But the vast majority of them are within your
grasp. The exercises in group C are usually difficult . . . a good test for
strong students.

Many of the exercises will ask you to prove something. As you build up
your skill in reading the proofs of others (as discussed above), you will find it
easier to make proofs of your own. The proof techniques presented in
Appendix A may also be helpful.

Answers (or hints) for approximately half of the odd-numbered exer-
cises are given at the end of the book.
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TO THE STUDENT

OVERVIEW This book begins with things you’ve seen before: grade-
school arithmetic and the algebra of polynomials from high school. We shall
then see that these familiar objects fit into a larger framework — that they
are just special cases of certain abstract algebraic structures.

To assist you in the essential task of tying the various topics together in
a coherent fashion in your mind, the book is organized around several
themes. Here is a brief description of the three most important themes in
the first eight chapters:
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form of ““clock arithmetic.”” * But the concept is deeper and more far-reach-
ing than you might suspect. It leads to new miniature arithmetic systems
that serve as a model for what can be done with polynomials and other
systems. Congruence and the related concept of a quotient object are the
keys to understanding abstract algebra.

Abstract Algebraic Structures The essential properties of familiar
systems (integers, rational numbers, polynomials) are identified. Then we
consider other mathematical systems that share some or all of these proper-
ties.

PROOFS The emphasis in this course, much more than in high-school
algebra, is on the rigorous, logical development of the subject. If you are
one of the many students who have had little experience with mathematical

* When the hour hand of a clock moves 3 hours or 15 hours from 12, it ends in the same
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To The Student

logic and reading or writing proofs, you should begin by reading Appendix
A. It summarizes the basic rules of logic and the proof techniques that are
used throughout this book.

Read the text with pencil and paper in hand before looking at the
exercises. When you read the statement of a theorem, be sure you know the
meaning of all the terms in the statement of the theorem. For example, if it
says “every finite integral domain is a field,” review the definitions of
“integral domain” and ““field” —if necessary, use the index to find the
definitions.

Once you understand what the theorem claims is true, then turn to the
proof. Remember: There is a great deal of difference between understand-
ing a proof in the text and constructing one yourself. Just as you can appreci-
ate a new building without being an architect, you can verify the validity of
proofs presented by others even if you can’t see how anyone ever thought of
doing it this way in the first place.

Begin by skimming through the proof to get an idea of its general
outline before worrying about the details in each step. It’s easier to under-
stand an argument if you know approximately where it’s headed. Then go
back to the beginning and read the proof carefully, line by line. If it says
“such and such is true by Theorem 5.18,” check to see just what Theorem
5.18 says and be sure you understand why it applies here. If you get stuck,
take that part on faith and finish the rest of the proof. Then go back and see if
you can figure out the sticky point.

When you're really stuck, ask your instructor. He or she will welcome
questions that arise from a serious effort on your part.

EXERCISES Mathematics is not a spectator sport. You can’t expect to learn
mathematics without doing mathematics, any more than you could learn to
swim without getting in the water. That’s why there are so many exercisesin
this book.

The exercises in group A are usually straightforward. If you can’t do
almost all of them, you don’t really understand the material. The exercises
in group B often require a reasonable amount of thought — and for most of
us, some trial and error as well. But the vast majority of them are within your
grasp. The exercises in group C are usually difficult . . . a good test for
strong students.

Many of the exercises will ask you to prove something. As you build up
your skill in reading the proofs of others (as discussed above), you will find it
easier to make proofs of your own. The proof techniques presented in
Appendix A may also be helpful.

Answers (or hints) for approximately half of the odd-numbered exer-
cises are given at the end of the book.



To The Student

KEEPING IT ALL STRAIGHT The different branches of algebra are con-
nected in a myriad of ways that are not always clear to either the beginner or
the experienced practitioner. So it’s no wonder that students sometimes
have trouble seeing how the various topics tie together, or even if they do.
Keeping in mind the three themes mentioned above will help, especially if
you

regularly consult the THEMATIC TABLE OF CONTENTS

on the next page. Unlike the usual table of contents, which lists the topics in
numerical order by chapter and section, the Thematic Table is arranged in
logical order, so you can see how everything fits together.

xix
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CHAPTER 1
ARITHMETIC IN Z REVISITED

Algebra grew out of arithmetic and depends heavily on it. So we begin our
study of abstract algebra with a review of those facts from arithmetic that
are used frequently in the rest of this book and provide a model for much of
the work we do. We stress primarily the underlying pattern and properties
rather than methods of computation. Nevertheless, the fundamental con-
cepts are ones that you have seen before.

1.1 The Division Algorithm

Our starting point is the set of all integersZ = (0, +1,+2, . . .}. We
assume that you are familiar with the arithmetic of integers and with the
usual order relation (<) on the set Z. We also assume the

WELL ORDERING AXIOM Every nonempty subset of the set of nonnegative
integers contains a smallest element.

If you think of the nonnegative integers laid out on the usual number
line, it is intuitively plausible that each subset contains an element that lies
to the left of all the other elements in the subset—this is the smallest
element. On the other hand, the Well-Ordering Axiom does not hold in the
set Z of all integers (there is no smallest negative integer). Nor does it hold



1 Arithmetic in Z Revisited

in the set of all nonnegative rational numbers (the subset of all positive
rationals does not contain a smallest element because, for any positive
rational number r, there is always a smaller positive rational — for instance,
r/2).

Consider the following long-division problem:

Quotient ————— 145 Check: 145  Quotient
Divisor ——> 31 I 4509 X 31 Divisor
Dividend 31 145

140 435

124 4495

- 169 +14 Remainder

155 4509 Dividend

Remainder 14

The division process stops when we reach a remainder that is less than the
divisor. All the essential facts are contained in the checking procedure,
which may be verbally summarized like this:

dividend = (divisor)(quotient) + (remainder).

Here is a formal statement of this idea, in which the dividend is denoted by
a, the divisor by b, the quotient by g, and the remainder by r:

THEOREM 1.1 (THE DIVISION ALGORITHM) Let a, b be integers with
b > 0. Then there exist unique integers q and r such that

a=bg+r and 0=r<b,

This theorem allows for the possibility that the dividend ¢ may be
negative. This is one reason the theorem contains the additional statement
that the quotient g and the remainder r are unique. In grade school the idea
that a division problem might have more than one correct answer never
arises, but without some restrictions on the remainder, such aresult is quite
possible here. Simply requiring the remainder r to be less than the divisor b
does not guarantee a unique quotient or remainder. For instance, if a =
—14 and b = 3, then there are two possibilities for g and r:

g=—4,r=—2. —14=3(—4)—2 with -2<3
and
g=—5,r=1: —14=3(-5)+1 with 1<3.

When the remainder r is also required to be nonnegative (as in the
theorem), then we do have uniqueness, as will be shown in the proof.
The fundamental idea underlying the proof of Theorem 1.1 is that



1.1 The Division Algorithm

division is just repeated subtraction. For example, the first step in the long
division of 4509 by 31 on page 2 amounts to subtracting

4509 — 31 - 100 = 4509 — 3100 = 1409.

(This step is abbreviated by writing 45 — 31 = 14, placing a 1 in the
hundreds place of the quotient, and ““bringing down’” a 0 from the divi-
dend.) Similarly, the second step is subtracting

1409 — 31 - 40 = 1409 — 1240 = 169

and placing a 4 in the tens place of the quotient. These subtractions con-
tinue until you reach a nonnegative number less than 31 (in this case, 14).
This number is the remainder, and the number of multiples of 31 (namely,
145) that were subtracted is the quotient. So the division is really this
subtraction: 4509 — 31 - 145 = 14.

In the proof of the theorem, where a is being divided by b, we will
subtract multiples of b from a. In other words, we will consider numbers of
the form a — bx, where x is any integer (in the example, these were the
numbers 4509 — 31x for various x). The smallest such nonnegative number
is the remainder; the corresponding value of x is the quotient.

Proof of Theorem 1.1* Let a, b, be fixed integers, with b > 0. Consider all
integers of the form a — bx, where x € Z. We first show that some of these
integers must be nonnegative. There are two possibilities:

1. Ifa=0,thena—b - 0=a=0.S0a— bxis nonnegative forx =0
in this case.

2. If a <0, then —a > 0. Since b is a positive integer, we must have
b = 1. Multiplying this last inequality by the positive number —a
shows that b(—a) = —a, or equivalently, a~ba=0. So a — bx is
nonnegative when x = qa in this case.

Therefore the set S of all nonnegative integers of the form a — bx, withx € Z,
is nonempty.

By the Well-Ordering Axiom, S contains a smallest element —call it r.
Since r € S, ris of the form a — bx for some x, say x = g. Thus we have found
integers q and r such that

r=a—bg, or equivalently, a=bqg+r.

Since r € S, we know that r = 0. We now show that r < b. Suppose, on the
contrary, that r = b. Then r — b = 0, so that

0<r—b=(a—bg)—b=a—blg+1).

* For an alternate proof by induction of part of the theorem, see Appendix C.



1 Arithmetic in Z Revisited

Since a — b(g + 1) is nonnegative, it is an element of § by definition. But
since b is positive, it is certainly true that r — b <r. Thus

a—blg+t1)=r—b<r.

The last inequality states that a — b(g + 1) — which is an element of §—is
less than r, the smallest element of S. This is a contradiction. So we must
have r < b. Hence we have found integers g and r such that a = bg + r and
0=r<b.

To complete the proof, we must show that g and r are the only numbers
with these properties (that’s what ““unique” means in the statement of the
theorem). To do this, we suppose that for some integers g, and r; we also
have a = bq, + r;, with 0 = r; <b. Then we prove that g =g, and r = r,.

Either r = r| or ry = r; say r = r;. Using subtraction we have

a=bg+r
a=bqg, +n
0=bq—bg, +r—rn,
bgy —bg=r—n
bigi— q)=r—r,.

This last equation says that r — r; is an integer multiple of b. But b > 0 and
r—r; =0 (since r=r;), and so gq; — ¢ must be a nonnegative integer.
Therefore r — ry is one of 0b, 1b, 2b, 3b, etc. But 0 = r; = r < b, so that the
difference r — r; is also strictly less than b. Since 0b <b < 2b<3b < - - « |
the only possibility is that r — r; = 0b = 0. Therefore r = r, . Finally, since
b(g;—q)=r—r;=0and b > 0, we must have g — q, = 0, so that g = g, .

A similar argument with the roles of r and r, reversed proves the
uniqueness of g and r in the case r, = r and completes the proof of the
theorem. B*

A version of the Division Algorithm also holds when the divisor is
negative:

COROLLARY 1.2 Let a and c be integers with ¢ # 0. Then there exist unique
integers q and r such that

a=cqg+r and 0=r<|c|.

Proof Exercise 3. B

* The symbol B indicates the end of a proof.



1.1 The Division Algorithm

EXERCISES

A. 1. Find the quotient and remainder when a is divided by b:
(@) a=302,b=19 (d) a=2000,b=17
(b) a=—302,b=19  (e) a=2001,b=17
(©) a=0,b=19 (f) a=2002, b=17

2. Let n be a positive integer. Prove that a and ¢ leave the same re-
mainder when divided by n if and only if @ — ¢ = nk for some integer

k.

3. Prove Corollary 1.2. [Hint: Apply Theorem 1.1 with b =|c|.]

B. 4. If you divide 59 by 7 on a calculator, the answer is displayed as
8.428571429. Using the Division Algorithm, we see that when 59 is
divided by 7, the quotient is 8 and the remainder is 3. How can you
use the calculator to obtain this integer quotient and remainder?
More generally, develop an algorithm for use with your calculator
that will produce the quotient and remainder for a given dividend
and positive divisor. Be sure your algorithm works for both positive
and negative dividends.

5. Use the calculator algorithm developed in Exercise 4 to find the
quotient and remainder when a is divided by b:

(a) a=517,b=83 (d) a = 8,126,493; b = 541
(b) a=—612,b=174 (e) a=—9,217,645, b = 617
(c) a=7,965532,b=127 (f) a=171,819,920; b = 4321

6. Use the Division Algorithm to prove that every odd integer is either
of the form 4k + 1 or of the form 4k + 3 for some integer k.

7. Prove that the square of any integer a is either of the form 3k or of the
form 3k + 1 for some integer k. [Hint: By the Division Algorithm, a
must be of the form 3g or 3¢+ 1 or 3q + 2.]

8. Prove that for every odd integer a, a? is of the form 8k + 1 for some
integer k.

9. Prove that the cube of any integer has to be exactly one of these
forms: 9k or 9k + 1 or 9k + 8 for some integer k.
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1.2 Divisibility

An important case of division occurs when the remainder is 0, that is,
when the divisor is a factor of the dividend. Here is a formal dcfinition:

DEFINITION Let a and b be integers with b + 0. We say that b divides a (or
that b is a divisor of a, or that b is a factor of a) if a = bc for some integer c. In
symbols, “b divides a” is written b|a and “b does not divide a” is written

bla

EXAMPLE 3|24 because 24 = 3-8, but 3 | 17. Negative divisors are
allowed: —6| 54 because 54 = (—6)(—9), but —6 | (—13).

EXAMPLE Every nonzero integer b divides 0 because 0 = b - 0. For
every integer a, we have 1 |a becausea=1 - a.

Remark If b divides a, then a = bc for some c. Hence —a = b(—c), so
that b | (—a). An analogous argument shows that every divisor of —aisalso a
divisor of a. Therefore

a and —a have the same divisors.

Remark Supposea # 0andb|a. Thena = be, so that|a| =|b||c|. Con-
sequently, 0 =< |b|=<|a|. This last inequality is equivalent to —(a|< b <|a].
Therefore

(i) every divisor of the nonzero integer a is less than or equal to |a[;
(ii) a nonzero integer has only finitely many divisors.

All the divisors of the integer 12 are
1,-1,2,—-2,3,—-3,4,—4,6,—6,12 —12.
Similarly, all the divisors of 30 are
1,—-1,2,—-2,3,—-3,5,—5,6,—6,10,—10, 15, — 15, 30, —30.

The common divisors of 12 and 30 are the numbers that divide both
12 and 30, that is, the numbers that appear on both of the preceding lists:

1,-1,2,—-2,3,—3,6,—6.

The largest of these common divisors, namely 6, is called the greatest
common divisor of 12 and 30. This is an example of the following definition.

DEFINITION Let a and b be integers, not both 0. The greatest common
divisor (ged) of a and b is the largest integer d that divides both a and b. In
other words, d is the ged of a and b provided that
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(i) dlaand d|b;
(ii) ifclaand c|b, then c < d.

The greatest common divisor of a and b is usually denoted (a,b).

If a and b are not both 0, then their ged exists and is unique. The reason
is that a nonzero integer has only finitely many divisors, and so there are
only a finite number of common divisors. Hence there must be a unique
largest one. Furthermore, the greatest common divisor of a and b satisfies
the inequality

(a,h) =1

because 1 is a common divisor of a and b.

EXAMPLE (12,30) = 6, as shown above. The only common divisors of
10 and 21 are 1 and —1. Hence (10,21) = 1. Two integers whose
greatest common divisor is 1, such as 10 and 21, are said to be rela-
tively prime.

EXAMPLE The common divisors of an integer a and 0 are just the
divisors of a. If a > 0, then the largest divisor of a is clearly a itself.
Hence, if a > 0, then (a,0) = a.

Listing all the divisors of two large integers in order to find their ged
can be quite time-consuming. A relatively quick method for finding ged’s in
such cases is presented in Theorem 1.6.

We have seen that 6 = (12,30). A little arithmetic shows that some-
thing else is true here: 6 is a linear combination of 12 and 30. For instance,

6=12(—2)+30(1) and 6=12(8) + 30(—3).

You can readily find other integers u and v such that 6 = 12u + 30v. The
following theorem shows that the same thing is possible for any greatest
common divisor.

THEOREM 1.3 Let a and b be integers, not both 0, and let d be their greatest
common divisor. Then there exist (not necessarily unique) integers u and v
such that d = au + bo.

The converse of this theorem is false (Exercise 27.)*

Proof of Theorem 1.3 Let Sbe the set of all linear combinations of a and b,

* “Converse” is defined in Appendix A.
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that is,
S={am+bnim,nel).

We shall find a particular element of S and show that it is the ged. First note
that a2 + b%2 = ga + bbis in S and a2 + b% = 0. Since a and b are not both 0,
a® + b? must be positive. Therefore S contains positive integers and hence
must contain a smallest positive integer by the Well-Ordering Axiom. Let ¢
denote this smallest positive element of S. By the definition of S, we know
that t = au + bo for some integers u and v. We claim that tis the ged of ¢ and
b, that is, t = d. To prove this, we first show that ¢|a. By the Division
Algorithm, there are integers g and r such that a = tg + r, with 0 = r <i.
Consequently,

=a—1q,
=g —~ (au + bv)q = a — aqu — buvgq,
= a(l — qu) + b(—vq).

Thus r is a linear combination of a and b, and hence r € S. Since r < t (the
smallest positive element of S), we know that r is not positive. Since r = 0,
the only possibility is that » = 0. Therefore a=tg+r=1tg+ 0 =1g, so
thatt|a. A similar argument shows that ¢ | b. Hence tisa common divisor of a
and b.

Let cbe any other common divisor of aand b, sothatc|aand c| b. Then
a = cr and b = cs for some integers r and s. Consequently,

= au + bv = (crju + (cs)v = c(ru + st).

The first and last parts of this equation show that ¢ |t. Hence ¢ < [t|. But tis
positive, so |t} =t. Thus ¢ = t. This shows that ¢ is the greatest common
divisor d and completes the proof of the theorem. &

COROLLARY 1.4 Let a and b be integers, not both 0, and let d be a positive
integer. Then d is the greatest common divisor of a and b if and only if d
satisfies these conditions:

(i) dlaand d|b;
(ii) if cla and c| b, then c|d.

Proof Suppose d = (a,b). Then d = 1 and d satisfies condition (i) by defini-
tion. The last paragraph of the proof of Theorem 1.3 (with d in place of t)
shows that d also satisfies condition (ii). Conversely, suppose d is a positive
integer that satisfies the two conditions. Then d is a common divisor of ¢ and
bby (i). If ¢ is any other common divisor, then ¢ | d by (ii). Hence ¢ < |d|. But
d is positive, so |[d| = d. Hence ¢ = d. Therefore d is the greatest common
divisor. R
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The answer to the following question will be needed on several occa-
sions. If a | be, then under what conditions is it true that a|b or a|c? It is
certainly not always true, as this example shows:

6(3-4, but 63 and 6]4.

Note that 6 has a nontrivial factor in common with 3 and another in common
with 4. When this is not the case, then there is an affirmative answer to the
question:

THEOREM 1.5 Ifalbcand (a,b) = 1, then a|c.

Proof Since (a,b) = 1, Theorem 1.3 shows that au + bv = 1 for some in-
tegers u and v. Multiplying this equation by ¢ shows that acu + bev = c. But
a | be, so that be = ar for some r. Therefore

¢ =acu+ bcv = acu + (ar)v = a(cu + rv).

The first and last parts of this equation show that a|c. B

For any integer b, we know that b and —b have the same divisors.
Consequently, the common divisors of a and b are the same as the common
divisors of a and — b. Therefore the greatest common divisors must be the
same, that is, (a,b) = (a,—b). Using similar arguments, we see that

(a,b) = (a,—b) = (—a,b) = (—a,—b).

So a method for finding the gcd of two positive integers can also be used to
find the ged of any two integers. Here is a reasonably efficient method:

THEOREM 1.6 (THE EUCLIDEAN ALGORITHM)* Let a and b be positive
integers with a = b. If b|a, then (a,b) =b. If b | a, then apply the division
algorithm repeatedly as follows:

a=bgy,+ry 0<re<b
b=ryg, +n 0=r<r,
To=11qy T Iy O0=r,<n
ry =1yq3 + 1y 0=ry;<r,
Ty =173q, t 14 O0=ry<r3

This process ends when a remainder of 0 is obtained. This must occur after a

* This theorem will be used only in occasional exercises.
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Sfinite number of steps; that is, for some integer t:
N—g =11q, + 1 0<r,<r.
T =7+ +0

Then r,, the last nonzero remainder, is the greatest common divisor of aand b.

Before proving the theorem, we consider a numerical example that
should make the process clear. We use the Euclidean Algorithm to find
(324,148). We have a = 324, b = 148; using the Division Algorithm, we
find that ¢ = 2 and r, = 28:

(1) 324 =/148' 2-"/28
P - Note that the divisor in each line
(2) 148= 28-5+8 becomes the dividend in the next
e - - line and the remainder in each line
(3) 28= _8-3+4 becomes the divisor in the next
= - line.

B
§= 47240

The last nonzero remainder is 4, and so (324,148) = 4. We now use back-
substitution in the equations above to write 4 as a linear combination of 324
and 148:

4=28—-8-3 [This is just Equation (3).]

4=28—(148 —-28 - 5)3 |[Equation (2) has been used to
rewrite the number 8.]

4=28—148-3+28-15
4=28-16—148-3

4=(324—148 - 2)16 - 148 - 3 [Equation (1) has been used to
rewrite the number 28.]

4=2324-16—148-32—-148-3
4=2324-16 + 148(—35)

The proof of Theorem 1.6 will be an immediate consequence of
LEMMA 1.7 Ifa, b, q,reZ and a=bq + r, then (a,b) = (b,r).
Proof 1If c is a common divisor of a and b, then a = c¢s and b = ¢t for some

integers s and t. Consequently,

r=a—bq=cs— (ct)qg = c(s — tq).
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Hence ¢ | r, so that cis also a common divisor of b and r. Conversely, suppose
e is a common divisor of b and r, so that b = ex and r = ey. Then
a=bg+r=(ex)qg+ ey =e(xq+y).

Thus e | a, so that e is also a common divisor of a and b. Therefore the set § of
all common divisors of a and b is the same as the set T of all common divisors
of b and r. Hence the largest element in S, namely (a,b), is the same as the
largest element in T, namely (b,r). B

Proof of Theorem 1.6 Ifb|a, thena = bq + 0, so that (a,b) = (b,0) = b by
Lemma 1.7. If b [ a, then repeated application of Lemma 1.7 (to each
division listed in the statement of the theorem) shows that

(@,b) = (b,ro) = (ro,r1) = (ry,rg) =+ *

= (r—g,11—1) = (r—1,1) = (r,,0) =r,. B

EXERCISES

A. 1. Find the greatest common divisors:
(a) (56, 72) (b) (24, 138)
(c) (143, 227) (d) (314, 159)
(e) (306, 657) (f) (272, 1479)
(g) (4144, 7696)  (h) (12378, 3054)

2. Prove that b|a if and only if (—b) | a.

3. Ifa|band b|c, prove that a|c.

4. (a) Ifa|b and a|c, prove thata| (b + ¢).

(b) If a| b and a | ¢, prove that a| (br + ct) for any r, t € Z.
Ifa|b and b|a, prove that a = *b.

If a|b and c|d, prove that ac| bd.

Prove or disprove: If a| (b + ¢), thena|b or a|c.

» N e owm

If r€Z and r is a nonzero solution of x2+ ax + b = 0 (where aq,
b e€Z), prove that r|b.

9. If (a,0) = 1, what can a possibly be?
10. Prove that (n,n + 1) = 1 for every integer n.
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11.

12.
13.
14.

. 15.

16.

17.

18.
19.
20.
21.
22,
23.
24.
25.
26.

27.

28.

29.

If n € Z, what are the possible values of

(a) (n,n+2) (b) (n,n+ 6)

Prove that ((a,b),b) = (a,b).

If k = abc + 1, then prove that (k,a) = (k,b) = (k,c) = 1.
Find the smallest positive integer in the given set:

(a) (6u+15v|u, vel} (b) (12r+ 17s|r, s€ Z}

Express each of the greatest common divisors (a,b) in Exercise 1 asa
linear combination of a and b.

ab
If (a,b) = d, prove that (3’2) =1.

If a]l c and b|c and (a,b) = 1, prove that ab|c. [Also, see Exercise
28.

If ¢ > 0, prove that (ca,ch) = c(a,b).

Ifa| (b +c) and (b,c) = 1, prove that (a,b) = 1 = (a,c).

If (a,4) = 2 and (b,4) = 2, prove that (a + b,4) = 4.

Prove that (a,a + b) = d if and only if (a,b) = d.

Prove that (a,b) = (a,b + at) for every t € Z.

Prove that (a,(b,c)) = ({(a,b),c).

If (a,c) = 1 and (b,c) = 1, prove that (ab,c) = 1.

Use induction to show that if (a,b) = 1, then (@,b") = 1 foralln = 1.*

Let a, b, c € Z. Prove that the equation ax + by = ¢ has integer
solutions if and only if (a,b) | c.

(a) Ifa, b, u, v € Z are such that au + bv = 1, prove that (a,b) = 1.
(b) Show by example that if au + bv = d > 0, then (a,b) may not be
d.

Ifa|cand b|cand (a,b) = d, prove that ab | cd. [Exercise 17 is the
cased = 1]

If ¢|ab and (c,a) = d, prove that c|db.

* Induction is discussed in Appendix C.
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30.

31.

32.

33.
C. 34.

33.

36.
1.3

Ifa), a;, . . ., a, are integers, not all zero, then their greatest
common divisor is the largest integer d such that d | g, for every i.
Prove that there exist integers u, such that d = a,u; + aqu, +
-+ + +auu,. [Hint: Adapt the proof of Theorem 1.3.]

The least common multiple of nonzero integers a and b is the small-
est positive integer m such that a |m and b | m; m is usually denoted
[a,b]. Prove that

(a) whenever a |k and b | k, then [a,b] | k;
(b) |a,b] = ab/(a,b) ifa> 0 and b > 0.

Prove that a positive integer is divisible by 3 if and only if the sum of
its digits is divisible by 3. [Hint: 10% = 999 + 1 and similarly for
other powers of 10.]

Prove that a positive integer is divisible by 9 if and only if the sum of
its digits is divisible by 9. {See Exercise 32.]

If 2/ aand 3] a, prove that 24| (a® — 1).

Prové that o

(a) (a,b)|(a+b,a—Db);

(b) if a is odd and b is even, then (a,b) = (a + b,a — b);
(c) if a and b are odd, then 2(a,b) = (a + b,a — b).
Prove that for every n, (n+1n2—n+1)is 1 or 3.

Primes and Unique Factorization

Every nonzero integer n except 1 has at least four distinct divisors,
namely 1, —1, n, —n. Integers that have only these four divisors play a
crucial role.

DEFINITION An integer p is said to be prime if p # 0, £ 1 and the only
divisors of p are £ 1 and L p.

EXAMPLE 3, —5, 7, —11, 13, and —17 are prime, but 15 is not
(because 15 has divisors other than 1 and 15, such as 3 and 5). The
integer 4567 is prime; to prove this from the definition requires a
tedious check of all its possible divisors.
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It is not difficult to show that there are infinitely many distinct primes
(Exercise 25). Because an integer p has the same divisors as —p, we see that

p is prime if and only if —p is prime.

If p and q are both prime and p| g, then p must be one of 1, —1, ¢, —¢. But
since p is prime, p # = 1. Hence

if p and g are prime and p | g, then p = *q.

THEOREM 1.8 Let p be an integer with p # 0, £ 1. Then p is prime if and
only if p has this property:

whenever p|bc, then p|b or p|c.

Proof Suppose p is prime and p | be. Consider the ged of p and b. Now (p,b)
must be a positive divisor of the prime p. So the only possibilities are
(p,b) = 1 and (p,b) = £ p (whichever is positive). If (p,b) = £ p, thenp | b. If
(p,b) = 1, then p| ¢ by Theorem 1.5. In every case, therefore, p{borp|c.
The converse is left to the reader (Exercise 4).

COROLLARY 1.9 Ifpisprimeand plajay - - * a,, then p divides at least
one of the a;.

Proof Ifp|a,(azas - - - a,), thenpla, orplaza; - - - a,by Theorem 1.8.
If pla,, we are finished. If p|ay(azay * * - a,), thenpla,orplasa, - * a,
by Theorem 1.8 again. If p | a,, we are finished; if not, continue this process,
using Theorem 1.8 repeatedly. After at most n steps, there must be an g, that
is divisible by p. &

Choose an integer other than 0, 1. If you factor it ““as much as
possible,” you will find that it is a product of one or more primes. For

example,
12=4:3=2-2-3,

60=12:5=2-2-3"-5,
113 = 113 (prime).

In this context, we allow the possibility of a “product” with just one factor in
case the number we begin with is actually a prime. What was done in these
examples can always be done:

THEOREM 1.10 Every integer n except 0, > 1 is the product of primes.

Proof First note thatif nis a product of primes, say n = p;py - * * py, then
—n=(—p)ps * - - pxis also a product of primes. Consequently we need
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prove the theorem only when n > 1. Let S be the set of all integers greater
than 1 that are not the product of primes. We shall show that § is empty.
Assume on the contrary that S is nonempty. Then S contains a smallest
integer m by the Well-Ordering Axiom. Since m € S, m is not itself prime.
Hence m must have positive divisors other than 1 or m, say m = ab with
1 <a<mand 1 <b <m. Since both a and b are less than m (the smallest
element of S), neither a nor b isin S. By the definition of S, both a and b are
the product of primes, say

a=pip - p. and  b=qq; " q,

with r=1, s=1, and each p,, g, prime. Therefore m=ab=
PiPz * * * P19z ' ° * g, is a product of primes, so that m ¢ S. We have
reached a contradiction: m € S and m ¢ S. Therefore S must be empty. B

An integer other than 0, =1 that is not prime is called composite.
Although a composite integer may have several different prime factoriza-
tions, such as

45=3-3-5,
45=(=3)-5-(=3),
45=5-3-3,

45=(=5)" (=3) -3,

these factorizations are essentially the same. The only differences are the
order of the factors and the insertion of minus signs. You can readily con-
vince yourself that every prime factorization of 45 has exactly three prime
factors, say g;4:q5. Furthermore, by rearranging and relabeling the g’s, you
will always have 3 = *¢q,, 3 =t ¢,, and 5 = £ g;. This is an example of

THEOREM 1.11 (THE FUNDAMENTAL THEOREM OF ARITHMETIC)
Every integer n except 0, % 1is a product of primes. This prime factorization is
unique in the following sense: If

n=pps - p, and n=qq, """ q,

with each p;, q; prime, then r = s (that is, the number of factors is the same)
and after reordering and relabeling the g’s,

p=%q, p=%*q, p3==£qs ...,p,=%q,.

Proof Every integer n except 0, = 1 has at least one prime factorization by
Theorem 1.10. Suppose that n has two prime factorizations, as listed in the
statement of the theorem. Then

pi(Peps * P = 19245 * G,
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so that p, | g1g, * - - g,. By Corollary 1.9, p; must divide one of the g,. By

reordering and relabeling the g’s if necessary, we may assume that p, | g, .

Since p, and g, are prime, we must have p, = £ ¢q,. Consequently,
tapeps © = qiG2gs C 7 ¢ 4,

Dividing both sides by g, shows that

Po(tPsps * ** Po) =Goqaqs - " Gy,
so that py | goq3 - - - g,. By Corollary 1.9, p, must divide one of the g;; as
above, we may assume p, | q,. Hence p, = =g, and

tqopaps - Pr=q2q5qs " " * G-
Dividing both sides by g, shows that

pa(Eps *c P)=G3q4 * - * q,.

We continue in this manner, repeatedly using Corollary 1.9 and eliminating
one prime on each side at every step. If r > s, then after s steps all the g’s will
be eliminated and we will have +p,.,p,.o * - - p, = 1. Since the only divi-
sors of 1 are =1 and p, # =1 (because p, is prime), this conclusion is a
contradiction. A similar argument shows that the assumption s > r also
leads to a contradiction. Therefore we must have r = s; and after r steps the
elimination process ends withp, =tq,, p, ==%¢q,, . . . ,p,=*g,. I

If consideration is restricted to positive integers, then there is a
stronger version of unique factorization:

COROLLARY 1.12 Every integer n > 1 can be written in one and only one
way inthe formn = p;pyp; * * * p,, wherethe p,are positive primes such that

P1Sps=ps= ‘- =p,.

Proof Exercise 5. i

EXERCISES

A. 1. Express each number as a product of primes:
(a) 5040 (b) —2345
(c) 45,670 (d) 2,042,040

2. Letpbean integer other than 0, + 1. Prove that p is prime if and only
if for each a € Z either (a,p) =1 or p|a.
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10.

. 11.

12.

13.
14.

. Letpbeaninteger other than 0, + 1. Prove that pis prime ifand only

if it has this property: Whenever r and s are integers such that
p=rs,thenr=x1lors==+1.

. Letpbe aninteger other than 0, £ 1 with this property: Whenever b

and c are integers such that p | be, then p|b or p|c. Prove that p is
prime. [Hint: If d is a divisor of p, say p = dt, thenp |d or p | t. Show
that this impliesd =*p ord==1.]

. Prove Corollary 1.12.

If p is prime and p | a®, prove that p" | a”.

. (a) List all integer divisors of 3*5¢, where s, te Z and s, t > 0.

(b) If r, s, t € Z are positive, how many divisors does 273°5* have?

. Prove that (a,b) = 1 if and only if there is no prime p such that p |a

and p | b.

If p is prime and (a,b) = p, then (a?,b?) =?

Prove or disprove each of the following statements:

(a) Ifpis prime and p|(a® + b?) and p | (¢® + d2), then p | (a® — ¢?).
(b) If pis prime and p | (¢®> + b?) and p | (% + d?), then p | (a® + ¢3).
(c¢) If pisprime and p |a and p|(a® + b2), then p | b.

If a=phpgpy - pi and b=pipyp§ - - - pf, where p,,

Ps, - - . , Px are distinct positive primes and each ry, s, = 0, then

prove that

(a) (a,b) = phpeep% - - - pi, where for each i, n, = minimum of r;,
8.

(b) a,b] = piplph - - - pi, where f; = maximum of r,, s;. [See Ex-

ercise 31 in Section 1.2.]

(a) If 3|(a?+ b?, prove that 3|a and 3|b. [Hint: If 3 | a, then
a=3k+1or3k+ 2]

(b) If 5| (a® + b® + ¢?), prove that 5|aor 5|b or 5|c.
If ¢* = ab and (a,b) = 1, prove that a and b are perfect squares.

Let n=pppy « - - pit, where p;, pa, . . . , p are distinct primes
and each r; = 0. Prove thatnis a perfect square ifand only if each r;is
even.
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15.
16.

17.

18.

19.

20.

21.
22,

C. 23.
24.

25.

26.

Prove that a|b if and only if a®| b®.

If n is a positive integer, prove that there exist n consecutive com-
posite integers. [Hint: Counsider (n+ 1)1+ 2, (n+ 1)+ 3,
n+1)+4, -]

If p = 5is prime, prove that p? + 2 is composite. [Hint: Consider the
possible remainders when p is divided by 6.]

Prove or disprove: The sums
1+2+4, 1+42+4+8, 1+2+4+8+16, ---

are alternately prime and composite.

If n € Z and n # 0, prove that n can be written uniquely in the form
n = 2*m, where k = 0 and m is odd.

(a) Provethat there are no nonzero integers a, b such that a® = 2b2,
[Hint: Use the Fundamental Theorem of Arithmetic or Theorem
1.8.]

(b) Prove that V2 is irrational. [Hint: Use proof by contradiction
(Appendix A). Assume that V2 = a/b (with a,b € Z) and use part
(a) to reach a contradiction.]

If p is a positive prime, prove that Vp is irrational. [See Exercise 20.]
(a) Prove that V30 is irrational.
(b) Prove that ¥2 is irrational.

If 2| s2, prove that r|s.

Prove or disprove: If n is a positive integer, then n = p + a2, where
a€Zand pis prime orp=1.

(Euclid) Prove that there are infinitely many primes. [Hint: Use
proofby contradiction (Appendix A). Assume there are only finitely
many primes p,, Pa, - . - , Px, and reach a contradiction by show-
ing that the product p,p; * * - px + 1 is not divisible by any of p,,
P2, - - < pk]

LetS={4n+1{neZ n=0}).Ifa,b e S, we say thatais an S-divisor
of b provided that b = ac for some c € S. An S-prime is an element
g # 1 of S whose only S-divisors are itself and 1.

(a) Prove that every element of S (except 1) is a product of S-
primes. {Hint: Copy the proof of Theorem 1.10. Does anything
have to be changed?]
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(b) Use the number 441 to show that factorization as a product of
S-primes need not be unique.

27. Letabe a positive integer. Prove that Va is rational if and only if Va is
an integer.

28. Let p, g be primes with p = 5, g = 5. Prove that 24| (p® — ¢2).

29. Let n € Z, with n> 2. Prove that there exists a prime p such that
n <p <nl.[Hint:Ifn! — 1 is not prime, it has a prime divisor p; show
that p = n leads to a contradiction.]

1.4  Primality Testing*

The results of the preceding sections are difficult to use on large
numbers (200 digits or more). In the past this made no difference. Recently,
however, the need for secret codes in the electronic communication of
business, military, and scientific information has given primality testing and
factoring a new importance. One of the most promising new coding
methods, the RSA cipher system, which is discussed in Chapter 12, makes
use of large primes. Its security depends on the fact that factoring large
numbers is very difficult.

In theory it is easy to determine if a given positive integer n is prime.
You simply verify that nis not divisible by any of the integers from 2 through
n/2 (the largest possible factor of n). Since any divisor of n is itself a product
of primes, you need only check to see if n is divisible by the primes from 2
through n/2. Even with a computer this may be a formidable task. The
following primality test reduces the amount of work considerably.

THEOREM 1.13 Let n > 1. If n has no prime factor less than or equal to Vn,
then n is prime.

By using this theorem, any number less than 1,000,000 can be tested
for primality by performing at most 168 divisions, because there are only

168 primes less than 1000 = v1,000,000.

Proof of Theorem 1.13 By Theorem 1.10, n=p;p, - - * p; with each p,
prime. By hypothesis, p, > Vn for every i. If there are two or more prime
factors in this decomposition, then

n=ppspPs " " > VnVnps - - - pe=np; - - - p=n.

Thus n > n, which is a contradiction. Therefore we must have n=1p,. i

* This section is optional and may be omitted.
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Theorem 1.13 can be used to find all the positive primes less than or
equal to a given positive integer n as follows. List all the numbers from 2 to
n.Let2,3,5, . . . , pebeall the primes less than or equal to Vn. Now cross
out all multiples of 2 on the list. Then cross out all multiples of 3, then all
multiples of 5, and so on. Continue until you have crossed out all the
multiples of p;. The numbers remaining on the list are not divisible by any
prime less than or equal to vn. Every such number must be prime (because
t <n implies that vVt = vn). This process is called the Sieve of Erathos-
thenes.

The efficiency of the preceding methods of finding primes is obviously
related to the number of primes less than or equal to n. This number can be
approximated by the following theorem, whose proofis beyond the scope of
this book.

THEOREM 1.14 (THE PRIME-NUMBER THEOREM) 1If n is a large positive
integer, then the number 7t(n) of positive primes less than or equal to n is
approximately equal to n/(In n) (where In denotes the natural logarithm).
More precisely,

z(n)
. n __
,{Ti Inn/ !

To test an integer n for primality by means of Theorem 1.13 requires
dividing n by every prime less than or equal to vn. By Theorem 1.14 the
number of primes less than or equal to Vn is approximately va/(In Vn) =
2 Vn/ln n). The fastest computers take at least (In n)/10® seconds to perform
2vn lnn_ 2 n
Inn 10% 108
onds to check that n was prime, assuming that you already knew all the
primes less than or equal to vn. Using this direct approach, it would take
more than 63 years to verify that a 30-digit number was prime.

Current computer-based primality tests for large numbers depend in
part on probabilistic methods. It can be shown, for example, that every odd
prime n has the property that 2*~! — 1 is divisible by n (Lemma 12.2).
Unfortunately, the converse is not true: There are composite numbers n for
which n divides 2*! — 1. But there are relatively few of them. So if n does
divide 2*~1 — 1, then there is a very high probability that n is prime.

Although high probability is not the same as certainty, the probabilis-
tic tests can be used to determine likely candidates. Then other tests can be
used to prove primality. At present, the fastest such computer methods can
determine if a 100-digit number is prime in 33 seconds. A 200-digit number
takes 8 minutes and a 1000-digit number one week.

one such division. So it would take approximately sec-
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There are a few much larger numbers that have been verified to be
prime. They are the Mersenne primes — prime numbers of the form 2» — 1.
Not all numbers of this form are prime, but some of them are, including
7 =2%—1 and 2216981 — ] This last number has 65,050 digits.

After these feats of computation in primality testing, it may come as a
bit of a surprise that there are no similar results for factorization. Even if you
know that a number is the product of just two large primes, factoring it may
be virtually impossible. The following chart indicates the time needed to
find the prime factorization of integers of various sizes, using a state-of-the-
art computer and the most efficient known algorithm:*

Number of Decimal Digits Approximate Time

100 1 month

200 4,279,000 years
300 5.5 X 10'2 years
500 4.7 X 102 years

These times will decrease in coming years as better algorithms and
more powerful supercomputers are developed. Nevertheless, the problem
of factoring large numbers will undoubtedly remain formidable for years to
come.

EXERCISES

A. 1. Which of the following numbers are prime:
(a) 701 (b) 1009
(c) 1949 (d) 1951

2. Use the Sieve of Erathosthenes to find all positive primes less than
300.

3. Primes p and q are said to be twin primes if g = p + 2. For example,
3 and 5 are twin primes; so are 11 and 13. Find all pairs of positive
twin primes less than 200.

4. (a) Verify that 25— 1 and 27 — 1 are prime.
(b) Show that 2!! — 1 is not prime.

* These figures apply to the hardest cases —numbers that are the product of large primes of
approximately the same digit length. A number with some small prime factors can often be
factored much more quickly.
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10.

11.

12.

13.

14.

. Prove that every composite three-digit positive integer has a prime

factor less than or equal to 31.

. Letn > 1.Ifnhasno prime factor less than or equal to ¥n, prove that

n is either prime or the product of two primes.

. Letp > 1. If 27 — 1 is prime, prove that p is prime. |Hint: Prove the

contrapositive: If p is composite, so is 27 ~ 1. Note: The converse is
false by Exercise 4(b).]

. Let a, b be nonnegative integers not both 1. If k is odd and k = 3,

prove that a* + b* is not prime.

. Ifk = 1 and 2* + 1 is prime, prove that k = 2! for some t. [Hint: Use

Exercise 8 above and Exercise 19 in Section 1.3.]

If nis a positive integer of the form 4k + 3, prove that n has a prime
factor of the form 4k + 3.

Show that there are infinitely many primes of the form 4k + 3. [See
Exercise 10.]

Find all positive integers n such that n, n + 2, and n + 4 are all
prime.

Let p be prime and 1 <k <p. Prove that p divides the binomial

. (p Py___p
coeflicient (k) [Recall that (k) pXyp—ay ]

Letp,be the nth positive prime in the usual ordering. Use induction
to prove that p, = 2%" . [Hint: First verify that 2" —1=1+ 2+
22+ 23+ - - - + 2771, then use this fact in your proof.]



CHAPTER 2
CONGRUENCE IN Z AND
MODULAR ARITHMETIC

This chapter is a bridge between the arithmetic studied in the preceding
chapter and the concepts of abstract algebra introduced in the next chapter.
Basic concepts of arithmetic are extended here to include the idea of ““con-
gruence modulo n.”” Congruence leads to the construction of the set Z,, of all
congruence classes. This construction will serve as a model for many similar
constructions in the rest of this book. It also provides our first example of a
system of arithmetic that shares many fundamental properties with ordi-
nary arithmetic and yet differs significantly from it.

2.1 Congruence and Congruence Classes

The concept of “congruence’” may be thought of as a generalization of
the equality relation. Two integers a and b are equal if their difference is 0
or, equivalently, if their difference is a multiple of 0. If n is a positive
integer, we say that two integers are congruent modulo n if their difference
is a multiple of n. To say that a — b = nk for some integer k means that n
divides a — b. So we have this formal definition:

DEFINITION Let a, b, n be integers with n > 0. Then a is congruent to b
modulo n [written “a = b (mod n) ], provided that n divides a — b.

23
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EXAMPLE 17 =5 (mod 6) because 6 divides 17 — 5 = 12. Similarly,
4 = 25 (mod 7) because 7 divides 4 — 25 = —21, and 6 = — 4 (mod 5)
because 5 divides 6 — (—4) = 10.

friee o a e

Remark In the notation “e=b (mod n),” the symbols “="" and
“(mod n)” are really parts of a single symbol; “a = b” by itself is meaning-
less. Some texts write “a =, b” instead of “‘a = b (mod n).”” Although this
single-symbol notation is advantageous, we shall stick with the traditional
“(mod n)” notation here.

The symbol used to denote congruence looks very much like an equal
sign. This is no accident since the relation of congruence has many of the
same properties as the relation of equality. For example, we know that
equality is

reflexive: a = a for every integer q;
symmetric: if a = b, then b = ¢;
transitive: if a = b and b = ¢, then a = ¢.

We now see that congruence modulo n is also reflexive, symmetric, and
transitive.

THEOREM 2.1 Let n be a positive integer. For all a, b, c € Z,
(1) a=a (mod n);
(2) if a= b (mod n), then b = a (mod n};
(3) if a=b (mod n) and b = ¢ (mod n), then a = ¢ (mod n).

Proof (1)a—a=0andn|0. Hence a = a (mod n).

(2) a = b (mod n) means that a — b = nk for some integer k. Therefore
b — a=—(a — b) = —nk = n(—k). The first and last parts of this equation
say that n| (b — a). Hence b = a (mod n).

(3) If a=b (mod n) and b =c¢ (mod n), then by the definition of
congruence, there are integers k and ¢ such thata — b =nkand b — ¢ = nt.
Therefore

(@a—b)+(b—c)=nk+nt
a—c=n(k+1).
Thus n|(a — ¢) and hence a = ¢ (mod n). 8
Several essential arithmetic and algebraic manipulatio;ls depend on
this key fact:
Ifa=bandc=d,thena+c=>b+d and ac = bd.

We now show that the same thing is true for congruence.
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THEOREM 2.2 Ifa=b (mod n) and c =d (mod n), then

(1) a+c=b+ d (modn),
(2) ac = bd (mod n).

Proof (1) By the definition of congruence, there are integers k and t such
that @ — b = nk and ¢ — d = nt. Therefore

(@a=b)y+(c—d)=nk+nt
at+c—b—d=nk+1)
(a+e)—(b+d)=nlk+1).

Thus n divides (@ + ¢) — (b + d), so that a + ¢ = b + d (mod n).
(2) Using the fact that —bc + bec = 0, we have

ac—bd=ac+ 0—bd=ac—bc+bc—bd=(a—b)c+blc—d)
= (nk)c + b(nt) = n(kc + bt).

The first and last parts of this equation say that n|(ac — bd). Therefore
ac = bd (mod n). I

With the equality relation, it’s easy to see what numbers are equal to a
given number a—just a itself. With congruence, however, the story is
different and leads to some interesting consequences.

DEFINITION Let a and n be integers with n > 0. The congruence class of a
modulo n (denoted [a] ) is the set of all those integers that are congruent to a
modulo n, that is,

la)={b|b €Z and b = a (mod n)}.
To say that b = a (mod n) means that b — a = kn for some integer k or,
equivalently, that b = a + kn. Thus
[a]={b|b=a (mod n)} ={b|b=a+ kn with k € Z}
={a+ kn|keZ)}.

EXAMPLE In congruence modulo 5, we have
O] =(9+5k|keZ)={9,9%5 9+10,9+15, ...}
—(...,~11,-6,—1,4,9,14,19,24, . . . ).

EXAMPLE Strictly speaking, our notation for congruence classes is
ambiguous. In congruence modulo 3, for instance,

[2]={(2+3k|keZ}={...,—7,—4,—1,2,5,8, ...}
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¢ but in congruence modulo 5 the congruence class [2] is the set

g (2+5k|keZ)={...,—13,—8,—3,2,7,12, . .. ).

*;g This ambiguity will not cause any difficulty in what follows because
: only one modulus will be discussed at a time.

% EXAMPLE In congruence modulo 3, the congruence class [2] =
. {....=7,—4,—1,2,5,8, . . . }.Notice, however, that [~ 1] is the
§ same class because

%; [~1]={(-1+3klkeZ}={...,~7,—4,—1,2,5, ...}

% Furthermore, 2 =—1 (mod 3). This is an example of the following
¢ theorem.

THEOREM 2.3 a = c (mod n) if and only if a] = |c].

Observe that the proof of this theorem does not use the definition of
congruence. Instead, it uses only the fact that congruence is reflexive,
symmetric, and transitive (Theorem 2.1).

Proof of Theorem 2.3 Assume a = ¢ (mod n). To prove that {a] = [c], we
first show that [a] C [c]. To do this, let b € [a]. Then by definition b=a
(mod n). Since a = ¢ (mod n), we have b = ¢ (mod n) by transitivity. There-
fore b € [c] and [a] C |c]. Reversing the roles of a and c in this argument and
using the fact that ¢ = a by symmetry show that [c] C [a]. Therefore [a] = {¢].

Conversely, assume that [a] = [c]. Since a = a (mod n) by reflexivity,
we have a € [a) and hence a € [c]. By the definition of |c], we see thata=¢
(mod n). B

If A and C are two sets, there are usually three possibilities: Either A
and C are disjoint, or A= C, or AN C is nonempty but A # C. With con-
gruence classes, however, there are only two possibilities:

COROLLARY 2.4 Two congruence classes modulo n are either disjoint or
identical.

Proof If [a] and |c] are disjoint, there is nothing to prove. Suppose that
la] N [c] is nonempty. Then there is an integer b with b € [a] and b € [c]. By
the definition of congruence class, b = a (mod n) and b = ¢ (mod n). There-
fore by symmetry and transitivity, a =c¢ (mod n). Hence [a] = [c] by
Theorem 2.3. B

COROLLARY 2.5 There are exactly n distinct congruence classes modulo n,
namely, [0], [1),[2], . .. ,[n—1]
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Proof We first claim that no two of 0, 1, 2, . . . , n—1 are congruent
modulo n. To see this, suppose that 0 =s <t <n. Then t — s is a positive
integer and less than n. Thus n does not divide £ — sand hence t = s (modn).
Sincenotwo of 0,1, 2, . . . ,n— 1 are congruent, the classes [0], [1], [2],
.. ., [n—1] are all distinct, by Theorem 2.3. To complete the proof, we
need only show that every congruence class is one of these n classes. Let
a € Z. By the Division Algorithm, a=ng + r, withO <+ <n. Thusa —r=
gn, so that ¢ = r (mod n). By Theorem 2.3, [a] = [r]. Since 0 < r <n, [d] is
oneof [0], [1],]2], . . . ,[n—1]. N

DEFINITION The set of all congruence classes modulo n is denoted Z,
(which is read “L mod n”).

There are several points to be careful about here. The elements of Z,,
are classes, not single integers. So the statement [5] € Z,, is true, but the
statement 5 € Z,, is not. Furthermore, every element of Z,, can be denoted
in many different ways. For example, we know that

2 =5 (mod 3) 2 =—1 (mod 3) 2 = 14 (mod 3).

Therefore, by Theorem 2.3, [2] = [5] = [—1] =[14] in Z,. Even though
each element of Z,, (that is, each congruence class) has infinitely many
different labels, there are only finitely many distinct classes by Corollary
2.5, which says in effect that the set Z,, has exactly n elements.

§ EXAMPLE The set Z; consists of the three elements [0], [1], and [2].

EXERCISES
A. 1. Prove that a=b (mod n) if and only if a and b leave the same
remainder when divided by n.
2. If a = b (mod n) and k| n, prove that a = b (mod k).
3. If k=1 (mod 4), then 6k + 5 =? (mod 4).

4. Prove that every odd prime is congruent to 1 modulo 4 or to 3
modulo 4.

5. If a € Z, prove that a2 is not congruent to 2 modulo 4 or to 3 mod-
ulo 4.

6. Prove that a = b (mod n) if and only if a® + b% = 2ab (mod n?).

7. If a, b are integers such that a = b (mod p) for every positive prime
p, prove that a = b.
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8.

9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

20.

21.
22.
23.

If a, m, n € Z withm > 0, n> 0, prove that [a™] = [a"] in Z,. [Hint:
Theorem 2.3.]

Prove that

(@) (n—a)>=d® (modn) (b) (2n — a)? = a% (mod 4n)
Show that a»~! = 1 (mod p) for the given p and a:

(a) a=2,p=5 (b) a=4,p=7 (¢)a=3,p=11
Find all solutions of each congruence:

(a) 2x = 3 (mod 5) (b) 3x =1 (mod 7)

{c) 6x =9 (mod 15) (d) 6x =10 (mod 15)
Which of the following congruences have solutions:

(a) x*=1 (mod 3) (b) x> =2 (mod 7) (c) x>=3 (mod 11)
(a) If a = b (mod 2n), prove that a® = b? (mod 4n).

(b) If @ = b (mod 3n), prove that a® = b® (mod 9n).

If p = 5 and p is prime, prove that [p] = [1] or [p] = [5] in Z,. [Hint:
Theorem 2.3 and Corollary 2.5.]

If @ = 3 (mod 4), prove that there are no integers c and d such that
a=c?+d2% g

If a = 2 (mod 4), prove that there are no integers ¢ and d such that

a=c%—d2

(a) If ais a nonnegative integer, prove that a is congruent to its last
digit mod 10 [for example, 27 =7 (mod 10)}.

(b) Show that no perfect square has 2, 3, 7, or 8 as its last digit.

If a € Z, prove that the last digit of a* is 0, 1, 5, or 6. [Hint: See
Exercise 17.] '

. (a) Prove or disprove: If a® = b% (mod n), then a =b (mod n) or

a=—>b (mod n).
(b) Do part (a) when n is prime.

If [a] = [1] in Z,,, prove that (a,n) = 1. Show by example that the
converse may be false.

If [a] = |b] in Z,,, prove that (a,n) = (b,n).
If a2 =1 (mod 2), prove that a2 = 1 (mod 4).
(a) Show that 10" = 1 (mod 9) for every positive n.
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24,

25.

26.

27.

28.

29.
30.
31.

32.

2.2

(b) Prove that every positive integer is congruent to the sum of its
digits mod 9 [for example, 38 =11 (mod 9)].

Use congruences (not a calculator) to show that
(125698) (23797) # 2891235306. [Hint: See Exercise 23.]

Prove that 10" = (—1)" (mod 11) for every positive n.

(a) Give an example to show that the following statement is false: If
ab = ac (mod n) and a = 0 (mod n), then b = ¢ (mod n).

(b) Prove that the statement in part (a) is true whenever (a,n) = 1.

(a) Prove ordisprove: If ab = 0 (modn), thena = 0 (modn)orb =0
(mod n).

(b) Do part (a) when n is prime.

(a) If a= b (mod rs), prove that a = b (mod r).

(b) If ¢ = a (mod r) and ¢ = b (mod s), prove that a = b (mod (r,s)).
If 2 = 6 (mod 10), prove that g2 — 6 = 10 (mod 20).

Prove that a® = a (mod 30) for every integer a.

If (a,n) =1, prove that there is an integer b such that ab=1
(mod n).

Let a, b, n be integers with n > 0. If (a,n) does not divide b, prove
that the congruence ax = b (mod n) has no solution.

. If (a,n) = 1, prove that the congruence ax = b (mod n) has exactly

one solution ¢ such that 0 =t <n.

Modular Arithmetic

The finite set Z,, is closely related to the infinite set Z. So it is natural to
ask if it is possible to define addition and multiplication in Z,, and do some
reasonable kind of arithmetic there. To define addition in Z,,, we must have
some way of taking two classes in Z,, and producing another class —their
sum. Because addition of integers is defined, the following tentative defini-
tion seems worth investigating:

The sum of the classes [a] and [c] is the class containing a + ¢

or, in symbols,

la] ®[c] = [a + e,
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where addition of classes is denoted by ® to distinguish it from ordinary
addition of integers.
We can try a similar tentative definition for multiplication:

The product of [a] and [¢] is the class containing ac:

la] © [c] = lacl,

where © denotes multiplication of classes.

EXAMPLE In Z; we have [3]®[4]=[3+4]=[7]=][2] and
(3] [2]=[3 - 2]=[6]=[1].

Everything seems to work so far, but there is a possible difficulty.
Every element of Z, can be written in many different ways. In Zg, for
instance, [3] =[13] and [4] = [9]. In the preceding example, we saw that
[3] ® [4] = [2}inZs. Do we get the same answer if we use [13] in place of [3]
and [9] in place of [4]? In this case the answer is “"ves’ because

(13] @ [9] = [13 + 9] = [22] = {2].

But how do we know that the answer will be the same no matter which way
we write the classes?

To get some idea of the kind of thing that might go wrong, consider
these five classes of integers:

A={ ..., —14,-8,—-2,0,6,12 18 .. . )
B={....,—-11,-7,-3,1,5,9,13, . . . }
C={....,-9,-5-—1,31711,15, . ..}
D={....,—16,~10,—4,2,8,14,20. . . .}
E={...,—18,~12 —86,4,10,16,22. ... ).

These classes, like the classes in Zy, have the following basic properties:
Every integer is in one of them, and any two of them are either disjoint or
identical. Since 1 is in B and 7 is in C, we could define B + C as the class
containing 1 + 7 = 8, that is, B+ C= D. But B is also the class containing
—3 and C the class containing 15, and so B+ C ought to be the class
containing —3 + 15 = 12. But 12 is in A, so that B+ C = A. Thus you get
different answers, depending on which “representatives” you choose from
the classes B and C. Obviously you can’t have any meaningful concept of
addition if the answer is one thing this time and something else another
time.

In order to remove the word ““tentative” from our definition of addi-
tion and multiplication in Z,,, we must first prove that these operations do
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not depend on the choice of representatives from the various classes. Here
is what’s needed:
THEOREM 2.6 Ifa]=|b]and |c]=|d] inZ,, then
la+c]=[b+d] and lac] = [bd].
Proof Since [a] = [b], we know that a = b (mod n) by Theorem 2.3. Simi-
larly, [¢] = [d] implies that ¢ = d (mod n). Therefore by Theorem 2.2,
a+c=b+d(modn) and ac = bd (mod n).
Hence by Theorem 2.3 again,
la+cl=1b+d] and lac] =|bd]. ®
Because of Theorem 2.6, we know that the following formal definition

of addition and multiplication of classes is independent of the choice of
representatives from each class:

DEFINITION Addition and multiplication in Z,, are defined by:
la] ® [c] = [a + ] and [a] © [c] = |ac].

EXAMPLE Here are the complete addition and multiplication tables*
for Z (verify that these calculations are correct):

© | [o] (1] [2] [3] [4]
[of | [o] [ [2] (3] [4]
[aprnaro2l (3[4 [0l
2] | 12} 3[4 [o] [1]
(3] | [3} [4 [o] [} (2]
4] 1[4 [0l [ 2] (3]

© | [o (1] (2] (3] 4]

[o] | [o] [o] [o] [0] O]
] | [or [ (21 B[4
(2] | [0 [2] [4 [1] (3]
[3] | [o] 3] [ [4 [2]
4] 1 [o] [4 [3] [2} [1]

* These tables are read like this: If [a] appears in the left-hand vertical column and |¢] in the top
horizontal row of the addition table, for example, then the sum [a] ® |c] appears at the inter-
section of the horizontal row containing [a] and the vertical column containing |c].
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And here are the tables for Z4:

®© (o] {1} [2 (3] (4 [5]

[0y  [of [ 2] 3 [4 [5]
] | ny 2 3 4[5 o]
2] | 2] 381 (4 3] [o] [1]
31 | 81 (4 5] o] [ [2]
[4] | [4 [5] o] (] (2] (3]
(51 V(5] [0l [l (2] 3] 4]

© | o] 1 2] 3] (4 [3]

[0] | fo] [o] [o] [o] [0] [0]
(] | oy [p 21 (31 [ (5]
(2] [ fo] 2] [4 [o] (2]  [4]
[31 1 fo] (3] o] (3] [0 (3]
(4] | [o] [4 2] [o] [4] [2]
[51 1 [o] [51 [4 [31 2 [1]

Now that addition and multiplication are defined in Z,,, we want to
compare the properties of these “‘miniature arithmetics” with the well-
known properties of Z. The key facts about arithmetic in Z (and the usual
titles for these properties) are as follows. For all a, b. c € Z:

1. Ifa,beZ,thena+bel. [closure for addition]

2.a+(b+c)=(a+bh)+c [associative addition]

3.a+b=b+a [commutative addition]

4. a+0=a=0+a. [additive identity]
5. For each a € Z, the equation
a + x = 0 has a solution in Z.

6. Ifa,beZ, thenabelZ, [closure for multiplication]

7. a{bc) = {(ab)c. |associative multiplication]

8. a(b+c¢) =ab + ac and

' (a + b)c = ac + be. [distributive laws]

9. ab=ba [commutative multiplication]

10. a-1=a=1"a [multiplicative identity]

11. fab=0,thena=0o0r b=0.

By using the tables in the example above, you can verify that the first ten of
these properties hold in Z5 and Z g and that property 11 holds in Z and fails
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in Z¢. But using tables is not a very efficient method of proof (especially for
verifying associativity or distributivity). So the proof that properties 1 —10
hold for any Z,, is based on the definition of the operations in Z, and on the
fact that these properties are known to be valid in Z.

THEOREM 2.7 For any classes |a), |b], [c] in Z,,,

1. Iflal€Z,and [b] € Z,, then [a] ® [b] € Z,.
[a] © ([b] @ [c]) = ([a] @ [b]) @ [c].
[a] © [b] = [b] ® [a].
[a] ® [0] = [a] = [0] @ [a].
For each [a] in Z,,, the equation [a] ® X = [0] has a solution in Z,.
Iflal €Z, and [b] € Z,, then [a] © [b] € Z,.
[a] © ([b] © [c]) = (la] © [b]) © [c].
[a] © ([b] ® [c]) = [a] © [b] @ [a] © [c] and
(lal @ [B]) © [c] = [a] © [c] @ [b] O [e].

9. [a] ©[b] =[b] © |a].
10. [a] © [1] = [a] = [1] O [a]

O N> A L

Proof Properties 1 and 6 are an immediate consequence of the definition
of ® and © in Z,,. To prove 2, note that by the definition of addition,

gl @ (bl®c])=lal@[b+c]=[a+ (b+)

InZ we know thata + (b + ¢) = (a + b) + ¢. So the classes of these integers
must be the same in Z,,; that is, [a + (b + ¢)] = [(a + b) + ¢]. By the defini-
tion of addition in Z,,, we have

[(a+Db)+c]=[a+b)®[c]=(la] ® [b]) ® [c].

This proves 2. The proofs of 3, 7, 8, and 9 are analogous (Exercise 4).
Properties 4 and 10 are proved by a direct calculation; for instance,
[a] © [1] = [a * 1] = [a]. For property 5, it is easy to see that X =[—a] is a
solution of the equation since [a] ® [—a] =[a + (—a)] =[0]. B

NEW NOTATION

We have been very careful to distinguish integersin Z and classesin Z,
and have even used different symbols for the operations in the two systems.
By now, however, you should be reasonably comfortable with the funda-
mental ideas and familiar with arithmetic in Z,. So we shall adopt a new
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notation that is widely used in mathematics, even though it has the flaw that
the same symbol represents two totally different entities. Despite this fact,
the new notation is not likely to cause any confusion.

Whenever the context makes clear that we are dealing with Z,,, we
shall abbreviate the class notation ““|a]”” and write simply “a.”” In Z, for
instance, we might say 6 = 0, which is certainly true for classes in Zg even
though it is nonsense if 6 and 0 are ordinary integers. We shall use an
ordinary plus sign for addition in Z, and either a small dot or juxtaposition
for multiplication. For example, in Z5 we may write things like

4+1=0 or 3:-4=2 or 14+4=3.

On those few occasions where this usage might cause confusion, we will
return to the brackets notation for classes.

EXAMPLE Inthis new notation, the addition and multiplication tables

for Z, are:
+ l 0 1 2 [ 0 1 2
0 0 1 2 0 0 0 0
1 1 2 0 1 0 1 2
2 2 0 1 2 0 2 1

The same exponent notation used in ordinary arithmetic is also conve-
nientinZ,.If a € Z, and k is a positive integer, then a* denotes the product
aaa - - *a (k factors) in Z,,.

EXAMPLE InZ;,32=3:3=4and3*=3-3-3-3=1.

Warning Exponents are ordinary integers—not elements of Z,,. In
Z,, for instance, 29=2-2-2-2=1 and 2! =2, so that 2 # 2! even
though 4 =1 in Z,.

EXERCISES

A. 1. Write out the addition and multiplication tables for
(a) Z, (b) Z, (c) Z, (d) Z,,

2. The set Z,, contains only n elements. To solve an equation in Z,, you
need only substitute these n elements in the equation to see which
ones are solutions. Solve these equations:
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(a) x2=11in2Z4 (b) x*=1inZ,
(¢) x2+3x+2=0inZg (d) x2+1=0inZ,,

. (a) Find anelementainZ,such that every nonzero element of Z,, is

a power of a.

(b) Do part (a) in Z5. (c) Can you do part (a) in Zg?

. Prove parts 3, 7, 8, 9 of Theorem 2.7.

5. (a) Solve the equationx+x+x+x+x=0inZ,.

(b) Solve the equation x + x + x = 0 in Z,.
(¢) Solve the equationx +x+x+x=0inZ,.

. Prove or disprove: If ab=0in Z,, thena= 0 or b = 0.

7. Prove or disprove: If ab=acand a # 0inZ,, then b =c.

10.

11.

. (a) Solve the equation x2 4+ x = 0 in Z;.
q

(b) Solve the equation x2 + x = 0 in Zg.

(c) Ifpisprime, prove that the only solutions of x> + x = 0inZ, are
Oandp— 1.

. (a) In Zg compute (a + b)5. [Hint: Exercise 5(a) may be helpful.]

(b) In Z4 compute (a + b)3. [Hint: See Exercise 5(b).]

(¢) In Z, compute (a + b)?

(d) Based on the results of parts (a) - (c), what do you think (a + b)”
is equal to in Z,?

(a) Find all @ in Z4 for which the equation ax = 1 has a solution.
Then do the same thing for

bz, (Z; (d)Z

The usual ordering of Z by < is transitive and behaves nicely with
respect to addition. Show that there is no ordering of Z,, such that

(i) ifa<band b <c, then a <c;
(ii) if a < b, thena + ¢ <b + c for every cin Z,,.

[Hint: If there is such an ordering with 0 < 1, then adding 1 repeat-
edly to both sides shows that0 <1 <2 < - - - <n — 1by (ii). Thus
0 <n — 1by (i). Add 1 to each side and get a contradiction. Make a
similar argument when 1 < 0.]
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2.3  The Structure of Z, When p Is Prime

Some of the Z,, do not share all the nice properties of Z. For instance,
the product of nonzero integers in Z is always nonzero, but in Z; we have
2 - 3=0eventhough2 # 0and 3 # 0. On the other hand, the multiplica-
tion table on page 31 shows that the product of nonzero elements in Z is
always nonzero. Indeed, Z has a much stronger property than Z. When
a # 0, the equation ax = 1 has a solution in Z if and only ifa = 1. But the
multiplication table for Zs shows that, for any a +# 0, the cquation ax =1
has a solution in Z5; for example,

x =3 is asolution of 2x =1
x = 4 is a solution of 4x = 1.

More generally, whenever n is prime, Z, has special properties:

THEOREM 2.8 If p> 1 is an integer, then the following conditions are
equivalent:*

(1) p is prime.
(2) For any a # 0 in Z,, the equation ax = 1 has a solution in Z,,.
(3) Whenever ab=0in1Z,, thena=0o0rb=0.

The proof of this theorem illustrates the two basic techniques for
proving statements that involve Z,,:

(i) Translate equations in Z, into equivalent congruence statements
in Z. Then the properties of congruence and arithmetic in Z can be
used. The brackets notation for elements of Z,, mayv be necessary to
avoid confusion.

(ii) Use the arithmetic properties of Z, directly. without involving
arithmetic in Z. In this case, the brackets notation in Z, isn’t
needed.

Proof of Theorem 2.8 (1) = (2) We use the first technique. Suppose p is
prime and [a] # [0]inZ,. TheninZ,a = 0 (mod p) by Theorem 2.3. Hence
p | a by the definition of congruence. Now the gcd of @ and p is a positive
divisor of p and thus must be either p or 1. Since (a,p) also dividesaandp [ a,
we must have (a,p) = 1. By Theorem 1.3, au + pv =1 for some integers «
and v. Hence au — 1= p(—v), so that au = 1 (mod p). Therefore [au] = [1]
in Z,, by Theorem 2.3. Thus [a][u] = [au] = [1], so that x = [u] is a solution of
la]x = [1].

* See Appendix A for the meaning of ““the following conditions are equivalent” and what mus!
be done to prove such a statement.
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(2) = (3) We use the second technique. Suppose ab=0 in Z,. If
a = 0, there is nothing to prove. Ifa # 0, thenby (2) there exists u € Z,such
that au = 1. Then

0=u-0=u(ab) = (ua)b=(au)b=1-b=Db.

In every case, therefore, we have a=0 or b = 0.

(3) = (1) Back to the first technique. Let a be any divisor of p, say
p = ab. To prove p is prime, we must show thate = = 1 or+p. Now, p = ab
implies ab = 0 (mod p), so that [a][b] = [ab] = [0] in Z,, by Theorem 2.3.
Then by (3), either |a] = [0] or [b] = [0]. Now, [a] = [0] implies that a = 0
(mod p), so that p | @, say a = pw. Thus p = ab = pwb. Dividing both ends by
p shows that wb = 1. Since w and b are integers, the only possibilities are
w==*1and b==1. Hence b==1 and a = pw = p(x1) = =p. On the
other hand, a similar argument shows that [b] = [0] implies that a = = 1.
Therefore p is prime. B

According to Theorem 2.8, every equation in Z,, of the form ax =1
(witha # 0) has a solution when n is prime. When n is not prime, some such
equations may have solutions. For example, in Z,,, x = 7 is a solution of
3x=1.

COROLLARY 2.9 Let a and n be integers withn > 1. Then (an) = 1inZ if
and only if the equation ax = 1 in Z, has a solution.

Proof Suppose (a,n) = 1. In the proof of (1) => (2) in Theorem 2.8, the
primeness of p is used only to establish the fact that (a,p) = 1. The rest of the
proof that ax = 1 has a solution depends only on this fact. Therefore this
part of the proof is valid in any Z, with (a,n) = 1.

Conversely, suppose that ax = 1 has a solutionuinZ,. Thenau = 1 in
Z, or, equivalently (thinking of a and u as integers), au =1 (mod n) in Z.
Therefore n divides au — 1, so that au — 1 = no for some integer v. Hence
au— nv = 1. It follows from this equation that any common divisor of @ and
n must divide 1. Therefore (a,n) = 1. 1

EXERCISES

A. 1. For which a does the equation ax = 1 have a solution:
(a) in Z;? (b) inZg?  (¢) inZy?  (d) in Z,y?

2. If nis composite, prove that there exist a, b € Z,, such thata # 0 and
b # 0 butab=0.
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3. Without using Theorem 2.8, prove that if pis prime andab = 0inZ,,
then a = 0 or b = 0. [Hint: Theorem 1.8.]

B. 4. Solve the equation 58x =1 in Z,,,. [Hint: 127 is prime; use the
Euclidean Algorithm and the method used to prove the first part of
Theorem 2.8.]

5. Letpbe prime and assume a # 0inZ,. Prove that forany binZ,, the
equation ax = b has a solution.

C. 6. Leta # 0inZ,. Prove that ax = 0 has a nonzero solution in Z,, if and
only if ax = 1 has no solution.



CHAPTER 3
RINGS

We have seen that many rules of ordinary arithmetic hold not only in Z but
also in the miniature arithmetics Z,,. You know other mathematical systems,
such as the real numbers, in which many of these same rules hold. Your
high-school algebra courses dealt with the arithmetic of polynomials.

The fact that similar rules of arithmetic hold in different systems sug-
gests that it might be worthwhile to consider the common features of such
systems. In the long run, this might save a lot of work: If we can prove a
theorem about one system using only the properties that it has in common
with a second system, then the theorem is also valid in the second system.
By “‘abstracting” the common core of essential features, we can develop a
general theory that includes as special cases Z, Z,,, and the other familiar
systems. Results proved for this general theory will apply simultaneously to
all the systems covered by the theory. This process of abstraction will allow
us to discover the real reasons a particular statement is true (or false, for that
matter) without getting bogged down in nonessential details. In this way a
deeper understanding of all the systems involved should result.

So we now begin the development of abstract algebra. This chapter is
just the first step and consists primarily of definitions, examples, and termi-

nology. Systems that share a minimal number of fundamental properties
with Z and Z, are called rings. Other names are applied to rings that may

have additional properties, as you will see in Section 3.1. The elementary
facts about arithmetic and algebra in arbitrary rings are developed in Sec-
tion 3.2. In Section 3.3 we consider rings that appear to be different from

39
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one another but actually are “‘essentially the same” except for the labels on
their elements. A simple example of this occurs when you write the integers
in roman numerals instead of arabic ones.

3.1 Definition and Examples of Rings

We begin the process of abstracting the common features of familiar
systems with this definition:

DEFINITION A ring is a nonempty set R equipped with two operations*
(usually written as addition and multiplication) that satisfy the following
axioms. For all a, b, c € R:

1. IfaeRand beR, thena+ beR. [closure for addition)]
2. a+(b+c)=(a+b)+ec [associative addition]
3. at+b=b+a [commutative addition]
4. There is an element Og in R such {additive identity or

thata+ Og=a=0z+a zero element|

for every a € R.

5. For each a € R, the equation
a + x = Oy has a solution in R.

6. Ifae Rand b € R, then ab € R. [closure for multiplication]
7. a(bc) = (ab)c. {associative multiplication|
8. alb + ¢)=ab + ac and [distributive laws]

{(a+ b)ce=ac+ bc.

These axioms are the bare minimum needed for a svstem to resemble Z
and Z,. But Z and Z, have several additional properties that are worth
special mention:

DEFINITION A commutative ring is a ring R that satisfies this axiom:

9. ab=ba foralla, beR. [commutative multiplication]

DEFINITION A ring with identity is a ring R that contains an element 1
satisfying this axiom:

10. alg=a= lgaforallaeR. [multiplicative identity)

* “Operation”” and “closure” are defined in Appendix B.
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In the following examples, the verification of most of the axioms is left
to the reader.

EXAMPLE The integers Z with the usual addition and multiplication
form a commutative ring with identity.

EXAMPLE The set Z,,, with the usual addition and multiplication of
classes, is a commutative ring with identity by Theorem 2.7.

EXAMPLE Let E be the set of even integers with the usual addition
and multiplication. Since the sum or product of two even integers is
also even, the closure axioms (1 and 6) hold. Since 0 is an even integer,
E has an additive identity element (Axiom 4). If a is even, then the
solution of @ + x = 0 (namely —a) is also even, and so Axiom 5 holds.
The other axioms (associativity, commutativity, distributivity) hold
for all integers and therefore are true whenever a, b, ¢ are even.
Consequently E is a commutative ring. E is not a ring with identity,
however, because no even integer e has the property that ae = a = ea
for every even integer a.

EXAMPLE The set of odd integers with the usual addition and multi-
plication is not a ring. Among other things, Axiom 1 fails: The sum of
two odd integers is not odd.

The preceding example shows that a subset of aring need not be aring.
When a subset S of aring R is itself a ring under the addition and multiplica-
tion in R, then we say that S is a subring of R. The zero element of the
subring § is always the same as the zero element Og of R (Exercise 18 in
Section 3.2).

Axioms 2, 3, 7, and 8 hold for all elements of a ring R, and so they
necessarily hold for the elements of any subset S. Consequently, to prove
that S is a subring, you need only verify that

S is closed under addition and multiplication (Axioms 1 and 6);
0z € S (Axiom 4);
when a € S, the equation a + x = 0g has a solution in S (Axiom 5).

Although the definition of ring was constructed with Z and Z, as
models, there are many rings that aren’t at all like these models. In these
rings, the elements may not be numbers or classes of numbers, and their
operations may have nothing to do with “ordinary”” addition and multipli-
cation.
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EXAMPLE The set T={r, s, t, z} equipped with the addition and
multiplication defined by the tables below is a ring:

+ | z T s t 0 1 z r s t
z z r s t z z z z z
r r z t s r z F4 r r
s s t 4 r s 2 z s s
t t s r z t F4 z t t

You may take our word for it that Axioms 2, 7, and 8 hold. The element
z is the additive identity —the element denoted 0g in Axiom 4. It
behaves in the same way the number 0 does in Z (that’s why the
notation Oy is used in the axiom), but zis not the integer 0 — in fact, it’s
not any kind of number. Nevertheless, we shall call z the “zero ele-
ment” of the ring T. In order to verify Axiom 5. vou must show that
each of the equations

rtx=z s+tx=z t+x==z zt+x=2z

has a solution in T. This is easily seen to be the case from the addition
table; for example, x = ris the solution of r + x = z because r + r = z.
Note that T'is not a commutative ring; forinstance, rs = rand sr = z, so
that rs # sr.

EXAMPLE Let M(R) be the set of all 2 X 2 matrices over the real
numbers, that is, M(R) consists of all arrays

(z Z) ’ where a, b, c, d are real numbers.

Two matrices are equal provided that the entries in corresponding
positions are equal; that is,

(‘Cl Z>=<; Z) if and only if a=r,b=s,c=t,d=u.

For example,

(3 9)-Grad) w550 2)

Addition of matrices is defined by

a b 4 a b _[at+a b+ b
c d ¢ d c+c¢ d+d)’
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For example,

3 =2\ (4 7\_(3+4 —2+47\_(7 5
5 1)7\6 0/ \5+6 1+0) \11 1)

Multiplication of matrices is defined by

a b\fw x\_(aw+by ax+bz
c d/\y =z cw+dy cex+dz)’
For example,

2 3\(1 -5 _<2-1+3-6 2(~5)+3-7
(0 —4)(6 7)“ 0-14(—4)6 0(—5)+ (—4)7
_{ 20 11
_<—24 —28)'

Reversing the order of the factors in matrix multiplication may pro-
duce a different answer, as is the case here:

(19 _9)- (226 1srenen)
=<1g —?g)'

So this multiplication is not commutative. With a bit of work, you can
verify that M(R) is a ring with identity. The zero element is the matrix

(39
S
(¢ 2)+x-( o)

The multiplicative identity element (Axiom 10) is the matrix

_(1 0)
= (5 1)

and

is a solution of
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for instance,
a b\f1 0 _fa-1+b-0 a-0+b-1
c d)\0 1) \ec-1+d-0 ¢-0+d-1

=(g Z)

Note that the product of nonzero elements of M(R) may be the zero
element; for example,

4 6\(—3 —9)_[4(-3)+6-2 4(-—9)+6-6)
(2 3)( 2 6)‘(2(—3)+3-2 2(—=9)+3-6

-3 8)

EXAMPLE M(Z), M(Q), M(C), and M(Z,) denote respectively the
2 X 2 matrices with entries in the integers Z, the rational numbers @,
the complex numbers C, and the ring Z,,.* With addition and multipli-
cation defined as in the preceding example. M(Z), M(Q), M(C), and
M(Z,) are all noncommutative rings with identity.

EXAMPLE Let T be the set of all continuous functions from R to R,
where R is the set of real numbers. As in calculus. f + g and fg are the
functions defined by

(F+e@=7fx)+gk) and (f2)ix) = f(x)g).

It is proved in calculus that the sum and product of continuous func-
tions are also continuous. and so T is closed under addition and multi-
plication (Axioms 1 and 6). You can readily verify that Tis a commuta-
tive ring with identity. The zero element is the function h given by
h{(x) = 0 for all x € R. The identity element is the function e given by
e(x) = 1 for all x € R. Once again the product of nonzero elements of T
may turn out to be the zero element; see Exercise 27.

We have seen that some rings do not have the property that the prod-
uct of two nonzero elements is always nonzero. But some of the rings that do
have this property, such as Z, occur frequently enough to merit a title.

* Throughout this book, R always denotes the real numbers, @ the rational numbers, and C the
complex numbers.
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DEFINITION An integral domain is a commutative ring R with identity
15 # Og that satisifes this axiom:

11. Whenever a, b € R and ab = Og, then a = Og or b = 0.

The condition 15 # Ogis needed to exclude the zero ring from the class
of integral domains. Note that Axiom 11 is logically equivalent to its contra-
positive: *

Whenever a # Og and b # 0y, then ab # 05.

! EXAMPLE The ring Z of integers is an integral domain. If p is prime,
then Z,, is an integral domain by Theorem 2.8.

You should be familiar with the set Q of rational numbers, which
consists of all fractions a/b with a, b € Z and b # 0. Equality of fractions,
addition, and multiplication are given by the usual rules:

%=£ if and only if as = br
CNCNNG e dbe GG
b d bd b d bd

It is easy to verify that Q is an integral domain. But @ has an additional
property that does not hold in Z: Every equation of the form ax = 1 (with
a # 0) has a solution in Q. Therefore Q is an example of the next definition.

DEFINITION A division ring is a ring R with identity 1 # Oy that satisfies
this axiom:

12. For each a # Og in R, the equations ax = 1y and xa = 1z have
solutions in R.

A field is a division ring with commutative multiplication.

An equation of the form xa = 1 looks abit odd if you are accustomed to
working in commutative rings like Z and Q. But such equations must be
considered in noncommutative rings, where xa may not be the same as ax.
Nevertheless, our primary emphasis will be on fields, and so we begin with
examples of them.

EXAMPLE The set R of all real numbers, with the usual addition and
multiplication, is a field. Since the subset Q of rational numbers is a
field with the same operations, we say Q is a subfield of R.

* See Appendix A for a discussion of contrapositives.
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EXAMPLE The set C of complex numbers consists of all numbers of
the form a + bi, where a, b € R and i2 = — 1. Equality in C is defined
b a+bi=r+si ifandonlyif a=randb=s.
The set C is a field with addition and multiplication given by:
(a+bi)+ (c+di)=(a+c)+ (b+d)i
(a + bi)(c + di) = (ac — bd) + (ad + bc)i.
The field R of real numbers is a subfield of € because R consists ot all

complex numbers of the form a + 0i. If a+ bi # 0 in C, then the
solution of the equation (a + bi)x = 1 is x = ¢ + di, where

c=al(a®*+b* eR and d =—b/(a®> + b?) € R (verify!).
EXAMPLE If p is prime, then Z,, is a field by Theorem 2.8.

EXAMPLE Let K be the set of all 2 X 2 matrices of the form

(i 2)

where a and b are real numbers. We claim that K is a field. For any two
matrices in K,

a b n c d _ at+c b+d
—b a -d ¢ ~b—-d a+c

a b\ c dY_{ ac—bd ad+bc

—b a —d ¢ —ad —bc ac —bd
In each case the matrix on the right is in K because the entries along
the main diagonal (upper left to lower right) are the same and the
entries on the opposite diagonal (upper right to lower left) are nega-

tives of each other. Therefore K is closed under addition and multipli-
cation. K is commutative because

c d a b\_{( ac—bd ad+bc)_ a b c d
—d c¢/\—-b a —ad—bc ac—bd —b aJ\—-d ¢

Clearly, the zero matrix and the identity matrix I are in K. If

_( a b
A= 2)

then verify that the solution of AX =1 is

X= (Z;Z _iﬁ) €K, where d = a? + b2
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Noncommutative division rings play no role in the rest of this book,
- .+ tor completeness we include one example. It is necessarily infinite
-z ause a famous theorem of Wedderburn shows that every finite division

-~z is a field.

EXAMPLE In the ring M(C), let

=00 () (0 ) (0 )

The product of a real number and a matrix is the matrix given by this

rule:
t u — it ru
r v w  rw

The set H of real quaternions consist of all matrices of the form

AL _ {1 0 i 0 01 0
al+b1+c;+dk—a(0 l>+b<0 _i)+c<__1 0)+d(i 0)

_fa O bi 0 0 ¢ 0 di
(5 0+ (% )+ (2 o)+ (e %)
_{ a+bi c+di

—c+di a—bi)’

where a, b, ¢, and d are real numbers. Under the usual addition and
multiplication of matrices, H is a noncommutative division ring. See
Exercise 31 for details.

Whenever the rings in the preceding examples are mentioned, you
may assume that addition and multiplication are the operations defined
above, unless there is some specific statement to the contrary. You should
be aware, however, that a given set (such as Z) may be made into a ring in
many different ways by defining different addition and multiplication oper-
ations on it. See Exercises 3 and 17 -20 for examples.

Now that we know a variety of different kinds of rings, we can use
them to produce new rings in the following way.

EXAMPLE Let T be the Cartesian product Zg X Z, as defined in Ap-
pendix B. Define addition in T by the rule

(az)+(@2)=(a+a,z+72)

The plus sign is being used in three ways here: In the first coordinate
on the right-hand side of the equal sign, + denotes addition in Zg; in
the second coordinate, + denotes addition in Z; the + on the left of the
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equal sign is the addition in T that is being defined. Since Zg is a ring
and a, @’ € Zg, the first coordinate on the right, a + @', is in Zg. Simi-
larly z + 2’ € Z. Therefore addition in T is closed. Multiplication is
defined similarly:

(a,z)(d’,z’) = (ad’ ,22")

For example, (3,5) + (4,9) = (3 + 4, 5 + 9) = (1,14) and (3,5)(4,9) =
(3+4,5-9)=(0,45). You can readily verify that T is a commutative
ring with identity. The zero element is (0,0), and the multiplicative
identity is (1,1). What was done here can be done for any two rings.

THEOREM 3.1 Let R and S be rings. Define addition and multiplication on
the Cartesian product R X S by

(re) +{rs)=@+r,s+s)and
(r,8)(r',s) = (1 ,ss").

Then R X S is a ring. If R and S are both commutative, then so is R X §. IfR
and S each have an identity, then so does R X S.

Proof Exercise 32. B

EXERCISES

A,

1. The following subsets of Z (with ordinary addition and multiplica-
tion) satisfy all but one of the axioms for aring. In each case, which
axiom fails?

(a) The set S of all odd integers and 0.

(b) The set of nonnegative integers.

2. (a) Show that the set R of all multiples of 3 is a subring of Z.

(b) Let kbe afixed integer. Show that the set of all multiples of kis a
subring of Z.

3. Define anew multiplicationinZ by the rule “ab = Oforalla,b € Z.”
Show that, with ordinary addition and this new multiplication, Z is a
commutative ring.

4. Define anew multiplicationinZ by therule “ab = 1 foralla,be Z.”
With ordinary addition and this new multiplication, is Z a ring?

5. Let R = {0, e, b, ¢} with addition and multiplication defined by the

tables below. Assume associativity and distributivity and show that
R is a ring with identity. Is R commutative?
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f.

10.
11.

+ } 0 e b c l 0 e b c
0 0 e b c 0 0 0 0 0
e e 0 c b e 0 e b c
b b c 0 e b 0 b e c
c c b e 0 c 0 c c 0

Let F= {0, e, a, b} with operations given by the tables below. As-
sume associativity and distributivity and show that Fis a field.

+ [ 0 e a b . | 0 e a b
0 0 e a b 0 0 0 0 0
e e 0 b a e 0 e a b
a a b 0 e a 0 a b e
b b a e 0 b 0 b e a

. Which of the following five sets are subrings of M(R)? Which ones

have an identity?

(a) All matrices of the form <0 !

0 0)w1threQ. ;

(b) All matrices of the form <a

b) with a, b, ce Z.
0 ¢

(c¢) All matrices of the form (a

a .
b b) witha, b € R.

(d) All matrices of the form (Z g) with a € R.
(e) All matrices of the form (g 2) with a € R.

Let T be the ring of all continuous functions from R to R. Let
S={feT|f(2) =0}.Is S a subring of T?

. Let R and S be rings. Show that the subset R = {(r,05) | r € R} is a

subring of R X S. Do the same for the subset S = {(0g,s) | s € S}.
If R is a ring, show that R* = {(r,r) | r € R} is a subring of R X R.

Let S = {a, b, ¢} and let P(S) be the set of all subsets of S; denote the
elements of P(S) as follows:
S={a,b,c}; D={a,b}; E={a,c}; F=({b,c}
A={a); B={b}; C={c}; 0=9.
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12.

13.

14.
15.

16.

18.

19.

20.

21.

22.

Define addition and multiplication in P(S) by these rules:
M+N=M—-NU(N—M) and MN=MNN,

Write out the addition and multiplication tables for P(S). Also, see
Exercise 36.

Let Z[V2] denote the set {a + bv2|a, b € Z}. Show that Z[V2] is a
subring of R.

Let Z[i] denote the set {a + bi|a, b € Z}. Show that Z[i] is a subring
of C.

Is the subset {1, —1, i, —i} a subring of C?
Write out the addition and multiplication tables for
(a) Z,XZ; (b) Z;XZy, (c) Z3XZ,

Let R be aring and ¢ a fixed element of R. Let T = {rt|r € R}. Prove
that T is a subring of R.

. Let E be the set of even integers with ordinary addition. Define a

new multiplication * on E by the rule “a * b = ab/2” (where the
product on the right is ordinary multiplication). Prove that with
these operations E is a commutative ring with identity.

Define a new addition ® and multiplication © on Z by
a®b=a+b—1 and a®Ob=a+b—ab,

where the operations on the right-hand side of the equal signs are
ordinary addition, subtraction, and multiplication. Prove that with
the new operations ® and © Z is an integral domain.

Define a new addition and multiplication on Z by
a®b=a+b—1 and aOb=ab—(atb)+2.
Prove that with these new operations Z is an integral domain.
Define a new addition and multiplication of Q by
r®s=r+s+1 and rOs=rs+r+s.

Prove that with these new operations Q is a commutative ring with
identity. Is it an integral domain?

Show that the subset S = {0, 2, 4, 6, 8} of Z,, is a subring. Does S
have an identity?

Show that the subset R= {0, 3, 6, 9, 12, 15} of Z,4 is a subring.
Does it have an identity?
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23.

24.

25.

26.

27.

28.

29.

30.

Let p be a positive prime and let R be the set of all rational numbers
that can be written in the form r/p* with r, i € Z, and i = 0. Note that
Z C R because each n € Z can be written as n/p°. Show that R is a
subring of Q.

The addition table and part of the multiplication table for a three-
element ring are given below. Use the distributive laws to complete
the multiplication table.

+ | r s t | r s t
s t r r
t r t

t t r s t r

Do Exercise 24 for this four-element ring:

-+

w x y z : | w x y z
w w x y z w w w w w
x x y z w x w y
y y F4 w x y w w
z z w x y z w w y

Show that M(Z,) (all 2 X 2 matrices with entries in Z,) is a 16-
element noncommutative ring with identity.

Let T be the ring of continuous functions from R to R and let £, g be
given by

_ 0 ifr=2. _J2—x ifx=2.
f(")_{x—z if 2 <. g"‘)‘{o if 2 <x.
Show that f, g € Tand that fg = 0y, and therefore T'is not an integral

domain.

LetQ(v2) = (r+sv2|r, s € Q). Show that @(v2) is a subfield of R.
[Hint: To show that the solution of (r+sv2)x =1 is actually in
Q(V2), multiply 1/(r + sv2) by (r — sv2)/(r — sV2).]

Let d be an integer that is not a perfect square. Show that Q(Vd) =
{a+bVd|a, b eQ) is a subfield of C [Hint: See Exercise 28.]

Let S be the set of all elements a + b¥2 + c¥4 with @, b, c € Q.
(a) Show that S is a subring of R.
(b) (harder) Show that § is a subfield of R.
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31.

32.
33.

34.

35.

36.

Let Hbe the set of real quaternions and 1, i, j, k the matrices defined
in the example on page 47.

(a) Prove that
iZ=j2=kt=-1 ij=—ji=k
jk=—kj=i ki =—ik=j.

(b) Show that H is a noncommutative ring with identity.

(c) Show that H is a division ring. [Hint: If M = al + bi + ¢j + dk,

then verify that the solution of the equation Mx = 1 is the matrix
tal — tbi — tcj — tdk, where t = 1/(a® + b* + ¢ + d?).]

(d) Show that the equation x2 = —1 has infinitely many solutions in
H. [Hint: Consider quaternions of the form 01 + bi + ¢j + dk,
where b2+ 2+ d2=1.].

Prove Theorem 3.1.

Prove or disprove:

(a) IfRand Sare integral domains, then R X Sis an integral domain.
(b) If R and S are fields, then R X S is a field.

LetJ=(0,2}CZ,and K= {0, 3, 6, 9} C Z,,. Show that ] X K is a
subring of Z, X Z,,.

Consider the set Z X Z with the usual coordinatewise addition (as in
Theorem 3.1) and a new multiplication given by the following rule:
(a,b)(c,d) = (ac + 2bd, ad + bc). Show that with these operations
Z X Z is a commutative ring with identity.

Let S be a set and let P(S) be the set of all subsets of S. Define
addition and multiplication in P(S) by the rules

M+N=M-NUN—-M) and MN=MnNN.

(a) Prove that P(S) is a commutative ring with identity. [The verifi-
cation of additive associativity and distributivity is a bit messy,
but an informal discussion using Venn diagrams is adequate for
appreciating this example. See Exercise 11 for a special case.|

(b) Show that every element of P(S) satisfies the equations x? = x
and x+x= OP(S)'

. Consider R X R with the usual coordinatewise addition (as in

Theorem 3.1) and a new multiplication given by
(a,b)(c,d) = (ac — bd, ad + bc).
Show that with these operations R X R is a field.
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38. (a) Findall matrices A in M(R) with the property AB = BA for every
matrix B in M(R).

(b) Show that the set of matrices found in part (a) is a subring of
M(R). It is called the center of M(R).

39. Let rand s be positive integers such that r divides ks + 1 for some k
with1 < k <r.Prove that the subset{r, 2r, 3r . . . ,(s — 1)r} of Z,,
is a ring with identity ks + 1 under the usual addition and multipli-
cation in Z,,. Exercise 21 is a special case of this result.

3.2 Basic Properties of Rings

When you do arithmetic in Z, you often use far more than the axioms
for an integral domain. For instance, subtraction appears regularly, as do
cancellation, the various rules for multiplying negative numbers, and the
fact thata - 0 = 0. We now show that many of these same properties hold in
every ring.

Subtraction is not mentioned in the axioms for a ring, and we cannot
just assume that such an operation exists in an arbitrary ring. If we want to
define a subtraction operation in a ring, we must do so in terms of addition,
multiplication, and the ring axioms. The first step is

THEOREM 3.2 For any element a in a ring R, the equation a + x = Og has a
unique solution.

Proof Weknow thata + x = Oghasatleast one solution uby Axiom 5. If vis
also a solution, then a + u = 05 and a + v = O, so that

v=0gt+v=(@tu+tv=(uta)to=u+(@a+v)=u+0zg=u.

Therefore u is the only solution. B

We can now define negatives and subtraction in any ring by copying
what happens in familiar rings such as Z. Let R be a ring and a € R. By
Theorem 3.2 the equation a + x = 0 has a unique solution. Using notation
adapted from Z, we denote this unique solution by the symbol “—a.” Since
addition is commutative,

—a is the unique element of R such that
a+(—a)=0zg=(—a)+a.

In familiar rings, this definition coincides with the known concept of the
negative of an element. More important, it provides a meaning for “nega-
tive” in any ring.
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EXAMPLE In the ring Zg, the solution of the equation 2 + x = 0 is 4,
and so in this ring —2 = 4. Similarly, in Z,, —9 = 5 because 5 is the
solution of 9 + x = 0.

Subtraction in a ring is now defined by the rule
b — a means b + (—a).

In Z and other familiar rings, this is just ordinary subtraction. In other rings
we have a new operation:

L EXAMPLE InZiwehavel —2=1+(—2)=1+4=25.

In junior high school you learned many computational and algebraic
rules for dealing with negatives and subtraction. The next two theorems
show that these same rules are valid in any ring. Although these facts are not
particularly interesting in themselves, it is essential to establish their valid-
ity so that we may do arithmetic in arbitrary rings.

THEOREM 3.3 Ifa+b=a+cinaringR, thenb=c.
Proof Adding —ato both sides of a + b = a + ¢ and then using associativ-
ity and negatives show that
—a+(a+b)=—a+(a+c)
(—a+a)+b=(~a+a)+c
Op+b=0g+c
b=c. 11

THEOREM 3.4 For any elements a and b of a ring R,
(1) a'OR=OR=OR'a.
(2)  a(=b)=—(ab) = (—a)b.

3) —(—a)=a
(4) —(a+b)=(—a)+ (—b)
(5) —(a—b)=-—a+b. -

(6) (—a)(—b)=ab.
If R has an identity, then
(7) (—1lgla=—a.
Proof (1) Since Oy + Og = Og, the distributive law shows that
a-0gta-0g=0a(0g+0z)=a-0g=a-0g+04.
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Applying Theorem 3.3 to the first and last parts of this equation shows that
a + 0g = Og. The proof that 0g * a = 0y is similar.

(2) By definition, —(ab) is the unique solution of the equation ab +
t = Og, and so any other solution of this equation must be equal to — (ab).
But x = a(—b) is a solution because, by the distributive law and (1),

ab + a(—=b) = alb + (—b)] = a[0g] = 0g.
Therefore a(—b) = —(ab). The other parts are proved similarly.

(3) By definition, — (—a) is the unique solution of (—a) + x = 0g. Buta
is a solution of this equation since (—a) +a = 0z. Hence —(—a) =a by
uniqueness.

(4) By definition, —(a + b) is a unique solution of (a + b) + x = O,
but (—a) + (—b) is also a solution:

(a+b)+[(—a)+ (=b)]=b+a+ (—a)+ (—b)
=(b+ 0g) + (—b)

Therefore —(a + b) = (—a) + (—b) by uniqueness.

(5) By the definition of subtraction and (4) and (3),

—(@—b)y=—(a+(—b)=(—a)+(—(—b))=—a+b.
(6) By (3) and repeated use of (2),
(—a)(=b) = —[a(=b)] = —[—(ab)] = ab.

(7)By (2), (~lpla=—(lpa)=—(a)=—a.

When doing ordinary arithmetic, exponent notation is a definite con-
venience, as is its additive analogue (for instance, a + a + a = 3a). We now

carry these concepts over to arbitrary rings. If Risaring,a € R, andnisa
positive integer, then we define

a"=aaa - -+ a (nfactors).
It is easy to verify that for any a € R and positive integers m and n,
ara" = g™t and (a™)" = a™.
If R has an identity and a # Og, then we define a° to be the element 1. In

this case the exponent rules above are valid for all m, n = 0.
If Ris aring, a € R, and n is a positive integer, then we define

na=ata+ta+ ---+a (nsummands).
—na=(—a)+(—a)+(—a)+ - - - +(—a) (n summands).

Finally we define Oa = Og. In familiar rings this is nothing new, but in other
rings it gives a meaning to the “product” of an integer n and a ring ele-
ment a.
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EXAMPLE Let R be aring and a, b € R. Then
(a+ by =(a+b)a+b)=ala+b)+bla+Db)
=aa+ ab + ba + bb = a® + ab + ba + b*.

Be careful here. If ab # ba, then you can’t combine the middle terms.
If R is a commutative ring, however, then ab = ba and we have the
familiar pattern

(@a+b)2=a?+ab+ba+b?2=a%+ab+ ab+ b*=a®+ 2ab + b2

For a calculation of (¢ + b)"in a commutative ring, withn > 2, see the
[ Binomial Theorem in Appendix E.

Having established the basic facts about arithmetic in rings, we turn
now to algebra and the solution of equations.

THEOREM 3.5 Let Rbearingandleta, b € R. Then the equationa+x=Db
has the unique solution x = b — a.

Proof x=Db — ais a solution because
a+b—al=a+[b+(—a))=a+[—a+b]
=la+ (—a)]+b=0g+b=0b.

If w is any other solution, thena+w=b=a+ (b —a). Hencew=b—a
by Theorem 3.3 Therefore x = b — a is the only solution. ®

The multiplicative equation ax = b may not have a solution. For in-
stance, 4x = 11 has no solution in Z. But there is one case where such
equations must have solutions. If a is a nonzero element of a division ring R,
then by Axiom 12 the equation ax = 1 has a solution u and the equation
xa = 1z has a solution v. Using the fact that au = 1z and va = 1, we see that
u = lzu = (va)u = v(au) = vlz = v. Thus for each nonzero a in a division
ring, there is an element u such that au = 1 = ua. We need some terminol-
ogy to describe this situation.

DEFINITION An element a in a ring R with identity is called a unit if there
exists u € R such that au = 1z = ua. In this case the element u is called the

(multiplicative) inverse of a and is denoted a™1.

The notation for the inverse of a unit is modeled on the usual exponent
notation in the real numbers, where a~! = 1/a. As noted above, every non-
zero element of a division ring is a unit. There are units in other rings as well.
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EXAMPLE InZ,,the element 7 is aunitbecause 7 - 3=1=3-7.In
this case 77! = 3 and 37! = 7. More generally, a is a unit in Z,, if and
only if (a,n) =1 in Z by Corollary 2.9.

EXAMPLE The only units in Z are 1 and —1 (why?). But in the non-
commutative matrix ring M(Z) there are many units; for instance,

3 2
7 5
is a unit because

3 2 S —2Y_(1 0\_( 5 —2)(3 2
7 53)\—7 3 0 1 =7 3/\7 5)°
Units in a matrix ring are called invertible matrices.

THEOREM 3.6 Let R be a ring with identity and a, b € R. If a is a unit, then
each of the equations ax = b and ya = b has a unique solution in R.

Each equation has a unique solution, but in the noncommutative case
the solution of ax = b may not be the same as the solution of ya = b; see
Exercise 5 for an example.

Proof of Theorem 3.6 Since a is a unit, it has an inverse a~! € R such that
aa”' = 1z =a"'a. Then x = a”!b is a solution of ax = b because a(a"1b) =
(aa )b = 1zb = b. If x = c is another solution, then ac=b and ¢ = 1zc =
(@ 'a)c = a Y ac) = a 'b. Therefore x = a~'b is the only solution. A similar
argument shows that y = ba™! is the unique solution of ya = b. I

Arithmetic in Z often uses cancellation: If a # 0 and ab = ac, then
b = c. However, cancellation does not work in every ring. In Z,,, for in-
stance, 2 + 4 =2 - 10 but 4 # 10. The difference is that Z is an integral
domain and Z,, is not.

THEOREM 3.7 Let R be a commutative ring with identity. Then R is an
integral domain if and only if it has this cancellation property:

Whenever a # 0y and ab = ac in R, then b = .

Proof Ifab = acinanyring, thenab — ac = Oy, sothata(b — c) = 0z.IfRis
an integral domain and a # Og, then by Axiom 11 we must have b — ¢ = Oy
or, equivalently, b = ¢. Conversely, assume that the cancellation property
holds in R. To show that R is an integral domain, we need only verify that
Axiom 11 holds. If ab = Og, then a = 0g or a # Oy. If a # 0Og, then applying



58

3 Rings

cancellation to @b = 0g = a0y shows that b = 0g. In each case, a = 0y or
b = 0. Therefore R is an integral domain. &

COROLLARY 3.8 Every field R is an integral domain.

Proof Every fieldisa commutative ring with identity. Suppose ab = acand
a # Og. Then a is a unit, and multiplying both sides of ab = ac by a~* shows
that b = ¢. Therefore R is an integral domain by Theorem 3.7. B

The converse of Corollary 3.8 is false in general (Z is an integral
domain that is not a field) but true in the finite case:

THEOREM 3.9 Every finite integral domain R is a field.

Proof Since R is acommutative ring with identity, we need only show that
for each a # Og, the equation ax = 1z hasasolution. Leta,,a,, . . . ,a,be
the distinct elements of R and suppose a, # Og. To show that ax = 1z hasa
solution, consider the products a,a,, a4y, aa;, . . . . aa,. If a,# a;, then
we must have aa, # aa, (because a4, = aa, would imply that ;= g, by
cancellation). Therefore a2, a,a;, . . . , aa, are n distinct elements of B,
However, R has exactly n elements all together, and so these must be all the
elements of R in some order. In particular, for some j, a,a; = 1. Therefore
the equation a,x = 15 has a solution and R is a field. §

We close this section with another bit of convenient terminology:

DEFINITION A nonzero element a in a commutative ring R is a zero divisor
if there exists a nonzero element b of R such that ab = 0.

For example, 3 is a zero divisor in Zgbecause 3 - 2 = 0. Note that Oy is
not a zero divisor. An integral domain may be described as a nonzero
commutative ring with identity that has no zero divisors. No unit is a zero
divisor (Exercise 9), but an element that is not a zero divisor need not be a
unit (for instance, 2 is neither a zero divisor nor a unit in Z).

EXERCISES

A. 1. Let Rbe aring and a, b € B.
(a) (a+b)a—b)="7? (b) (a+b)3="7?

(c) What are the answers in parts (a) and (b) if R is commutative?
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(]

11.

12.

13.

14.

. An element ¢ of a ring R is said to be idempotent if ¢ = e.

(a) Find four idempotent elements in the ring M(R).
(b) Find all idempotents in Z,,.

. Prove that the only idempotents in an integral domain R are 0, and

lﬂ.

. If e is an idempotent element in a ring R and x € R, show that

(xe — exe)> = Op.

. In the ring M(R), let

a=(o 1) 2=( o)) e=(i ) »-(1 D)

Show that the equations AX = B and XA = B have different solu-
tions [Hint: Check to see if C or D is a solution of either equation.|

. Prove or disprove: The set of units in a ring R with identity is a

subring of R.

. (a) Ifaandb are unitsin aring R withidentity, prove that abis a unit

and (ab)"'=b"1a L

(b) Give an example to show that if @ and b are units, then (ab)~!
may not be the same as a~'b™1. [Hint: Consider the matrices i
and k in the quaternion ring H.]

. Let Rbe aring with identity and a € R. If a® = Og, prove thata + 1,

and a — 15 are units.

. Prove that a unit in a commutative ring cannot be a zero divisor.

10.

Find all the units and zero divisors in the ring P of all subsets of
{a, b, c}. [See Exercise 11 in Section 3.1.]

Find all the units and zero divisors in the ring Zg X R, where R s the
ring of Exercise 5 in Section 3.1.

If R and S are nonzero commutative rings, show that R X S always
has zero divisors.

Let R be a commutative ring with identity and a € R. If a®> = 1z and
a ¥ * 1, prove that a + 15 and a — 15 are zero divisors.

(a) Ifabisazerodivisorinacommutative ring R, prove thataor bis
a zero divisor.

(b) Ifaor bis azero divisor in R and ab # O, prove that ab is a zero
divisor.
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15.

16.

B. 17.

18.

19.

20.

21.

22.

23.

Let R be a commutative ring and a € R. Assume that a # Og and that
a is not a zero divisor. Prove that whenever ab = acinR, then b = c.
Let R be aring and a, b € R. Let m and n be positive integers.

(a) Show that a™a" = a™"" and (a™)" = a™".

(b) Under what conditions is it true that (ab)" = a"b™?

Let S be a nonempty subset of aring R. Prove that Sis a subring of R
if and only if for all @, b € S, both a — b and ab are in S.

(a) IfSis asubring of aring R, prove that Og = Og. [Hint: Fora € S,
consider the equation a + x = a.]

(b) Let S be a subring of R. If R and S have identities, show by
example that 13 may not be the same as 15.

(c) If both R and S are fields, prove that 15= 1.

Let R be a set equipped with an addition and multiplication satisfy-
ing Axioms 1, 2, and 4 - 10 (page 40). Prove that Risaring. [Hint: To
show that a + b = b + a, expand (a + b)(1z + 1) in two ways.]

(a) LetRbearinganda,b € R. Let mand nbe nonnegative integers
and prove that

(i) (m + n)a = ma + na.
(ii) m(a + b) = ma + mb.
(iii) m(ab) = (ma)b = a(mb).
(iv) (ma){nb) = mn(ab).

(b) Do part (a) when m and n are any integers.

A Boolean ring is a ring R with identity in which x2 = x for every
x € R. For examples, see Exercises 11 and 36 in Section 3.1. If Ris a
Boolean ring, prove that

(a) @+ a = O for every a € R. [Hint: Expand (a + a)2.]
(b) R is commutative. [Hint: Expand (a + b)2.]

Let R be a commutative ring with identity and ¢ € R. Let T be the
subring of all multiples of ¢ (see Exercise 16 in Section 3.1). fuisa
unit in R and u € T, prove that T=R.

Assume that R = {0g, 13, a, b} is a ring and that a and b are units.
Write out the multiplication table of R.



3.2 Basic Properties of Rings 61

24.

23.

26.

27.

29,

30.

. 31,

Let R and S be rings with identity. What are the units in the ring
R X S?

(a) Prove thatanonzero element of Z, is a zero divisor if and only if
it is not a unit.

(b) Give an example of a ring in which part (a) is false.

An element a of a ring is nilpotent if ¢ = 04 for some positive
integer n. Prove that R has no nonzero nilpotent elements if and
only if Oy is the unique solution of the equation x2 = (.

Let Rbe aring and a € R. Let S = {r € R|ra = 0Og). Prove that Sisa
subring of R.

. Let Rbe aring with identity. If there is a smallest positive integer n

such that nlz = O, then R is said to have characteristic n. If no such
n exists, R is said to have characteristic zero. Show that Z has char-
acteristic zero and that Z, has characteristic n. What is the charac-
teristic of Z, X Zg?

Let R be a ring with identity of characteristic n > 0.
(a) Prove that na = Og for every a € R.

(b) If R is an integral domain, prove that n is prime.

(¢ %)

is a unit in the ring M(R) if and only if ad — bc # 0. In this case,

verify that its inverse is
d/t —b/t
—c/t  aft)’

Let R be a ring without identity. Let T be the set R X Z. Define
addition and multiplication in T by these rules:

(r,m) + (s,n) = (r +s,n+m).

(r,m)(s,n) = (rs + ms + nr, mn).

Prove that

where t = ad — be.

(a) Prove that T is a ring with identity.

(b) Let R*consist of all elements of the form (r,0) in T. Prove that R*
is a subring of T.
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32. (a) Let a and b be nilpotent elements in a commutative ring R (see
Exercise 26). Prove that a + b and ab are also nilpotent. [You
will need the Binomial Theorem from Appendix E.|

(b) Let N be the set of all nilpotent elements of R. Show that Nis a
subring of R.

33. Let R be a ring such that x® = x for every x € R. Prove that R is
commutative.

34. Let R be a nonzero finite commutative ring with no zero divisors.
Prove that R is a field.

3.3 Isomorphism

If you were unfamiliar with roman numerals and came across a discus-
sion of integer arithmetic written solely with roman numerals, it might take
you some time to realize that this arithmetic was essentially the same as the
familiar arithmetic in Z, except for the labels on the elements. Here is aless
trivial example.

EXAMPLE Consider the subset S = (0, 2, 4, 6, 8) of Z,,. With the
addition and multiplication of Z,,, S is actually a commutative ring, as
can be seen from these tables: *

womo o |+
OO (O
N O ]|
fo R e Je WG I

[orNlenRTCNe JIN O RN I N9

O N O
LN ol \o M o) Rlen)

SOOI QO
oo | D
PN O| I
N Lo | @
AN WO |-

A careful examination of the tables shows that S is a field with five
elements and that the multiplicative identity of this field is the ele-
ment 6.

We claim that § is “‘essentially the same”” as the field Z5 except for the
labels on the elements. You can see this as follows. Write out addition and
multiplication tables for Z5. To avoid any possible confusion with elements

* The reason the elements of S are listed in this order will become clear in a moment.
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of S. denote the elements of Zsby 0, 1, 2, 3, 4. Thenrelabel the entries in the
Z. tables according to this scheme:

Relabel 0 as 0, relabel T as 6, relabel 2 as 2,
relabel 3 as 8, relabel 4 as 4.

Look what happens:

0| _6| 2| 8] 4 0| _6]_ 2| 8| 4
- g | |z |73 |x g |\x¥ |z (B3 |4
0| _o0|_®6|_2|_8|_4 _off _o]_o]_o|_of|_o
¥ le |¥ |2 |3 |4 ¥ o\ & |F B | &
6l _6|_2]_8|_4]_0 6l _of 6| _2|_8|_4
Yy (¥ |z |3 |4 |#& ¥ |# |¥ |2 |Z |4
2l _2) 8] 4| o} 6 2l ol _2| 4| 6| _8
z |z |3 |4 |#& |X¥ Z |& |2 |4 |¥ |Z
8l _8| 4| _o|_6]_2 8l _o|_8|_6] 4| _2
¥ |3 |4 |# |¥ |% 3 | |3 |¥ |4 |%
4| 4| _of_6|_2]|_s8 4| _o|_4|_8]_2]|_68
x |2 |® |¥ |Z |3 A |& |& |73 |2 |x

Bv relabeling the elements of Z;, you obtain the addition and multiplication
tables for S. Thus the operations in Z5 and S work in exactly the same
way — the only difference is the way the elements are labeled. As far asring
structure goes, Sis just the ring Z; with new labels on the elements. In more
technical terms, Zs and § are said to be isomorphic.

In general, isomorphic rings are rings that have the same structure in

the sense that the addition and multiplication tables of one are the tables of
the other with the elements suitably relabeled. Although this intuitive ideais -

adequate for small finite systems, we need a rigorous mathematical defini-
tion of isomorphism that agrees with this intuitive idea and is readily appli-
cable to large rings as well.

There are two aspects to the intuitive idea that “R and S are isomor-
phic”: relabeling and comparing the tables. Relabeling means that every
element of R is paired with a unique element of S (its new label). In other
words, there is a function f: R — § that assigns to each r € R its new label
f(r) € S. In the example above, we used the relabeling function f:Zy— S,
given by:

fO=0 fM=6 f@=2 fB)=8 f4)=4

Such a function must have these additional properties:
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(i) Distinct elements of R must get distinct new lahels-
If r# 7' in R, then f(r) # f(+') in S.
(ii) Every element of $ must be the label of some element in R-*
For each s € §, there is an r € R such that f(r) =s.

Statements (i) and (ii) simply say that the function f must be both injective
and surjective,** that is, f must be a bijection.

However, a bijection (relabeling scheme) f won’t be an isomorphism
unless the tables of R become the tables of S when fis applied. In this case, if
a+ b = cin R, then the tables of R and S must look like this:

The S-table shows that f(a) + f(b) = f(c). However, a + b and care the same
element of R, and so f(a + b) = f(c), and therefore

fla+b)=fla) + f(b).

This is the condition that f must satisfy in order for fto change the addition
tables of R into those of S. The analogous condition on f for the multiplica-
tion tables is f(ab) = f(a)f(b). We now can state a formal definition of
isomorphism:

DEFINITION AringRisisomorphictoaring$ (insymbols, R = S) if thereis
a function f: R — S such that

(i) fis injective;

(ii) fis surjective;

(iii) f(a+b) =f(a) + f(b) and f(ab)=f(a)f(b) foralla,be€R.

In this case the function fis called an isomorphism. A function that satisfies
condition (iii) but is not necessarily injective or surjective is called a homo-
morphism.

* Otherwise we couldn’t possibly get the complete tables of S from those of R.
** Injective, surjective, and bijective functions are discussed in Appendix B.
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Warning 1 In order to be an isomorphism, a function must satisfy all
- ~ce of the conditions in the definition. It is quite possible for a function to
. azisfv any two of these conditions but not the third; see Exercises 2, 9, and

Warning 2 Condition (iii) in the definition is not just manipulation of
. mbols. Many functions simply are not homomorphisms, such as the func-
~on f:R— R given by f(x) = x + 2. It does not satisfy condition (iii) be-
_zuse. for example,
fB3+4)=f(7)=9, but f(3)+f(4)=5+6=11;, and
f(3-4)=f(12)=14, but f(3)f(4)=5"6=230.

EXAMPLE In the last example on page 46, we considered the field K
of all 2 X 2 matrices of the form

(%)

where a and b are real numbers. We claim that K is isomorphic to the
field C of complex numbers. To prove this, define a function f: K — C

by the rule
f(__g i>=a+bi.

To show that fis injective, suppose

(s o))

Then by the definition of f, a + bi = r + siin C. By the rules of equality
in C, we must have a =r and b = s. Hence in K

(5 0)=(50)

s0 that fis injective. The function fis surjective because any complex
number a + bi is the image under f of the matrix

(-5 %)

in K. Finally, for any matrices A and B in K, we must show that

f(A + B) = f(A) + f(B) and f(AB) = f(A)f(B). We have
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A D+ D-its o9

=(a+c)+ (bt d)
= (a+ bi) + (c + di)

(g 2o )
(e (g D]-r(Logzhd adxpe)

= (ac — bd) + (ad + bc)i = (a + bi)(c + di)

(g ar(d 9

Therefore f is an isomorphism.

It is quite possible to relabel the elements of a single ring in such a way
that the ring is isomorphic to itself.

EXAMPLE Let f:C — C be the complex conjugation map given by
f(a + bi) = a — bi.* The function fis a homomorphism because

fl(a + bi) + (c + di)] = fl(a + ¢) + (b + d)i]
=(a+c)—(b+d)i=(a—bi)+ (c—di
= f(a + bi) + f(c + di)
fl(a + bi)(c + di)] = fl(ac — bd) + (ad + bc)i]
= (ac — bd) — (ad + bc)i = (a — bi)(c — di)
= f(a + bi)f(c + di).

You can readily verify that fis both injective and surjective (Exercise
13). Therefore fis an isomorphism.

If you suspect that two rings are isomorphic, there are no hard and fast
rules for finding a function that is an isomorphism between them. A good
deal of trial and error may be involved, and there is always the possibility
that no isomorphism exists. However, knowing the conditions that an iso-
morphism must satisfy can sometimes give you a clue as to how to construct
such a function in a particular situation.

* The function f has a geometric interpretation in the complex plane, where a + biisidentified
with the point (a,b): It reflects the plane in the x-axis.
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THEOREM 3.10 Let f:R — S be a homomorphism of rings. Then
(1) f(0g) = 0s;
(2) f(—a)=— f(a) for every a € R.

If R and S have identities and f is an isomorphism, then
(3) f(1g) = 1s.
Proof (1) Since fis a homomorphism and 05 + 05 = 0g in R,

f(0g) + £(0g) = f(0g + 0g) = f(0g) in S.
Subtracting f(0g) from each end shows that £(0z) = 0.
(2) f(a) + f(—a) = f(a + (—a)) = f(0g) = Os. So f(—a) is a solution of

f(a) + x = 05. But the unique solution of this equation is — f(a) by Theorem
3.2. Hence f(—a) = — f{(a) by uniqueness.

(3) Since f'is surjective, 13 = f(r) for some r € R. Therefore
f(g) = f(1g) - 1s=f(1R)f(r) = f(1gr) =f(r) = 15. B

EXAMPLE If there is an isomorphism f from Z,, to the ring Z, X Z,,

then f(1) = (1,1) by part (3) of Theorem 3.10. Since fis a homomor-

phism, it has to satisfy
f@R)=f0+1)=f1)+f(1)=(1,1)+(1,1)=(2,2)
fB)=f2+1)=f(2)+f(1)=(2,2) + (1,1) = (0,3)
f(4)=fB+1)=£(3) +f(1) =(0,3) + (1,1) = (1,0).

Continuing in this fashion shows that if fis an isomorphism, then it
must be this bijective function:

=11  f@=(10) f(1)=(13) f10)=(12)

f@)=@2.2) fB)=@21) f8)=(20) f(11)=(2,3)

f3)=(03) f(6)=(0,2) f(9)=(0,1)  f(0)=(0,0).
All we have shown up to here is that this bijective function fis the only
possible isomorphism. To show that this factually is an isomorphism,
we must verify that it is a homomorphism. This can be done either by

writing out the tables (tedious) or by observing that the rule of fcan be
described this way:

flalio) = (lals, [aly),

where [a],, denotes the congruence class of the integer a in Z,,, [a];
denotes the class of ain Z, and [a] the class of ain Z,. (Verify that this
last statement is correct.) Then
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f([allz + [b]m) =f([a + b]lz) %de)ﬁuiliou of addition in

= (la + bls, [a + bl,) (definition of f)
= (lal; + [Dls, lals + [bly) (definition of addition in Z,

and Z,)

= (lal, lals) + ([Pl5, [P]s) (definition of addition in
Z,XZ,)

= f(lali2) + f([b]12) (definition of f).

An identical argument using multiplication in place of addition shows

that f(|a],0lb]12) = f(la)1) f([bl1s). Therefore fis an isomorphism and
Z,=2Z,X1,.

Our intuitive notion of isomorphism is symmetric: “R is isomorphic to
S means the same thing as ““S is isomorphic to R.”” The formal definition of
isomorphism is not symmetric, however, since it requires a function from R
onto S but no function from S onto R. This apparent asymmetry is easily
remedied. If f: R — Sis anisomorphism, then fis a bijective function of sets.
Therefore fhas an inverse function* g: S — R such that g ° f = ¢4 (the iden-
tity function on R) and f © g = t5. It is not hard to verify that the function g is
actually an isomorphism (Exercise 24). Thus R = S implies that S = R, and
symmetry is restored.

Up to now we have concentrated on showing that various rings are
isomorphic, but sometimes it is equally important to demonstrate that two
rings are not isomorphic. To do this, you must show that there is no possible
function from one to the other satisfying the three conditions of the defini-
tion.

EXAMPLE Z;is not isomorphic to Z,, or to Z because it is not possible
to have a surjective function from a six-element set to alarger set (or an
injective one from a larger set to Z).

To show that two infinite rings or two finite rings with the same
number of elements are not isomorphic, it is usually best to proceed indi-
rectly.

EXAMPLE The rings Z,and Z, X Z, are not isomorphic. To show this,
suppose on the contrary, that f: Z, — Z, X Z, is an isomorphism. Then
£(0) = (0,0) and f(1) = (1,1) by Theorem 3.10. Consequently, f(2) =
F+1)=f(1)+f(1)=(1,1)+ (1,1) = (0,0). Since f1is injective and

* See Appendix B for details.
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f(0) = f(2), we have a contradiction. Therefore no isomorphism is v
possible.

The most common method of proving that two rings of the same size
are not isomorphic is to consider properties that are preserved by isomor-
phism in this sense: If R has one such property and if R is isomorphic to S,

‘then Snecessarily has the same property. If one ring has such a property and //

another doesn’t, the two can’t be isomorphic.

EXAMPLE No commutative ring is isomorphic to a noncommutative
ring because commutativity is preserved by isomorphism, as we now
verify. Let R be a commutative ring and f: R — S an isomorphism. If ¢,
d € S, then ¢ = f(a) and d = f(b) for some a, b € R because fis surjec-
tive. Since ab =ba in R, we have cd = f(a)f(b) = f(ab) = f(ba) =
f(b)f(a) = dc. Hence S is commutative.

EXAMPLE Let f:R — S be an isomorphism of rings with identity. If a
is a unit in R, then au = 13 = ua for some u € R. Hence f(a)f(u) =
flau) = f(1z) = 15 by Theorem 3.10, and similarly, f(u)f(a)= 1.
Therefore f(a) is a unit in S. Thus the property of being a unit is
preserved by isomorphism. The ring Z has four units (1, 3, 5, 7, by
Corollary 2.9), so that any 1somorphlsm from Z to another ring will
map these four units to units in the other ring. It foHows that Zj is not
1somorphlc to Z, X Z, because there are only two units in this latter
ring, namely (1,1) and (3.1), as you can readily verify. Similarly, Z is
not isomorphic to @, R, and C because Z has exactly two units (1 and
—1), whereas every nonzero element in the fields Q, R, and C is a unit.

EXERCISES

A. 1. Write out the addition and multiplication tables for Z; and for
Z, X Z3. Use them to show that Zg=7Z, X Z,.

2. Let Sbe the subring {0, 2, 4, 6, 8} of Z,yandletZ; = {0, 1, 2, 3, 4).
Use tables to show that the following bijection from Z to S is not an
isomorphism:

0—0 1—2 2—>4 3—s6 4—>8.

3. Let R be a ring and let R* be the subring of R X R consisting of all
elements of the form (a,a). Show that the function f: R — R* given
by f(a) = (a,a) is an isomorphism.
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10.

B. 11.

12.

13.

14.

15.

. Let Rand Sbe rings and let R be the subring of R X S consisting of all

elements of the form (a,05). Show that the function f: R — R given
by f(a) = (a,0) is an isomorphism.

. Prove that the field R of real numbers is isomorphic to the ring of all

9 X 2 matrices of the form (g

function f given by f(a) = (0 2) 1

2), with a € R. [Hint: Consider the

0

. Prove that R is isomorphic to the ring of all 2 X 2 matrices ot the

form (a 0), where a € R.
0 a

. Let Q(v2) be as in Exercise 28 of Section 3.1. Prove that the func-

tion f: Q(v2) — Q(v2) given by f(a + bV2) = a — bV2 is an isomor-
phism.

. If f:Z — Z is an isomorphism, prove that fis the identity map. [Hint:

What are f(1), f1+1), . . . ?]

. Show that the function f:Z — Z, given by f(a) = [a] is a surjective

homomorphism but not an isomorphism.

If R and § are rings and f: R— S is a homomorphism, prove that
f(R) ={f(a) € S|a € R} is a subring of S.

Let T, R, and F be the four-element rings whose tables are given in
the example on page 42 and in Exercises 5 and 6 of Section 3.1.
Show that no two of these rings are isomorphic.

Let P(S) be the ring of all subsets {a, b, c} (see Exercise 11 of Section
3.1). Use tables to show that P(S) is isomorphic to the ring
Ly, XZyXZ,.

Show that the complex conjugation function f: C — C (whose rule is
f(a + bi) = a — bi) is a bijection.

Show that the isomorphism of Z5 and S in the first example of this
section is given by the function whose rule s f([x])s) = [6x],0, where
[u], denotes the class of the integer u in Z,. Give a direct proof
(without using tables) that this map is a homomorphism.

Show that § = {0, 4, 8,12, 16, 20, 24} isasubring of Z,5. Then prove
that the map f:Z, — S given by f([x];) = [8x]ss is an isomorphism
(notation as in Exercise 14).
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16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

Let E be the ring of even integers with the * multiplication defined
in Exercise 17 of Section 3.1. Show that the map f: E — Z given by
f(x) = x/2 is an isomorphism.

Let Z* denote the ring of integers with thc ® and © operations
defined in Exercise 18 of Section 3.1. Prove that Z is isomorphic to
Y Ad

Let Z denote the ring of integers with the ® and © operations

defined in Exercise 19 of Section 3.1. Prove that Z is isomorphic to
Z.

Let R X R be the field of Exercise 37 of Section 3.1. Show that
R X R is isomorphic to the field C of complex numbers.

(a) Show that R X R is a ring with the usual coordinatewise addi-
tion (as in Theorem 3.1) and multiplication given by the rule
(a,b)(c,d) = (ac,bc).

(b) Show that the ring of part (a) is isomorphic to the ring of all

0

matrices in M(R) of the form Z o)

Let L be the ring of all matrices in M(Z) of the form (Z g) . Show

0
that the function f:L — Z given by f(Z c) =a is a surjective
homomorphism but not an isomorphism.

Show that the function f:Z, — Z,,,, given by f([x],.) = [nx],., is an
injective homomorphism but not an isomorphism when n = 2 (no-
tation as in Exercise 14).

(@) If f:R—S and g:S— T are homomorphisms, show that
g e° f:R— Tis a homomorphism.

(b) If f and g are isomorphisms, show that g © fis also an isomor-
phism.

Let f: R — S be an isomorphism of rings and let g: S — R be the
inverse function of f (as defined in Appendix B). Show that g is also
an isomorphism. [Hint: To show g(a + b) = g(a) + g(b), consider the
images of the left and right side under f and use the facts that fis a
homomorphism and f ¢ g is the identity map.]

(a) Let R be a ring with identity and f: R — S a surjective homo-
morphism of rings. Prove that § has an identity and that f(15) =
1s.
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26.

27.

28.

29,

30.

31

32.

C. 33.

34.

(b) Give an example to show that the conclusion of part (a) may be
false if fis not surjective.

If f: R — S is an isomorphism of rings, which of the following prop-
erties are preserved by this isomorphism? Why?

(a) a € R is a zero divisor.

(b) R is an integral domain.

(¢) Ris a subring of Z.

(d) a € R is a solution of x2 = x.
(e) Ris aring of matrices.

Use properties that are preserved by isomorphism to show that the
first ring is not isomorphic to the second:

(a) Eand Z (b) RXR X R X R and M(R)
() ZyXZ,and Z,g  (d) QandR
() ZXZyand Z (f) Zy X Z,and Z;g4

Iff:R — Sis a homomorphism of rings with identity, is it true that R
and S have the same characteristic? [See Exercise 28 of Section 3.2.]

Let T be the ring of continuous functions from R to R. If fe T and
2= f, show that fis either the constant function f(x) = 0 or the
constant function f(x) = 1. [Hint: For any a € R, f(a) must be a solu-
tion of x2 = x, and fis continuous.]

Prove that the ring T of Exercise 29 is not isomorphic to R X R.
[Hint: Find four solutions of 2 = x inR X R; use Exercises 26(d) and
29.]

Is the ring T of Exercise 29 isomorphic to P(R), the ring of all subsets
of R? (See Exercise 36 of Section 3.1.)

Let R be a ring without identity. Let T be the ring with identity of
Exercise 31 in Section 3.2. Show that R is isomorphic to the subring
R* of T. Thus, if R is identified with R*, then R is a subring of a ring
with identity.

For each positive integer k, let kZ denote the ring of all integer
multiples of k (see Exercise 2 of Section 3.1). Prove that if m # n,
then mZ is not isomorphic to nZ.

Letm, n € Z with (m,n) = 1 andletf:Z,,, — Z,, X Z,be the function
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given by f{([al,,) = (lal,., [a],) (notation as in the example after
Theorem 3.10 —the case m = 3, n = 4).

(a) Show that the map fis well-defined, that is, show that if [a],,, =
[blun in Zyg, then [a],, = [b],, in Z,, and [a], = [b], in Z,

(b) Prove that fis an isomorphism. [Hint: Adapt the proof in the
example that follows Theorem 3.10; the difference is that prov-
ing f is a bijection takes more work here.]

35. If (m,n) # 1, prove that Z,,, is not isomorphic to Z,, X Z,.
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CHAPTER 4
ARITHMETIC IN F[x]

In Chapter 1 we examined grade-school arithmetic from an advanced
standpoint and developed some important properties of the ring Z of in-
tegers. In this chapter we follow a parallel path, but the starting point here is
high-school algebra— specifically, polynomials and polynomial arithme-
tic. The polynomials studied in high school usually had coefficients in the
field R of real numbers. Now that you know what rings and fields are, this
restriction is unnecessary. We shall consider polynomials with coefficients
in any ring. But we shall concentrate mainly on the ring F|x] of polynomials
with coefficients in a field F.

We shall see that the structure of the polynomial ring F[x] is remark-
ably similar to that of the ring Z of integers. Both have a division algorithm,
greatest common divisors, primes, and unique factorization. In many cases
the proofs for Z given in Chapter 1 carry over almost verbatim to F[x]. For
this reason, the main theme of Sections 4.1 to 4.3 is the analogy between Z
and Flx].

In Sections 4.4 to 4.6 we consider tests to determine whether or not a
polynomial is irreducible (the analogue of testing an integer for primality).
Here the development is not an exact copy of what was done in the integers.
The reason is that the polynomial ring F[x] has features that have no ana-
logues in the integers, namely, the concepts of a polynomial function and
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the root of a polynomial. These features lead to some remarkable results in
subsequent chapters.

4.1 Polynomial Arithmetic and the Division Algorithm

You are familiar with polynomials with real-number coeflicients, such
as

x24+3x—5 and 6x3—3x2+Tx+ 4 and x12—1,

Much of high-school algebra is devoted to the arithmetic of such polyno-
mials. We now consider polynomials in a more general setting.

Let R be any ring. A polynomial with coefficients in R is an expression
of the form

agt ayx+ax?+axd+ -0 - +a,x",

where g, € R. The g, are called the coefficients of the polynomial, and x is
called an indeterminate (or transcendental element over R).

At this point one might reasonably ask, “What is an indeterminate?”
and “What does it mean to multiply an indeterminate by a ring element or
to add such terms to each other?”” The usual answer in a beginning algebra
class is, “Treat the indeterminate x as if it were an element of the ring R.”
Then an expression of the form ay + a;x + a,x% + - - - + a,x" makes sense.
However, such a response is not always adequate.

Even in high school, polynomials were often treated as entities in
themselves without any reference to x standing for a particular number.
Furthermore, the real numbers were treated as being polynomials (the
constant polynomials). This is the viewpoint we shall take here.

Given aring R, it can be proved that there exists a larger ring (denoted
R[x]) that contains R as a subring and contains a special element x with these
properties:

(i) xa = ax for every a € R.
(ii) Every element of R|x] can be written in the form

agt+ax+ax?+ - - - +a,x", withn=0andq,€R.

(iii) The representation of elements of R[x] as in (ii) is unique in this
sense: If n = m and

ag+ ayx +agx®+ - - - +a,x"=Dby+byx+byx*+ - - +b,x™,

m

then a, = b, for i = n and b, = O for each i > n.
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The elements of the larger ring R|x] are called polynomials* and the special
element «x is called an indeterminate. **

Since the product of any ring element with the zero element O is just
0g, terms with zero coeflicients in a polynomial may be omitted or inserted
as needed.

EXAMPLE The polynomial 2 + 0x — x2 + 0x3 + 5x* in R[x] is usually
written 2 — x2 + 5x%. If we want the same powers of x to appear in the
polynomials 1 + x2 and 4 + x + 2x3, we write:

1+ 0x + x2 4+ 0x3 and 4+ x+ 0x2 4+ 243,

The rules for adding and multiplying polynomials follow directly from
the fact that R[x] is a ring.

EXAMPLE If f(x)=1+5x—x%2+4x%3 4 2x* and g(x)=4+ 2x +
3x2 + x%in Z, |x], then the commutative, associative, and distributive
laws show that

flx) + glx) = (1 + 5x — x2 + 423 + 2x%) + (4 + 2x + 3x% + x3 + 0x?)
—(+4)+G+2r+(—1+3)x2+ (4 + x>+ (2 + 0)xt
=54 0x+ 222+ 5x3+ 2x4 =5+ 2x2 + 523 + 2x4.

EXAMPLE The product of 1 — 7x + x? and 2 + 3x in Q[x] is found by
using the distributive law repeatedly:

(1 = Tx+ 22)(2 + 3x) = 1(2 + 3x) — 7x(2 + 3x) + x2(2 + 3x)
=1(2) + 1(3x) — 7x(2) — Tx(3x) + x2(2) + x2(3x)
=92+ 3x — 14x — 21x2 + 2x2 + 343
=2 —11x— 19x2 + 3x3

* Some instructors, including the author, feel that everyone should see a formal development
of polynomials and a proof of the statements above. Those who agree with this view should
cover Appendix G at this time and then resume this section. Those who disagree should
continue reading here.
** Although in common use, the term “indeterminate’ is misleading. As shown in Appendix G,
there is nothing undetermined or ambiguous about x. In particular, x is not in R and does not
“stand for” any element of R; it is a specific element of a larger ring that contains R.
However, the symbol ““x” is sometimes used in another way — as a variable in equations
such as x2 — 3x = 0. In such situations, “x” may represent an element of R. This usage is
discussed in Section 4.4; until then, x> always denotes an indeterminate (an element of R|x]
with properties (i) - (iii)).
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The preceding examples are typical of the general case. You add
polynomials by adding the corresponding coefficients, and you multiply
polynomials by using the distributive laws and collecting like powers of x.
Thus polynomial addition* is given by the rule:

(ag t+ ayx + agx®+ - -+ +a,x") + (bg + byx + byx?+ + - - +b,a")
= (ag+ by) + (a, + by)x + (ay + by)x2+ - - - + (a, + b,)x"
and polynomial multiplication is given by the rule:
(ap + ayx +agx®+ - -+ +a,x")(by + byx + byx®>+ - - - + b, x™)
= aobo + (aph, + a1bo)x + (aghy + a1by + agbg)x® + - - - + a,b,x"*™

For each k = 0, the coefficient of x* in the product is
k
aobk + albk_l + a2bk_2 SECILICIET ak_2b2 + ak_lbl + akbo = 2 a‘bk_,,
=0
where a,= Oz if i > nand b; = 0g if j > m.

It follows readily from this description of multiplication in R|x] that if R
is commutative, then so is R|x] (Exercise 3). Furthermore, if R has a multi-
plicative identity 15, then 1zis also the multiplicative identity of R[x] (Exer-
cise 4).

DEFINITION Let f(x) =ay + a;x + agx®+ - - - + a,x" be a polynomial in
R[x]witha, # Og. Thena, is called the leading coefficient of f (x). The degree
of f(x) is the integer n; it is denoted “‘deg f(x).” In other words, deg f(x) is the
largest exponent of x that appears with a nonzero coefficient, and this coeffi-
cient is the leading coefficient.

EXAMPLE Thedegreeof 3 — x + 4x2 — 7x3 € R|x] is 3, and itsleading
coefficient is — 7. Similarly, deg (3 + 5x) = 1 and deg (x'%) = 12. The
degree of 2 + x + 4x2 — 0x® + 0x5is 2 (the largest exponent of x with
a nonzero coeflicient); its leading coefficient is 4.

The ring R that we start with is a subring of the polynomial ring R[x].
The elements of R, considered as polynomials in R[x], are called constant
polynomials. The polynomials of degree 0 in R[x] are precisely the nonzero
constant polynomials. Note that

the constant polynomial 0 does not have a degree
(because no power of x appears with nonzero coeflicient).

*We may assume that the same powers of x appear by inserting zero coefficients where
necessary.
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THEOREM 4.1 IfRisanintegral domain and f(x), g(x) are nonzero polyno-
mials in R|x|, then

deg[ f(x)g(x)] = deg f(x) + deg g(x).

Proof Suppose f(x) =ag+a;x+agx?+ - - - +a,x" and g(x) =b, +
byx +byx®>+ - - - + b, x™ with a, # Oy and b,, # Oy, so that deg f(x) =n
and deg g(x) = m. Then
fx)g(x) = aghy + (aob, + a;bg)x + (agby + a,b, + aybg)x*®

+ - +ab,x"tm,
The largest exponent of x that can possibly have a nonzero coefficient is
n +m. But a,b,, # Og because R is an integral domain and @, # 0y and
b,, # Og. Therefore f(x)g(x) is nonzero and deg|f(x)g(x)]=n+m=
deg f(x) + deg g(x). B

COROLLARY 4.2 If R is an integral domain, then so is R[x].

Proof Since R is a commutative ring with identity, so is R[x] (Exercises 3
and 4). The proof of Theorem 4.1 shows that the product of nonzero poly-
nomials in R[x] is nonzero. Therefore R[x] is an integral domain. B

Observe that the first part of the proof of Theorem 4.1 is valid for any
ring R and shows that

if f(x), g(x) and f(x)g(x) are nonzero, then
deg[f(x)g(x)] = deg f(x) + deg g(x).

Strict inequality can occur if the ring has zero divisors. For instance, in
Zg[x], 2x* has degree 4 and 1 + 3x%has degree 2, but their product does not
have degree 4 + 2 = 6:

2x*(1 + 3x2) = 2x* + 2 - 3x® = 2x* + 0x® = 2x*4.

For information on the degree of the sum of polynomials, see Exercises 8
and 10.

Our principal interest in the rest of this chapter will be polynomials
with coefficients in a field F (such as Q or R or Z;). As noted in the chapter
introduction, the domain F[x] has many of the same properties as the do-
main Z of integers, including:

THEOREM 4.3 (THE DIVISION ALGORITHM IN F[x]) Let F be a field and
f(x), g(x) € Flx] with g(x) # Op. Then there exist unique polynomials g(x)

and r(x) such that
fx) = glx)q(x) + r(x)
and either  r(x) =0r or  degr(x) <degg(x).
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Compare this with the Division Algorithm in Z (Theorem 1.1), which
says that for any integers @ and b with b positive, there exist unique integers
g and r such that

a=bg+r and 0=r<b.

The only change here is to replace statements such as “r <b” in Z by
statements involving degree in F[x]. You have probably used the Division
Algorithm to check division problems such as this one, where you can
readily verify that f(x) = g(x)q(x) + r(x):

324+ x + 1 < quotient g(x)
divisor g(x) 2x3+ 1[3x5% + 2x% + 2x3 + 4x% + x — 2 «<— dividend f(x)
3x% + 3 — (3x%)g(x)
2xt + 2x3 + fx% + x — 2 «—— f(x) — $x)g(x)
2x4 +x
2x3 + §x? -2
2x8 +1
§x? — 3 «— remainder r(x)

By examining this division problem, we can get a clue as to how to prove
Theorem 4.3, The first term of the quotient, 2x2, is obtained by dividing the
leading term of the dividend, 3x%, by the leading term of the divisor, 2x3:
3x5/2x® = §x2. The product of this term and the divisor, (3x2)g(x), is then
subtracted from the dividend. Then the same process is repeated with the
divisor and 2x4 + 2x3 + §x2 + x — 2 as the new dividend (note that its de-
gree is one less than that of the original dividend): The second term of the
quotient is 2x*/2x® = x, and so on. This repetitive process suggests a proof
by mathematical induction.

Proof of Theorem 4.3 We first prove the existence of the polynomials g(x)
and r(x).

Case 1: If f(x) = O or if deg f(x) < deg g(x), then the theorem is true
with g(x) = O and r(x) = f(x) because f(x) = g(x)0r + f(x).

Case 2: If f(x) # Op and deg g(x) = deg f(x), then the proof of exis-
tence is by induction on the degree of the dividend f(x).* If deg f(x) = 0,
then deg g(x) = 0 also. Hence f(x) = a and g(x) = b for some nonzero aq,
b € F. Since Fis a field, b is a unit and a = b(b™'a) + 0. Thus the theorem is
true with g(x) = b~'a and r(x) = Of.

Assume inductively that the theorem is true whenever the dividend
has degree less than n. We must show that the theorem is true when the

* We use the Principle of Complete Induction; see Appendix C.
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dividend f(x) has degree n, say f(x) = a,x" + - - - + a,x + ay witha, # 0.
The divisor g(x) must have the form g(x) = b, a™+ - - - + b,x + b, with
b,, # Opand m = n. We now divide g(x) into f(x) as in the example preced-
ing the proof (where a,x" = 3x5, b,,x™ = 2x3, and the first term of the
quotient is 3x3/2x3 = 3x2 = 3 - 273x57?) Since Fisafieldand b,, * O, b,,is
a unit. Multiply the divisor g(x) by a,b,,”1x"™™ to obtain
b2 (e) = @by b+ )
=a,x"+ a,by by 1x* 14 - - - +a b, hox" ™
As in the example (where a,b,, 'x""™g(x) = 3x° + 3x2), a,b,,” 'x""™g(x) has
the same degree, n, and the same leading coefficient, a,,, as f(x). Therefore
the difference f(x) — a,b,, 'x""™g(x) is a polynomial of degree less than n
(or possibly it is the zero polynomial); in the example above, this difference
is 2x* + 2x3 + §x2 + x — 2. Now apply the induction hypothesis with g(x) as
divisor and the polynomial f(x) — a,b,,~ 2" ™g(x) as dividend (or use Case 1
if this dividend is zero). There exist polynomials q,(x) and r(x) such that
fx) — a,b, 'x"""g(x) = g(x)qi(x) + r(x)  and

r(x) =0 or deg r(x) < deg g(x).

Therefore

flx) =g®la, b, "™ + qy(x)] +r(x)  and
r(x) =0 or deg r(x) < deg g(x).
Thus the theorem is true with g(x) = a,b,," 12" ™™ + 4,(x) when deg f(x) = n.
This completes the induction and shows that g(x) and r(x) always exist for
any divisor and dividend.

To prove that g(x) and r(x) are unique, suppose that g,(x) and r,(x) are
polynomials such that

flx) = glx)gi(x) + ri(x)  and  ri(x) = Op or deg ry(x) < deg g(x).
Then

g(x)g(x) + r(x) = f(x) = g(x)g,(x) + ry(x),
so that
g(@)lgix) — qi(x)] = r1(x) — r(x).
If g(x) — g;(x) is nonzero, then by Theorem 4.1 the degree of the left side is
deg g(x) + deg[qg(x) — g,(x)], a number greater than or equal to deg g(x).
However, both r,(x) and r(x) have degree strictly less than deg g(x), and so
the right side of the equation must also have degree strictly less than deg

g(x) (Exercise 10). This is a contradiction. Therefore g(x) — g,(x) = O, or,
equivalently, g(x) = q,(x). Since the left side is zero, we must have r)(x) —
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r(x) = Op, so that r(x) =r(x). Thus the polynomials g(x) and r(x) are
unique. §

EXERCISES

NOTE: R denotes a ring and F a field.

A.

1. Perform the indicated operation and simplify your answer:

(&) (Bx*+ 2x3—4x2+x+4) + (4x® + 22+ 4x + 3) in Zgx]
(b) (x + 1)3in Z4x]

(¢) (x—1)%in Zsx]

(d) (x®— 3x+ 2)(2x3 — 4x + 1) in Z;[x]

. Which of the following subsets of R[x] are subrings of R|x]? Justify

your answer:
(a) All polynomials with constant term Og.
(b) All polynomials of degree 2.

(c) All polynomials of degree < k, where k is a fixed positive in-
teger.

(d) All polynomials in which the odd powers of x have zero coeffi-
cients.

(e) All polynomials in which the even powers of x have zero coeffi-
cients.

. If R is commutative, show that R[x] is also commutative.

4. If R has multiplicative identity 15, show that 15 is also the multipli-

cative identity of Rx].

. {(a) List all polynomials of degree 3 in Z,|x].

(b) List all polynomials of degree less than 3 in Z4[x].

. (a) How many polynomials in Z;[x] have degree 5 and leading coef-

ficient 17

(b) How many polynomials in Z,,[x] have degree k, where kis a fixed
positive integer?

. Find polynomials g(x) and r(x) such that f(x) = g(x)q(x) + r(x), and

r(x) = 0 or degree r(x) < deg g(x):
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B. 10.

11.
12.

13.

14.

15.

16.

17.

(a) flx) =3x*—2x®>+6x2—x+ 2 and g(x) = x>+ x + 1 in Qfx].
(b) f(x) =x*—7x+ 1 and g(x) = 2x% + 1 in Q|x].

(¢) fx) =2x*+x2—x+ 1 and g(x) = 2x — 1 in Zg[x].

(d) f(x) = 4x*+ 2x3 + 622+ 4x + 5 and g(x) = 3x2 + 2 in Z4[x].

. In each part, give an example of polynomials f(x),g(x) € Q|[x] that

satisfy the given condition:

(a) The degree of f(x) + g(x) is less than the maximum of deg f(x)
and deg g(x).

(b) Deg [f(x) + g(x)] = max{deg f(x), deg g(x)}.

. Ifc € Ris a zero divisor in a commutative ring R, then is c also a zero

divisor in R[x]?
If f(x),g(x) € R|x] and f(x) + g(x) # Og, show that

deg[f(x) + g(x)] = max {deg f(x), deg g(x)}.
If F is a field, show that Flx] is not a field. [Hint: Is x a unit in F[x]?]

Let F be a field and let f(x) be a nonzero polynomial in F[x]. Show
that f(x) is a unit in F[x] if and only if deg f(x) = 0.

Let R be a commutative ring. If a, + 0z and g + a;x + azx® +
-+ a,x"is a zero divisor in R[x], prove that a,, is a zero divisor
in R.

(a) LetRbe anintegral domainand f(x),g(x) € R[x]. Assume that the
leading coeflicient of g(x) is a unit in R. Verify that the Division
Algorithm holds for f(x) as dividend and g(x) as divisor. [Hint:
Adapt the proof of Theorem 4.3. Where is the hypothesis that F
is a field used there?]

(b) Give an example in Z[x] to show that part (a) may be false if the
leading coefficient of g(x) is not a unit. [Hint: Exercise 7(b)]

Let R be an integral domain. Assume that the Division Algorithm
always holds in R[x]. Prove that R is a field.

Let ¢: R[x] — R be the function that maps each polynomial in R{x]
onto its constant term (an element of R). Show that ¢ is a surjective
homomorphism of rings.

Let ¢:Z[x] — Z,|x] be the function that maps the polynomial e, +
ax+ -+ - +axF in Z[x] onto the polynomial [ag] + [a,]x +
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- + [az]x*, where [a] denotes the class of the integer a in Z,,.
Show that ¢ is a surjective homomorphism of rings.

18. Let D:R[x] — R|x] be the derivative map defined by
D(ay + ayx + apx®+ + - - + a,x")
=a, + 2ayx + 3azx®>+ - -+ +nag,x" L

Is D a homomorphism of rings? An isomorphism?

C. 19. Let h:R— S be a homomorphism of rings and define a function
h:R[x] = S[x] by the rule h(gy+ayx+ - - - + a,x") = h(a,) +
h(a,)x + h(ag)x® + - - -+ + h(a,)x". Prove that

(a) h is a homomorphism of rings.

(b) h is injective if and only if h is injective.
(¢) h is surjective if and only if h is surjective.
(d) If R =S, then R[x] = S[x].

20. Let R be a commutative ring and let k(x) be a fixed polynomial in
R[x]. Prove that there exists a unique homomorphism ¢ : R[x] — R]x]
such that

p(r)=rforallreR and  ¢(x) = k(x).

21. Explain why the proof of Theorem 1.1 cannot be directly carried
over to Flx]. Why is induction necessary to prove Theorem 4.3?

4.2 Divisibility in F[x]

All the results of Section 1.2 on divisibility and greatest common
divisors in Z now carry over, with only minor modifications, to the ring of
polynomials over a field. In fact, most of the proofs in this section simply tell
you to adapt the proof of the corresponding theorem for Z to Flx]. It is
important that you actually write out these adaptations because the ability
to do so is a guarantee that you really understand the analogy between Z and
polynomials. Throughout this section, F always denotes a field.

DEFINITION LetFbea field and f(x), g(x) € Flx] with f(x) nonzero. We say
that f(x) divides g(x) [or f(x) is a factor of g(x)], and write f(x) | g(x), if
g(x) = f(x)h(x) for some h(x) € F|x].
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EXAMPLE (2x+ 1)|(6x2—x—2) in Q|x] because 6x2—x— 2=
(2x + 1)(3x — 2). Furthermore, every constant multiple of 2x + 1 also
divides 6x2 — x — 2. For instance, 5(2x + 1) = 10x + 5 divides 6x2 —
x — 2because 6x2 — x — 2 = 5(2x + 1)[4(3x — 2)|. A similar argument
in the general case shows that

if f(x) divides g(x), then cf(x) also divides g(x) for each nonzero c € F.

This example shows that a nonzero polynomial may have infinitely
many divisors. In contrast, a nonzero integer has only a finite number of
divisors. The example also illustrates this fact: If g(x) is nonzero, then

every divisor of g(x) has degree less than or equal to deg g(x).

To prove this, suppose f(x)|g(x), say g(x) = f(x)h(x). By Theorem 4.1,
deg g(x) = deg f(x) + deg h(x). Hence 0 < deg f(x) = deg g(x).

As we learned earlier, the greatest common divisor of two integers is
the largest integer that divides both of them. By analogy, the greatest
common divisor of two polynomials f(x), g(x) € F|x] ought to be the polyno-
mial of highest degree that divides both of them. But such a greatest com-
mon divisor would not be unique because each constant multiple of it would
have the same degree and would also divide both f(x) and g(x). In order to
guarantee a unique ged, we modify this definition slightly by introducing a
new concept. A polynomial in F[x] is said to be monic if its leading coeffi-
cient is 1. For instance, x3 + x + 2 is monic in Q[x], but 2x + 1 is not.

DEFINITION Let F be a field and f(x), g(x) € Flx], not both zero. The
greatest common divisor (ged) of f(x) and g(x) is the monic polynomial d(x)
of highest degree that divides both f(x) and g(x). In other words, d(x) is the
ged of f(x) and g(x), provided that d(x) is monic and

(i) d(x)|f(x) and d(x) | g(x);
(ii) if c(x) | f(x) and c(x) | g(x), then deg c(x) < deg d(x).

Since the degree of a common divisor of f(x) and g(x) cannot exceed
either deg f(x) or deg g(x), it is clear that there is at least one ged for f(x) and
g(x). In Theorem 4.4 we show that there is only one, thus justifying the
definition’s reference to the greatest common divisor.

EXAMPLE To find the ged of 3x2 + x + 6 and 0 in Q[x], we note that
the common divisors of highest degree are just the divisors of 3x2 +
x + 6 of degree 2. These include 3x2 + x + 6 itself and all nonzero
constant multiples of this polynomial — in particular, the monic poly-
nomial $(3x%2+x + 6) =x2+ 4x + 2. Hence x2+4x+ 2 is a ged of
3x2+x+ 6 and 0.
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EXAMPLE You can easily verify these factorizations in Q|[x]:
flax)=2x*+5x3—5x—2=(2x+ 1){x+ 2){(x + 1){x— 1),
glx) = 2x% — 3x% — 2x = (2x + 1){(x — 2)x.
It appears that 2x + 1 isacommon divisor of highest degree of f(x) and
g(x). In this case, the constant multiple $(2x + 1) = x + } is a monic
common divisor of highest degree. A proof that x + } actually is the

greatest common divisor is given at the end of this section. You can
also verify that this gcd can be written in the form f(x)u(x) + g(x)v(x):

x+—;—=(2x4+5x3—5x—2)<lx——1—)

7 1 1
39,2 —- 2 S =
+ (223 — 3x 2x)( TR 48)'

THEOREM 4.4 Let F be a field and f(x), g(x) € Flx], not both zero. Then
there is a unique greatest common divisor d(x) of f(x) and g(x). Furthermore, {

there exist (not necessarily unique) polynomials u(x) and v(x) such that

d(x) = f(x)u(x) + g(x)o(x).

Proof Let t(x) be a monic polynomial of smallest degree in the set S =
{f(x)m(x) + g(x)n(x) | m(x), n(x) € Flx]}. By the definition of S, t(x) =
flx)u(x) + g(x)v(x) for some u(x), v(x) € Flx]. Now adapt the proof of
Theorem 1.3 to F[x] as follows: Replace integer inequalities with inequali-
ties involving the degrees of polynomials and show that #(x) is a ged of f(x)
and g(x).

Next, suppose d(x) is any gcd of f(x) and g(x). To prove uniqueness, we
must show that d(x) = t(x). Since d(x) is a common divisor, we have f(x) =
d(x)a(x) and g(x) = d(x)b(x) for some a(x), b(x) € F[x]. Therefore

t(x) = f(x)u(x) + gx)v(x) = [d(x)alx)]u(x) + [d(x)b(x)lo(x)
= d(x)[a(x)u(x) + b(x)v(x)].

By Theorem 4.1, deg t(x) = deg d(x) + deg|a(x)u(x) + b(x)v(x)]. However,
t(x) and d(x) have the same degree because they are gcd’s. Hence
degla(x)u(x) + b(x)v(x)] = 0, so that a(x)u(x) + b(x)v(x) = ¢ for some non-
zero c € F. Therefore t(x) = d(x)c. Now the ged d(x) is monic, say d(x) =
x"+ - - - 4+ a;x+ay. Hence cd(x) = cx"+ - -+ + ca;x + caq. But ¢d(x) is
the monic polynomial #(x). Therefore ¢ = 1yand d(x) = #(x). Thus the ged is
unique and d(x) = f(x)u(x) + g(x)v(x). 1

COROLLARY 4.5 Let F be a field and f(x), g(x) € F|x|, not both zero. A
monic polynomial d(x) € F|x] is the greatest common divisor of f(x) and g(x)

e
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if and only if d(x) satisfies these conditions:

(i) d(x)1f(x) and d(x) | g(x);
(ii) if e(x) | f(x) and c(x) | g(x), then c(x) | d(x).

Proof Adapt the proof of Corollary 1.4 to Flx]. B

Polynomials f(x) and g(x) are said to be relatively prime if their great-
est common divisor is 1.

THEOREM 4.6 Let F be a field and f(x), g(x), h(x) € Flx]. If f(x) { g(x)h(x)
and f(x) and g(x) are relatively prime, then f(x) | h(x).

Proof Adapt the proof of Theorem 1.5 to Flx]. B

The Euclidean Algorithm (Theorem 1.6) also carries over to Flx] and
provides an efficient method of calculating greatest common divisors. The
only change from Z is that the last nonzero remainder in the process is a
common divisor of highest degree but not necessarily monic. It must be
multiplied by an appropriate constant to produce the ged.

EXAMPLE To find the ged of f(x) = 2x* + 523 — 52 — 2 and g(x) =
2x3 — 3x? — 2x in Qfx], we use the Division Algorithm repeatedly
until we reach a remainder of zero. The divisor and remainder in each
step become the dividend and divisor in the next step:

2x4 + 5x3 — 5x — 2 = (2x% — 322 — 2x)(x + 4) + (14x2 + 3x — 2)
1 8 ‘
2x3 — 3x2 — 2x = (14x% + 3x — 2)(—x—-1—2> + (—%x = 24)

70 49 49
48 24 343 49
2 o= |20, AR 9020 ke
14x°+ 3x— 2 ( 49x 49>( 24x+12)+0.
. 48 24 . .
Therefore the last nonzero remainder, —ng - is a common divi-

sor of highest degree, and so the ged is the monic polynomial
_49\(_as a4\ | 1
Py A CREEPTY A

EXERCISES

NOTE: F denotes a field.

A. 1. If f(x) € F[x], show that every nonzero constant polynomial divides
f).
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9.
10.
11.
12.
13.
14.

15.

I f(x) =c,a" + - -+ + ¢y with ¢, # Op, what is the ged of f(x) and

Op?

. Ifa,b e Fand a # b, show that x + a and x + b are relatively prime

in Flx].

. (a) Letf(x), g(x) € Flx]. If f(x) ] g(x) and g(x) | f(x), show that f(x) =

cg(x) for some nonzero c € F.
(b) If f(x) and g(x) in part (a) are monic, show that f(x) = g(x).

Use the Euclidean Algorithm to find the ged of the given polyno-
mials:

(a) x*—x®—x2+ 1 and x* — 1 in Qlx}

(b) x%+ x* + 2x3 — x2 — x — 2and x* + 2x% + 52 + 4x + 4in Q[«]
(c) x*+ 323+ 2x + 4 and x? — 1 in Zx]

(d) 4x*+ 2x®+ 6x2 + 4x + 5 and 3x3 + 5x% + 6x in Z;[x]

(e) x®—ix?+ 4x —4iand x*> + 1 in Clx]

(f) x*+x+1and 22+ x + 1 in Zyx]

. Express each of the ged’s in Exercise 5 as alinear combination of the

two polynomials.

Let f(x) € F[x] and assume that f(x)|g(x) for every nonconstant
g(x) € Flx]. Show that f(x) is a constant polynomial. [Hint: See Exer-
cise 3.]

Let f(x), g(x) € F[x], not both zero, and let d(x) be their ged. If h(x) is
a common divisor of f(x) and g(x) of highest possible degree, then
prove that h(x) = cd(x) for some nonzero c € F.

If f(x) is relatively prime to Og, what can be said about f(x)?
Find the ged of x + a + b and x® — 3abx + @® + b® in Qlx].

Fill in the details of the proof of Theorem 4.4.

Prove Corollary 4.5.

Prove Theorem 4.6.

Let f(x), g(x), h(x) € Flx], with f(x) and g(x) relatively prime. If
f(x)| h(x) and g(x) | h(x), prove that f(x)g(x) | h(x).

Let f(x), g(x), h(x) € Flx], with f(x) and g(z) relatively prime. If
h(x) | fx), prove that h(x) and g(x) are relatively prime.
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16. Let f(x), g(x), h(x) € Flx], with f(x) and g(x) relatively prime. Prove
that the ged of f(x)h(x) and g(x) is the same as the ged of A(x) and g(x).

4.3 Ilrreducibles and Unique Factorization

Before carrying over the results of Section 1.3 on unique factorization
in Z to the ring of polynomials over a field F, we must first examine one area
in which Z differs significantly from F[x]. The only unitsinZ are £ 1, but for
polynomials we have

THEOREM 4.7 LetFbeafield. Then f(x) is a unit in Flx] if and only if f (x) is
a nonzero constant polynomial.

Proof Suppose f(x) is a unit in Flx), so that f(x)g(x) = 1, for some g(x). By
Theorem 4.1,

deg f(x) + deg g(x) = degl f(x)g(x)] = deg[1#] = 0.

Since all degrees are nonnegative integers, deg f(x) = 0 and deg g(x) = 0.
Hence f(x) and g(x) are nonzero constant polynomials. Conversely, suppose
f(x) = bwith O # b € F. Then bis a unitinF, so that g(x) = b~! is a constant
polynomial in Flx] and f(x)g(x) = bb~! = 1. Therefore f(x) is a unit in
Flx]. 1

Theorem 4.7 shows that each of Q|x], R[x], and C|x] has infinitely many
units. The theorem may be false if Fis not a field. For example, the constant
polynomial f(x) = 2 is not a unit in Z|x] since its inverse, 1/2, does not lie in
Z. The polynomial 3x + 1 is a unit in Zg[x] because (3x +1)(6x+ 1) =1
(verify!).

A polynomial f(x) € Flx] is said to be an associate of g(x) € Flx] if f(x) =
cg(x) for some nonzero c € F. For example, some of the associates of x2 + 1
in Q[x] are 5(x2 + 1) and 4(x% + 1). By Theorem 4.7, the associates of g(x)
are just the products of g(x) with a unit in F[x]. Thus the associates of g(x)
play the same role in F[x] as do =n in Z (the products of n with a unit in Z).
Note that if f(x) is an associate of g(x), say f(x) = cg(x), then ¢ }f(x) =
¢ Yeg(x)) = g(x). Hence

f(x) is an associate of g(x) if and only if g(x) is an associate of f(x).

Recall that an integer (other than 0 or £ 1) is prime in Z if its only
divisors are * 1 (the units in Z) and  p (the associates of p in Z). Here is the
analogue for polynomials.
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DEFINITION Let F be a field. A nonconstant polynomial p(x) € Flx] is said
to be irreducible* if its only divisors are its associates and the nonzero con-
stant polynomials (units). A nonconstant polynomial thal is not irreducible is
said to be reducible.

EXAMPLE The polynomial x + 2 is irreducible in Q[x] because, by
Theorem 4.1, all its divisors must have degree 0 or 1. Divisors of
degree 0 are nonzero constants. If f(x) | (x + 2), say x + 2 = f(x)g(x),
and if deg f(x) = 1, then g(x) has degree 0, so that g(x) = c. Thus
¢ Y(x + 2) = f(x), and f(x) is an associate of x + 2. A similar argument
in the general case shows that

every polynomial of degree 1 in F[x] is irreducible in F[x].

Various tests for irreducibility are presented in Sections 4.4 to 4.6.
For now, we note that the concept of irreducibility is not an absolute one.
For instance, x2 + 1 is reducible in Clx] because x2 + 1 = (x + i)(x — i) and
neither factor is a constant or an associate of x2 + 1. Butx% + 1l isirreducible
in Q[x] (Exercise 6).

The following theorem shows that irreducibles in Flx] have essentially
the same divisibility properties as do primes in Z. Condition (3) in the
theorem is often used to prove that a polynomial is irreducible; in many
books, (3) is given as the definition of “‘irreducible.”

THEOREM 4.8 Let F be a field and p(x) a nonconstant polynomial in Fix].
Then the following conditions are equivalent:

(1) p(x) is irreducible.

(2) Ifb(x) and c(x) are any polynomials such that p(x) | b(x)c(x), then
p(x) | b(x) or p(x) | c(x).

(3) Ifr(x) and s(x) are any polynomials such that p(x) = r(x)s(x), then
r(x) or s(x) is a nonzero constant polynomial.

Proof (1)= (2) Adapt the proof of Theorem 1.8 to F[x]. Replace state-
ments about = p by statements about the associates of p(x); replace state-
ments about =1 by statements about units (nonzero constant polynomials)
in F[x]; use Theorem 4.6 in place of Theorem 1.5.

(2) = (3) If p(x) =r(x)s(x), then p(x)|r(x) or p(x)|s(x), by (2). If
p(x) | r(x), say r(x) = p(x)v(x), then p(x) = r(x)s(x) = p(x)v(x)s(x). Since Flx] is
an integral domain, we can cancel p(x) by Theorem 3.7 and conclude that
1, = v(x)s(x). Thus s(x) is a unit, and hence by Theorem 4.7, s(x) is anonzero

* You could just as well call such a polynomial “‘prime,” but “irreducible” is the customary
term with polynomials.
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constant. A similar argument shows that if p(x) | s(x), then r(x) is a nonzcro
constant.

(3) = (1) Let c(x) be any divisor of p(x), say p(x) = c(x)d(x). Then by
(3), either c(x) or d(x) is anonzero constaut. If d(x) = d #+ O, then multiply-
ing both sides of p(x) = ¢(x)d(x) = dc(x) by d~! shows that c(x) = d~p(x).
Thus in every case, ¢(x) is a nonzero constant or an associate of p(x). There-
fore p(x) is irreducible. B

COROLLARY 4.9 Let Fbea field and p(x) an irreducible polynomial in Fx].
If p(x) |ay(x)ay(x) - - - a,(x), then p(x) divides at least one of the a,(x).

Proof Adapt the proof of Corollary 1.9 to Flx]. B

THEOREM 4.10 Let F be a field. Every nonconstant polynomial f(x) in Flx]
is a product* of irreducible polynomials in Flx]. This factorization is unique in
the following sense: If

fx) =p(plx) - - -plx) and  f(x) = q1(x)ga(x) " - - q,(x)

with each p,(x) and q,(x) irreducible, then r =s (that is, the number of
irreducible factors is the same). After the q,(x) are reordered and relabeled, if
necessary,

p,(x) is an associate of q,(x) (i=1,2,3, ...,"n.

Proof To show that f(x) is a product of irreducibles, adapt the proof of
Theorem 1.10 to Flx]: Let S be the set of all nonconstant polynomials that
are not the product of irreducibles, and use a proof by contradiction to show
that S is empty. To prove that this factorization is unique up to associates,
suppose f(x) = py(x)ps(x) - - - p(x) = q1(x)gs(x) - - * q,(x) with each p,(x)
and gq,(x) irreducible. Then p;(*)lps(x)- - - p ()] = q:(x)q:(x) * - - q,(x),
so that p,(x) divides g,(x)gq(x)- - - g{x). Corollary 4.9 shows that
p1(x) | g;(x) for some j. After rearranging and relabeling the g(x)’s if neces-
sary, we may assume that p,(x) | g,(x). Since g,(x) is irreducible, p,(x) must
be either a constant or an associate of g,(x). However, p,(x) is irreducible,
and so it is not a constant. Therefore p,(x) is an associate of g,(x), with
pa(x) = c1q:(x) for some constant ¢;. Thus g;(x)lc;pe(x)ps(x) - - - pAx)] =
P1()ps(x) - + - px) = qi(x)qa(x) - - - qy(x). Cancelling g, (x) on each end, we
have po(x)c1ps(x) - * - p(x)] = ga(x)qa(x) - * - q,(x). Complete the argument
by adapting the proof of Theorem 1.11 to Flx], replacing statements about
+ g; with statements about associates of g,(x).

* We allow the possibility of a product with just one factor in case f(x) is itself irreducible.
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EXERCISES

NOTE: F denotes a field and p a positive prime integer. ~

A,

1.

10.

11.
12,

13.

Find a monic associate of ‘
(a) 3x®+ 2x2+x+ 5 in Q[«] (b) 3x5 — 4x% + 1 in Z4[x]
(¢) ix®+x—11inClx]

Prove that every nonzero f(x) € F|x] has a unique monic associate in
Flx].

. List all associates of

(a) x2+x+ 1 in Zgfx] (b) 3x + 2 in Z;[«]

. Show that a nonzero polynomial in Z,[x] has exactly p — 1 asso-
ciates.
. Prove that f(x) and g(x) are associates in F[x] if and only if f(x) | g(x)

and g(x) | f(x).

. Show thatx2 + 1 isirreducible in Q|x]. [Hint: If not, it must factor as

(ax + b)(cx + d) with a, b, ¢, d € Q; show that this is impossible.]

. Prove that f(x) is irreducible in F[x] if and only if each of its asso-

ciates is irreducible.

. Prove that anonzero polynomial f(x) is irreducible in Fx] if and only

if f(x) is not the product of two polynomials in F[x] with degrees less
than deg f(x).

. Find all irreducible polynomials of

(a) degree 2 in Z,[x]
(c) degree 2 in Zy[x]

(b) degree 3 in Z,[x]

Is the given polynomial irreducible:

(a) x2— 3 in Q[x]? In R[x]?

(b) 22+ x — 2 in Zy[x]? In Z,[x]?

Show that x® — 3 is irreducible in Z,[x].

Express x* — 4 as a product of irreducibles in Q[x], in R[x], and in

Clx].

Use unique factorization to find the ged in Clx] of
(x—33(x—4)*x—i)?and (x — 1)(x — 3)(x — 4).
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14.

B. 15.

16.

17.
18.

19.
20.

21.

22.

23.

24.
25.

4.4

Show that every irreducible factor of x* — 1 in R[x] is an associate of
x+lorx—1lorx2+1.

Let R be an integral domain. Show that f(x) is a unit in R|x] if and
only if f(x) = c and c is a unit in R.

Prove that p(x) is irreducible in Flx] if and only if for every g(x) €
Flx], either p(x) | g(x) or p{x) is relatively prime to g(x).

Prove Theorem 4.8.

Without using statement (2), prove directly that statement (1) is
equivalent to statement (3) in Theorem 4.8.

Prove Corollary 4.9.

If p(x) and g(x) are nonassociate irreducibles in Flx], prove that p(x)
and g(x) are relatively prime.

(a) By counting products of the form (x + a)(x + b), show that
there are exactly (p% + p)/2 monic polynomials of degree 2 that
are not irreducible in Z[x].

(b) Show that there are exactly (p? — p)/2 monic irreducible poly-
nomials of degree 2 in Z,[x].

(a) Show that x% + q is reducible in Z;x] for each a € Z;.
(b) Show that x> + a is reducible in Zs[x] for each a € Zs.
(a) Show that x% + 2 is irreducible in Z[x].

(b) Factor x* — 4 as a product of irreducibles in Z[x].
Prove Theorem 4.10.

Prove that every nonconstant f(x) € F[x] can be written in the form
cpy(x)ps(x) + -+ p,(x), with ¢ € F and each p,(x) monic irreducible in
Flx]. Show further that if f(x) = dg,(x)gz(x) - * - g.(x) withd € Fand
each g;(x) monic irreducible in Flx], then m = n, ¢ = d, and after
reordering and relabeling if necessary, p,(x) = gi(x) for each i.

. Prove that there is no irreducible polynomial of degree 2 in Clx].

Polynomial Functions, Roots, and Reducibility

In the parallel development of Fix] and Z, the next step is to consider
criteria for irreducibility of polynomials (the analogue of primality testing
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for integers). Unlike the situation in the integers, there are anumber of such
criteria for polynomials that do not depend on a computer. Most of them are
based on the fact that every polynomial in F|x] induces a function from Fto
F. The properties of this function (in particular, the places where it is zero)
are closely related to the reducibility or irreducibility of the polynomial.
Throughout this section, R is a commutative ring. Associated with each

polynomial a,x"+ - - - + ayx%+ a;x + a4 in Rlx] is a function f:R — R
whose rule is
for each r € R, fr)=a,;,"+ -« tagr®+ar+a,.

The function finduced by a polynomial in this way is called a polynomial
function.

EXAMPLE The polynomial x2 + 5x + 3 € R[x] induces the function
f:R— R whose rule is f(r) = r2 + 5r + 3 for each r e R.

[
|
|
i

EXAMPLE The polynomial x* + x + 1 € Z4[x] induces the function
f:Z; > Z; whose rule is f(r) = r* + r+ 1. Thus

FO)=04+0+1=1, fly=1*+1+1=0,
f@)=2¢4+2+1=1.
The polynomial x® + x2 + 1 € Z,|x] induces the function g:Z; — Z,
given by
g0) =05+ 02+ 1=1, gl)=13+12+1=0,
g2)=20+22+1=1.

Thus f and g are the same function* on Z3, even though they are
induced by different polynomials in Z[x].

Although the distinction between a polynomial and the polynomial
function it induces is clear, the customary notation is quite ambiguous. For
example, you will see a statement such as f(x) = x2 — 3x + 2. Depending on
the context, f(x) denotes either the polynomial x2 — 3x + 2 € R[x] or the
rule of its induced function f:R — R. The symbol x is being used in two
different ways here. In the polynomial x2 — 3x + 2, x is an indeterminate
(transcendentali element) of the ring R|x]. ** But in the polynomial function
f:R—R, the symbol x is used as a variable to describe the rule of the
function. It might be better to use one symbol for an indeterminate and
another for a variable, but the practice of using x for both is so widespread
you may as well get used to it.

* Remember that functions fand g are equal if f(r) = g(r) for every r in the domain.
** See pages 528 -529 in Appendix G for more information.
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The use of the same notation for both the polynomial and its induced
function also affects the language that is used. For instance, one says “evalu-
ate the polynomial 3x2 — 5x + 4 at x = 2" or “substitute x =2 in 3x2 —
5x + 47 when what is really meant is ““find f(2) when f is the function
induced by the polynomial 3x2 — 5x + 4.”

The truth or falsity of certain statements depends on whether x is
treated as an indeterminate or a variable. For instance, in the ring Rix],
where x is an indeterminate (special element of the ring), the statement
x2 — 3x + 2 = 0is false because, by Theorem G.4 in Appendix G, apolyno-
mial is zero if and only if all its coeflicients are zero. When « is a variable,
however, as in the rule of the polynomial function f(x)=2x%—3x+ 2,
things are different. Here it is perfectly reasonable to ask which elements of
R are mapped to 0 by the function £, that is, for which values of the variable x
is it true that x2 — 3x + 2 = 0. It may help to remember that statements
about the variable x occur in the ring R, whereas statements about the
indeterminate x occur in the polynomial ring R[x].

Questions about the reducibility of a polynomial can sometimes be
answered by considering its induced polynomial function. The key to this
analysis is the concept of a root.

DEFINITION Let R be a commutative ring and f(x) € Rx]. An element a of
R is said to be a root of the polynomial f (x) if f (a) = Og, that is, if the induced
function f:R — R maps a to 0.

EXAMPLE The roots of the polynomial f(x) = x2 — 3x + 2 € R[x] are
the values of the variable x for which f{x) = 0, that is, the solutions of
the equation x> — 3x + 2= 0. It is easy to see that the roots are 1
and 2.

EXAMPLE The polynomial x2 + 1 € R[x] has no roots in R because
there are no real-number solutions of the equation x2 + 1 = 0. How-
ever, if x2 + 1 is considered as a polynomial in C[x], then it hasiand — i
as roots because these are the solutions in Cof x2 + 1 = 0.

As illustrated in the preceding examples, questions about roots of
polynomials are simply questions about the solutions of polynomial equa-
tions. Such questions are a major component of both classical and modern
algebra, and we shall return to them repeatedly. For now, however, we
concentrate on the issues related to reducibility in F|x|, where Fis a field.

THEOREM 4.11 (THE REMAINDER THEOREM) Let Fbea field, f(x) € Flx],
and a € F. Theremainder when f (x) is divided by the polynomial x — aisf(a).
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This theorem says, for example, that the remainder when f(x) = x3 —
4x2+ 3x + 5is dividedby x — 2is f(2) =23 —4 - 22+ 3 - 2+ 5= 3. You
can check this by long division. To find the remainder when f(x) is divided
by x+ 1, note that x + 1 =x — (—1). Hence the remainder is f(—1) =
(Z1)* — 4(=1* + 3(~1) + 5 = —3.

Proof of Theorem 4.11 By the Division Algorithm, f(x) = (x — a)q(x) +
r(x), where the remainder r(x) either is Oy or has smaller degree than the
divisor x — @. Thus deg r(x) = 0 or r(x) = O. In either case, r(x) = c for some
ce F. Hence f(x) = (x — a)q(x) + ¢, so that f(a) = {a— a)g(a) + c¢= 05+
c=c. 1

Let F, f(x), and a be as in the Remainder Theorem. Then x —a is a
factor of the polynomial f(x) if and only if the remainder when f (x) is divided
by x — a is zero, that is, if and only if f(a) = 0. We have proved

THEOREM 4.12 (THE FACTOR THEOREM) LetFbea field, f(x) € Flx], and
a € F. Then a is a root of the polynomial f(x) if and only if x — a is a factor of
f(x) in Flx].

EXAMPLE To show that x7 — x% 4 2x* — 322 — x + 2 is reducible in
Q[x], note that 1 isaroot of this polynomial. Therefore x — 1 is afactor.

COROLLARY 4.13 Let Fbe a field and f(x) a nonzero polynomial of degree
n in F[x]. Then f(x) has at most n roots in F.

This corollary is also true for integral domains (Exercise 21), but it may
be false for other rings, even division rings (see Exercise 17 in this section
and also Exercise 31(d) in Section 3.1).

Proof of Corollary 4.13 The proofisby induction onthe degreen.Ifn = 0,
then f(x) is a nonzero constant polynomial and therefore has no roots, and so
the theorem is true for n = 0.

Assume inductively that the corollary is true for all polynomials of
degree k — 1, and suppose deg f(x) = k. If f(x) has no roots in F, then the
theorem is true. If f(x) has a root a € F, then by the Factor Theorem f(x) =
(x —a)g(x). If ceF is any root of f(x) other than a, then 0p=f(c)=
(c — a)g(c). Since ¢ — a # O and F|[x] is an integral domain, we must have
g(c) = Og. Therefore the only roots of f(x) in F are a and the roots of g(x). By
Theorem 4.1, k = deg f(x) = deg(x — a) + deg g(x) = 1 + deg g(x), so that
deg g(x) = k — 1. By the induction hypothesis, g(x) has at most k — 1 rootsin
F. Therefore f(x) has a total of at most 1 + (k — 1) = k roots in F. Thus the
corollary is true for n = k and hence, by induction, for all n. B



96

4 Arithmetic in F[x]

COROLLARY 4.14 Let F be a field and f(x) € Flx|, with deg f(x) = 2.

(1) If f(x) is irreducible in Flx], then f(x) has no roots in F.
(2) If f(x) has degree 2 or 3 and has no roots in T, then f(x) is irreduc-
ible in Flx].

Part (2) of this corollary is false for degree = 4. For example, x* +
2x2 + 1 = (x? + 1)(x2 + 1) is reducible in Q|x] and has no roots in Q.

Proof of Corollary 4.14 (1) If f(x) isirreducible, then it has no factor of the
form x — a in Flx]. Therefore f(x) has no roots in F by the Factor Theorem.

(2) Suppose f(x) has degree 2 or 3 and has no roots in F. Then f(x) has
no first-degree factor in F[x] because every first-degree polynomial cx + d
in Fx] has a root in F, namely —c¢™d. Therefore, if f(x) = r(x)s(x), neither
r(x) nor s(x) has degree 1. Since f(x) has degree 2 or 3, either r(x) or s(x) must
have degree 0 by Theorem 4.1, that is, either r(x) or s(x) is a nonzero
constant. Hence f(x) is irreducible by Theorem 4.8. R

EXAMPLE To show that x3 + x + 1 is irreducible in Zg[x], you need
only verify that none of 0, 1, 2, 3, 4 € Zs is a root.

We close this section by returning to its starting point, polynomial
functions. The last example on page 93 shows that two different polyno-
mials in F[x] may induce the same function from Fto F. We now see that this
cannot occur if F is infinite.

COROLLARY 4.15 Let F be an infinite field and f(x), g(x) € F[x|. Then f(x)
and g(x) induce the same function from Fto Fifand only if f (x) = g(x) in F[x].

Proof Suppose that f(x) and g(x) induce the same function from F to F.
Then f(a) = g(a), so that f(a) — g(a) = O for every a € F. This means that
every element of Fis aroot of the polynomial f(x) — g(x). Since Fis infinite,
this is impossible by Corollary 4.13 unless f(x) — g(x) is the zero polyno-
mial, that is, f(x) = g(x). The converse is obvious.

EXERCISES

NOTE: F denotes a field.

A. 1. (a) Find a nonzero polynomial in Z,[x] that induces the zero func-
tion on Z,.

(b) Do the same in Z,[x].
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. Find the remainder when f(x) is divided by g(x):
(a) flx) =0+ «8 and  g(x)=x—1in Q|x]

(b) f(x)=2x5—3x*+x3—2x2+x—8 and gx)=x—10
in Q[x]

(¢) f(x) =10x7% — 8x55 4 6x%5 + 4237 — 2x15+ 5 and
g(x) =x+ 1 in QJx]

(d) flx)=2x5—3x*+ x>+ 2x+ 3 and g(x)=x—3in
Zs[x]

. Determine if h(x) is a factor of f(x):
(a) h(x)=x+2 and  f(x) =23 — 3x%2— 4x — 12 in R[x]
(b) hix)=x—1% and  f(x) = 2x* 4+ 23 + x — $ in Q[x]

(¢) h(x)=x+2 and  flx)=3x5+4x*+ 223 —x2+2x+1
in Zs[x]

(d) hx)=x—3 and  f(x)=x%—x3+x—5inZ,[x]

. (a) For what value of kis x — 2 a factor of x* — 523 + 5x2 + 3x + k
in Q[x]?

(b) For what value of kis x + 1 a factor of x* + 2x3 — 322 + kx + 1
in Zg[x]?

. Show that x — 1, divides a,x" + + -+ + ayx% + a;x + a4 in Flx] if
and only ifaq+a, +a,+ - - - +a,=0p.

. (a) Verify that every element of Z; is a root of 23 — x € Z[x].
(b) Verify that every element of Z is a root of x® — x € Z]x].
(c) Make a conjecture about the roots of x* — x € Z,[x] (p prime).

. Use the Factor Theorem to show that x7 — x factors in Z,[x] as
x(x — 1){(x — 2)(x — 3){(x — 4)(x — 5)(x — 6), without doing any
polynomial multiplication.

. Determine if the given polynomial is irreducible:

(a) x2— 7 in R|x] (b) x2— 7 in Q[«]

(¢) 22+ 7 in Clx] (d) 2x3 + x2 + 2x + 2 in Z4[x]
(e) x3—9inZ[x] (F) x*+x2+ 1 in Z,x]

. List all monic irreducible polynomials of degree 2 in Z;[x]. Do the
same in Zg[x].
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10

11.

B. 12.

13.

14.

15.

16.

17.

18.

19.

20.

List all possible functions from Z to Z, (there are 27). How many of
them are surjective?

Find an odd prime p for which x — 2 is a divisor of x* + x3 + 3x2 +
x+1inZ)[x].

Ifa € Fisanonzerorootofc,x" + ¢, ;2" 1+ - - -+ + ¢c;x + ¢y € Flx],
show that a™? is aroot of cox" + c;x" 1+ -+ - + ¢, 1x +c,.

(a) If f(x) and g(x) are associates in F[x], show that they have the
same roots in F.

(b) If f(x), g(x) € F[x] have the same roots in F, are they associates in
Flx]?

(a) Suppose r, s € F are roots of ax® + bx + ¢ € Flx| (with a # 0p).
Use the Factor Theorem to show that r + s=—g b and rs =
alc.

(b) Suppose r, s, t € F are roots of ax® + bx? + cx + d € Flx] (with
a # 0p). Show that r+s+t=—a b and rs+st+rt=a"'c
and rst = —a~1d.

Prove that x2 + 1 is reducible in Z,[x] if and only if there exist
integers a and b such that p =a + b and ab = 1 (mod p).

Let f(x), g(x) € F[x] have degree <n and let ¢y, ¢;, . . . , ¢, be
distinct elements of F. If f(¢,) = g(c) fori= 0,1, . . . ,n, prove that
fx) = g(x) in Fax].

Find a polynomial of degree 2 in Zg[x] that has four roots in Zg. Does
this contradict Corollary 4.13?

Let ¢ :C — Cbe an isomorphism of rings such that ¢(a) = a for each
a € Q. Suppose r € Cis aroot of f(x) € Q[x]. Prove that ¢(r) is also a
root of f(x).

We say that a € Fis a multiple root of f(x) € F[x] if (x — a)¥is a factor
of f(x) for some k = 2.

(a) Provethata € Risamultiple root of f(x) € R[x]ifand only ifaisa
root of both f(x) and f’(x), where f'(x) is the derivative of f(x).

(b) Iff(x) € R[x] and if f(x) is relatively prime to f*(x), prove that f(x)

has no multiple root in R.

Let R be an integral domain. Then the Division Algorithm holds in
R|x] whenever the divisor is monic, by Exercise 14 in Section 4.1.
Use this fact to show that the Remainder and Factor Theorems hold
in Rx].
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21.

22,

23.

24.

25.

26.

. 27.

28.

29.

If Ris an integral domain and f(x) is a nonzero polynomial of degree
nin R[x], prove that f(x) has at most n roots in R. [Hint: Exercise 20.]

Show that Corollary 4.15 holds if F is an infinite integral domain.
[Hint: See Exercise 21.]

Let f(x), g(x), h(x) € Flx] and a € F.

(a) If f(x) = g(x) + h(x) in F|x|, show that f(a) = g(a) + h(a) in F.
(b) If f(x) = g(x)h(x) in Flx], show that f(a) = g(a)h(a) in F.
Where were these facts used in this section?

Let a be a fixed element of F and define a map ¢,: F[x] — F by
@, f(x)] = f(a). Prove that ¢, is a surjective homomorphism of rings.
The map ¢, is called an evaluation homomorphism; there is one for
eachaeF.

Let T be the set of all polynomial functions from F to F. Show that T
is a commutative ring with identity, with operations defined as in
calculus: For each r € F,

(f+8)r)=f(r) +glr) and  (fg)(r) = f(r)g(r).

|Hint: To show that T is closed under addition and multiplication,
use Exercise 23 to verify that f + g and fg are the polynomial func-
tions induced by the sum and product polynomials f{(x) + g(x) and

f(x)g(x) respectively.]

Let T be the ring of all polynomial functions from Z, to Z; (see
Exercise 25).

(a) Show that Tisafinite ring with zero divisors. [Hint: See Exercise
10 and consider f(x) = x + 1 and g(x) = x% + 2x.]

(b) Show that T cannot possibly be isomorphic to Z|x]. Then see
Exercise 27.

If Fis an infinite field, prove that the polynomial ring F[x] is isomor-
phic to the ring T of all polynomial functions from F to F (Exercise
25). |Hint: Define amap ¢ : Flx] = Tby assigning to each polynomial
f(x) € F|x] its induced function in T; ¢ is injective by Corollary 4.15.]

Let ¢: F[x] = F[x] be an isomorphism such that ¢(a) = a for every
a € F. Prove that f(x) is irreducible in Fix] if and only if ¢( f(x)) is.

(a) Show that the map ¢: F[x] — F[x] given by o(f(x)) = f(x + 15} is
an isomorphism such that ¢(a) = a for every a € F.
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(b) Use Exercise 28 to show that f(x) is irreducible in F|[x] if and
only if f(x + 1) is.

4.5 Irreducibility in Q[x]*

The central theme of this section is that factoring in Q|x] can be re-
duced to factoring in Z[x]. Then elementary number theory can be used to
check polynomials with integer coeflicients for irreducibility. We begin by
noting a fact that will be used frequently:

If f(x) € Q[x], then cf(x) has integer coefficients for some nonzero integer c.
For example, consider
flx) =x5+ 3x4 + 323 — 4.
The least common denominator of the coefficients of f(x) is 12, and 12f(x)
has integer coeflicients:
12f(x) = 12[x® + %x4 + §x3 — 3] = 12x5 + 8x* + 923 — 2.

According to the Factor Theorem, finding first-degree factors of a
polynomial g(x) € Q[x] is equivalent to finding the roots of g(x) in Q. Now,
g(x) has the same roots as cg(x) for any nonzero constant c. When cis chosen
so that cg(x) has integer coefficients, we can find the roots of g(x) by using

THEOREM 4.16 (RATIONAL ROOT TEST) Let f(x) = a,x" + a,_;x*! +
. « + a,x + ag be a polynomial with integer coefficients. If r # 0 and the
rational number r/s (in lowest terms) is a root of f(x), thenr|agand s|a,,.
Proof Since r/s is a root of f(x), we have

n n—1
a, <r_ﬂ) + a,,_1<—r”—_—1—) + - +a <£) +ay,=0.
s § s

Multiplying both sides by s*, rearranging, and factoring, we get

(%) ar"+a,_sr 4 - FasmTirtapst =0
As" =—a, " —a, stV — - o —qs"Ir
ags" =rl—a;"" ' —a,_ysrvi— - - - — "l

This last equation says that r divides a4s”. Since r/s is in lowest terms, we

* This section is used only in Chapters 9, 11, and 15. It may be omitted until then, if desired.
Section 4.6 is independent of this section.
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have (r,s) = 1. It follows that (r,s") = 1 (a prime that divides s" also divides s,
by Corollary 1.9). Since r | ags®and (r,s") = 1, Theorem 1.5 shows that | a,.
A similar argument proves that s | a, (just rearrange equation () so that a r"
is on one side and everything else is on the other side). B

EXAMPLE The possible roots in Q of f(x) =2x%+ x3 — 2122 —
14x + 12 are of the form r/s, where risone of +1,+2,+3, +4, +6,
or =12 (the divisors of the constant term, 12) and s is +1 or =2 (the
divisors of the leading coefficient, 2). Hence the Rational Root Test
reduces the search for roots of f(x) to this finite list of possibilities:
1 1 3 3
1,-1,2,—-2,3,—3,4,—4,6,—6, 12, 12,2, 22 3

It is tedious but straightforward to substitute each of these in f(x) to
find that —3 and 1/2 are the only roots of f(x) in @.* By the Factor
Theorem, both x — (—3) = x + 3 and x — } are factors of f(x). Long
division shows that

flx) = (x+ 3)(x — $)(2x2 — 4x — 8).

The quadratic formula shows that the roots of 2x2 — 4x — 8 are 1 +
V5, neither of which is in Q. Therefore 2x% — 4x — 8 is irreducible in
Q[x] by Corollary 4.14. Hence we have factored f(x) as a product of
irreducible polynomials in Q[x].

EXAMPLE The only possible roots of g(x) = 2% + 422+ x — 1 in Q are
1 and —1 (why?). Verify that neither 1 nor —1 is a root of g(x). Hence
g(x) is irreducible in Q[x] by Corollary 4.14.

If f(x) € Q[x], then cf(x) has integer coefficients for some nonzero
integer c. Any factorization of ¢f(x) in Z[x] leads to a factorization of f(x) in
Q[x]. So it appears that tests for irreducibility in Q[x] can be restricted to
polynomials with integer coefficients. However, we must first rule out the
possibility that a polynomial with integer coefficients could factor in Q[x]
but not in Z[x]. In order to do this, we need

LEMMA 4.17 Letf(x), g(x), h(x) € Z|x] with f(x) = g(x)h(x). If p is a prime
that divides every coefficient of f(x), then either p divides every coefficient of
g(x) or p divides every coefficient of h(x).

* A graphing calculator will reduce the amount of computation significantly. Since the graph of
y = f(x) crosses the x-axis at the roots of f(x), you can eliminate any numbers from the list that
aren’t near a crossing point. In this case, the graph indicates that you need only check — 3, §,
and —3.
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Proof Let f(x)=ay+ayx+ - +aak, glx) =by+bx+ -+« +b,a™,
and h(x) = co + ¢;x + - - - + ¢,x". We use a proof by contradiction. If the
lemma is false, then p does not divide some coeflicient of g(x) and some
coeflicient of A(x). Let b, be the first coefficient of g(x) that is not divisible by
p, and let ¢, be the first coeflicient of h(x) that is not divisible by p. Then p | b,
fori <randp|¢;forj <t Consider the coeflicient ., of f(x). Since f(x) =

g(x)h(x), ‘
a,,=boc,y it +b_jcuy v b, b+ A by
Consequently,
boc,=a,re = bocre+ - - - by = bricar + 000 F be]

Now, p|a,., by hypothesis. Also, p divides each term in the first pair of
brackets because r was chosen so thatp | b, for eachi < r. Similarly, p divides
each term in the second pair of brackets because p | ¢; for eachj < t. Since p
divides every term on the right side, we see that p | b, ¢,. Therefore p | b, or
p|c, by Theorem 1.8. This contradicts the fact that neither b, nor ¢, is
divisible by p. 1

THEOREM 4.18 Let f(x) be a polynomial with integer coefficients. Then
f(x) factors as a product of polynomials of degrees m and n in Q|x] if and only
if f(x) factors as a product of polynomials of degrees m and n in Z]x].

Proof Obviously, if f(x) factors in Z[x], it factors in Q[x]. Conversely,
suppose f(x) = g(x)h(x) in Q[x]. Let ¢ and d be nonzero integers such that
cg(x) and dh(x) have integer coefficients. Then cdf(x) = [cg(x)]|dh(x)] in Z[x]
with deg cg(x) = deg g(x) and deg dh(x) = deg h(x). Let p be any prime
divisor of ¢d, say cd = pt. Then p divides every coefficient of the polynomial
cdf(x). By Lemma 4.17, p divides either every coefficient of cg(x) or every
coeflicient of dh(x), say the former. Then cg(x) = pk(x) with k(x) € Z[x]
and deg k(x)=deg g(x). Therefore ptf(x) = cdf(x) = [cg(x)]|dh{x)] =
[pk(x)][dh(x)]. Cancelling p on each end, we have tf(x) = k(x)[dh(x)] in Z|x].
Now repeat the same argument with any prime divisor of ¢, and cancel
that prime from both sides of the equation. Continue until every prime
factor of cd has been cancelled. Then the left side of the equation will be
+ f(x), and the right side will be a product of two polynomials in Z]x], one
with the same degree as g(x) and one with the same degree as h(x). &

EXAMPLE We claim that f(x) = x* — 5x% + 1 is irreducible in Q|x].
The proofis by contradiction. If f(x) is reducible, it can be factored as
the product of two nonconstant polynomials in Q|x]. If either of these
factors has degree 1, then f(x) has a root in Q. But the Rational Root
Test shows that f(x) has no roots in Q. (The only possibilities are %1,
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and neither is a root.) Thus if f(x) is reducible, the only possible
factorization is as a product of two quadratics, by Theorem 4.1. In this
case Theorem 4.18 shows that there is such a factorization in Z|[x].
Furthermore, there is a factorization as a product of monic quadratics
in Z[x] by Exercise 10, say

(x2+ax+b)(x2+cex+d)y=x*—5x2+1
with a, b, ¢, d € Z. Multiplying out the left side, we have
xt+ (a+ c)x®+ (ac + b + d)x? + (be + ad)x + bd
=x*+ 0x3—5x2+ 0x + 1.
Equal polynomials have equal coeflicients; hence

atc=0 ac+b+d=-5 bc+ad=0 bd=1.

Since a + ¢ =0, we have a = —¢, so that
~5=ac+b+d=—c2+b+d,
or, equivalently,
5=c*—b—d.
However, bd =1 in Z implies that b=d=1orb=d=—1, and so
there are only these two possibilities:
5=¢2—1—1 or 5=c2+1+1
7 =c? 3=c2
There is no integer whose square is 3 or 7, and so a factorization of f(x)

as a product of quadratics in Z[x], and hence in Q[x], is impossible.
Therefore f(x) is irreducible in Q[x].

The brute-force methods of the preceding example are less effective
for polynomials of high degree because the system of equations that must be
solved is complicated and difficult to handle in a systematic way. However,
the irreducibility of certain polynomials of high degree is easily established
by

THEOREM 4.19 (EISENSTEIN’S CRITERION) Let f(x) =a,x"+ -+ - +
a,x + ay be a nonconstant polynomial with integer coefficients. If there is a
prime p such that p divides eachof ag, a,, . . . ,a,_, butp doesnot dividea,,
and p? does not divide a,, then f(x) is irreducible in Q|x].

Proof The proofis by contradiction. If f(x) is reducible, then by Theorem
4.18 it can be factored in Z[x], say

fx)=(bg+bx+ -+ +ba)(cot+erx+ -+ +¢,xf),
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where each b;, ¢;€ Z,r =1, and s = 1. Note that a, = byco. By hypothesis,
p | ao and hence p | by or p|cy by Theorem 1.8, say p|b,. Since p? does not
divide a,, we see that ¢, is not divisible by p. We alsu have a, = b, ¢,.
Consequently p does not divide b, (otherwise a, would be divisible by p,
contrary to hypothesis). There may be other b, not divisible by p as well.
Let by be the first of the b, not divisible by p; then 0 <k =r <n and

p|bfori<k and p/ b
By the rules of polynomial multiplication,
a, = bocp + bycpy + * + + + br_jc; + b,
so that
bico =ar — bocx — byeroy — - - - — b0

Since p|a; and p | b, for i <k, we see that p divides every term on the right
side of this equation. Hence p | bicq . By Theorem 1.8, p must divide by or ¢, .
This contradicts the fact that neither by nor ¢, is divisible by p. Therefore
f(x) is irreducible in Q[x]. ®

EXAMPLE The polynomial x?7 + 6x!3 — 15x* + 3x2 — 9x + 12 is ir-
reducible in @{x] by Eisenstein’s Criterion with p = 3.

EXAMPLE The polynomial x° + 5 is irreducible in Qfx] by Eisen-
stein’s Criterion with p = 5. Similarly, x* + 5 is irreducible in Q{x| for
eachn = 1. Thus

there are irreducible polynomials of every degree in Q[x].

Although Eisenstein’s Criterion is very efficient, there are many poly-
nomials to which it cannot be applied. In such cases other techniques are
necessary. One such method involves reducing a polynomial mod p, in the
following sense. Let p be a positive prime. For each integer g, let |a] denote
the congruence classof ain Z,,. I f(x) = aqy2* + - - - + a;x + apisapolyno-
mial with integer coefficients, let f(x) denote the polynomial [a]x* +
: -+ [ay]x + [a,] in Z,[x]. For instance, if f(x) = 2x* — 322+ 52 + 7T in
Z]x), then in Zg]x],

flx) = [2]x* = [3]x* + [5]x + 7]
= [2]x* — [0]x2 + [2]x + [1] = [2]x* + [2]x + [1].
Notice that f(x) and f(x) have the same degree. This will always be the case

when the leading coefficient of f(x) is not divisible by p (so that the leading
coeflicient of f(x) will not be the zero class in Z,).
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THEOREM 4.20 Let f(x) = aix*+ - - - + a,x + ay be a polynomial with
integer coefficients, and let p a positive prime that does not divide a;.. If [ (x) is
irreducible in Z[x], then f(x) is irreducible in Q[x].

Proof Suppose, on the contrary, that f(x) is reducible in Q[x]. Then by
Theorem 4.18, f(x) = g(x)h(x) with g(x), h(x) nonconstant polynomials in
Z[x]. Since p does not divide gy, the leading coefficient of f(x), it cannot
divide the leading coeflicients of g(x) or h(x) (whose product is ;). Conse-
quently, deg g(x) = deg g(x) and deg h(x) = deg h(x). In particular, neither
g(x) nor h(x) is a constant polynomial in Z,[x]. B B

Verify that f(x) = g(x)h(x) in Z[x] implies that f(x) = g(x)h(x) in Z,[x]
(Exercise 19). This contradicts the irreducibility of f(x) in Z,[x|. Therefore
f(x) must be irreducible in Q{x]. &

The usefulness of Theorem 4.20 depends on this fact: For each non-
negative integer k, there are only finitely many polynomials of degree k in
Z,|x] (Exercise 17). Therefore it is always possible, in theory, to determine
whether a given polynomial in Z[x] is irreducible by checking the finite
number of possible factors. Depending on the size of p and on the degree of
f(x), this can often be done in a reasonable amount of time.

EXAMPLE To show that f(x) = x5+ 8x*+ 3x% + 4x + 7 is irreduc-
ible in Q[x], we reduce mod 2. In Z,[x], f(x) = x® + x2 + 1. *Itiseasy to
see that f(x) has no roots in Z, and hence no first-degree factors in
Z,[x]. The only quadratic polynomials in Z,|x] are x2, x2 + x, x2 + 1,
andx? + x + 1. You can use long division to show that none of themisa
factor of f(x). Finally, f(x) cannot have a factor of degree 3 or 4 (if it
did, the other factor would have degree 2 or 1, which is impossible).
Therefore f(x) is irreducible in Z,[x]. Hence f(x) is irreducible in Q[x].

Warning If a polynomial in Z[x] reduces mod p to a polynomial that is
reducible in Z |x], then no conclusion can be drawn from Theorem 4.20.
Unfortunately, there may be many p for which the reduction of f(x) is
reducible in Z,[x], even when f(x) is actually irreducible in Q[x]. Conse-
quently, it may take more time to apply Theorem 4.20 than is first apparent.

EXERCISES

A. 1. Use the Rational Root Test to write each polynomial as a product of
irreducible polynomials in Q[x]:

* When no confusion is likely, we omit the brackets for elements of Z,.
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10.

B. 11.
12.

(@) —x*+ 2%+ 22 +2+2 (b) x5+ 4x4+ 2% — x2
(¢) 3x%+4 2x%— 7x3 + 2x2 (d) 2x*—5x34+3x2+4x—6
(e) 2x*+ 7x3+5x2+7x+ 3 (f) 6x*—31x%+ 2522+ 33x+ 7

. Show that Vp is irrational for every positive prime integer p. [Hint:

What are the roots of x2 — p? Do you prefer this proof to the one in
Exercises 20 and 21 of Section 1.37]

. Ifamonic polynomial with integer coeflicients has aroot in Q, show

that this root must be an integer.

. Show that each polynomial is irreducible in Q|x], as in the example

that follows Theorem 4.18:

(a) x4+ 223 +2x+1 (b) x*—2x2+8x+1
. Use Eisenstein’s Criterion to show that each polynomial is irreduc-
ible in Q|x]:

(a) x®— 4x+ 22 (b) 10 — 15x + 25x2 — 7x*
{c) 5x'—6x%+ 1224+ 36x—6

. Show that there are infinitely many integers k such that x® +

12x% — 21x + k is irreducible in Q[x].

. Show that each polynomial f(x) is irreducible in Q|x] by finding a

prime p such that f(x) is irreducible in Z,[x]:
(a) Tx>+6x2+4x+6 (b) 9x*+ 4x3—3x+ 7

. Give an example of a polynomial f(x) € Z[x] and a prime p such that

f{x) is reducible in Qfx] but f(x) is irreducible in Z,[x]. Does this
contradict Theorem 4.207

. Give an example of a polynomial in Z|x] that is irreducible in Q|x]

but factors when reduced mod 2, 3, 4, and 5.

If a monic polynomial with integer coeflicients factors in Z[x] as a
product of polynomials of degrees m and n, prove that it can be
factored as a product of monic polynomials of degrees m and n in

Z]x].
Prove that 30x" — 91 (where n € Z, n > 1) has no roots in Q.

Let Fbe a field and f(x) € Flx]. If c € F and f(x + ¢) is irreducible in
Flx], prove that f(x) is irreducible in Flx]. [Hint: Prove the contra-
positive.]
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13.

14.

15.

16.

17.
18.

19.

4.6

Prove that f(x) = x* + 4x + 1 is irreducible in Q[x] by using Eisen-
stein’s Criterion to show that f(x + 1) is irreducible and applying
Exercise 12.

Prove that f(x) = x* + x3 + x2 + x + 1 is irreducible in Q[x]. [Hint:
Use the hint for Exercise 20 with p = 5.]

Let f(x) = a,x" + a,_,x" '+ - - - + a;x + a4 be a polynomial with
integer coefficients. If pisa prime such thatp|a,,pla,, . . . ,p|a,
butp [ agand p? | a,, prove that f(x) is irreducible in Q{x]. [Hint: Let
y=1/x in f(x)/x"; the resulting polynomial is irreducible, by
Theorem 4.19.]

Show by example that this statement is false: If f(x) € Z[x] and there

is no prime p satisfying the hypotheses of Theorem 4.19, then f(x) is
reducible in QJx].

k+1 — nk polynomials of degree k in Z,[x].

Show that there are n
Which of these polynomials are irreducible in Q[x]:
(a) x*—2x2+1 (b) x*+x+1
(¢) x5+ 4x*+2x34+3x2—x+5 (d) x>+ 5x2+4x+ 7

If fx)=a,x*+ - +ax+tay, glx)=bax+ .- +bx+b,,
and h(x) = ¢,x* + - - + + ¢;x + ¢, are polynomials in Z[x] such that
f(x) = g(x)h(x), show that in Z,[x], f(x) = g(x)h(x). Also, see Exercise
17 in Section 4.1.

. Prove that for p prime, fx) =214 2724+ - -+ +x24+x+1is

irreducible in Qx]. [Hint: (x — 1)f(x) =x"— 1, so that f(x)=
(x» — 1)/(x — 1) and f(x + 1) = [(x + 1)?» — 1]/x. Expand (x + 1)? by
the Binomial Theorem (Appendix E) and note that p divides Z
when k > 0. Use Eisenstein’s Criterion to show that f(x + 1) is irre-
ducible; apply Exercise 12.]

Irreducibility in R[x] and C[x]*

Unlike the situation in Q[x], it is possible to give an explicit description
of all the irreducible polynomials in R[x] and C|x]. Consequently, you can
immediately tell if a polynomial in R[x] or C[x] is irreducible without any

* This section is used only in Chapters 9 and 11. It may be omitted until then, if desired.
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elaborate tests or criteria. These facts are a consequence of the following
theorem, which was first proved by Gauss in 1799:

THEOREM 4.21 (THE FUNDAMENTAL THEOREM OF ALGEBRA) Every
nonconstant polynomial in C|x] has a root in C.,

This theorem is sometimes expressed in other terminology by saying
that the field C is algebraically closed. Every known proof of the theorem
depends significantly on facts from analysis and/or the theory of functions of
a complex variable. For this reason, we shall only consider some of the
implications of the Fundamental Theorem on irreducibility in C[x] and R[x].
For a proof, see McCoy and Berger [6] or Hungerford [7].

COROLLARY 4.22 A polynomial is irreducible in Clx| if and only if it has
degree 1.

Proof A polynomial f(x) of degree = 2 in C{x] has a root in C by Theorem
4.21 and hence a first-degree factor by the Factor Theorem. Therefore f(x)
is reducible in Clx], and every irreducible polynomial in C[x] must have
degree 1. Conversely, every first-degree polynomial is irreducible (page
89). &

COROLLARY 4.23 Every nonconstant polynomial f(x) of degree n in C|x]

can be written in the form c(x —a)(x —ay) * - - (x — a,) for some c, a;,
as, . . ., a,€C. This factorization is unique except for the order of the
factors.

Proof By Theorem 4.10, f(x) is a product of irreducible polynomials in
C[x]. Each of them has degree 1 by Corollary 4.22, and there are exactly n of
them by Theorem 4.1. Therefore

&) =(rx+s))(rpx +55) - -+ (rx +5,)

=r(e — (=i )ralx — (7 lsy)) - - (e — (—rlsy)
= C(x - al)(x - a2) e (x - an)’
where ¢ =r;ry* + ' 1, and a; = r;"!s;. Uniqueness follows from Theorem

4.10; see Exercise 25 in Section 4.3. B

To obtain a description of all the irreducible polynomials in R[x], we
need

LEMMA 4.24 If f(x) is a polynomial in R[x] and a + bi is a root of f (x) in C,
then a — bi is also a root of f(x).
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Proof If c=a+ bieC (with g, b € R), let ¢ denote a — bi. Verify that for
anyc,d e C,

c+d)=c+d and cd=cd.

Also note that ¢ = c if and only if ¢ is a real number. Now, if f(x) = a,x" +
+ +a,x + ag and c is a root of f(x), then f(c) = 0, so that

O=6=f(T)=a,,c"+ s Factag
=a,c"+ -+ - +a,c+a,
=a,c"+ - +a;cta, (because each g, € R).

Therefore ¢ = a — bi is also a root of f(x). B

THEOREM 4.25 A polynomial f (x) is irreducible in R[x] if and only if f (x) is
a first-degree polynomial or

fix)=ax2+bx+c  withb?—4ac<0.

Proof The proof that the two kinds of polynomials mentioned in the
theorem are in fact irreducible is left to the reader (Exercise 7). Conversely,
suppose f(x) has degree = 2 and is irreducible in R[x]. Then f(x) has aroot w
in C by Theorem 4.21. Lemma 4.24 shows that w is also a root of f(x).
Furthermore, w # w (otherwise w would be a real root of f(x), contradict-
ing the irreducibility of f(x)). Consequently, by the Factor Theorem, x — w
and x — w are factors of f(x) in Cfx]; that is, f(x) = (x — w)(x — w)h(x) for
some h(x) in Clx]. Let g(x) = (x — w)(x — w); then f(x) = g(x)h(x) in C|x].
Furthermore, if w = r + si (with r, s € R), then

glx) = (x —w)(x —w) = (x — (r + si)) (x — (r — si))
=x2— 2rx + (r? +5%).
Hence the coefficients of g(x) are real numbers.
We now show that h(x) also has real coeflicients. The Division Algo-

rithm in R[x] shows that there are polynomials g(x), r(x) in R[x] such that
f(x) = g(x)q(x) + r(x), withr(x) = 0 or deg r(x) < deg g(x). In C[x], however,

we have f(x) = g(x)h(x) + 0. Since g(x) and r(x) can be considered as polyno- -

mials in C|x], the uniqueness part of the Division Algorithm in C|x] shows
that g(x) = h(x) and r(x) = 0. Thus h(x) = g(x) € R[x]. Since f(x) = g(x)h(x)
and f(x) isirreducible in R[x] and deg g(x) = 2, h(x) must be a constant d € R.
Consequently, f(x) = dg(x) is a quadratic polynomial in R[x] and hence has
the form ax? + bx + ¢ for some a, b, ¢ € R. Since f(x) has no roots in R, the
quadratic formula (Exercise 6) shows that b — 4ac < 0. B
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COROLLARY 4.26 Every polynomial f (x) of odd degree in R|x] has a root
in R.

Proof By Theorem 4.10, f(x) = p,(x)py(x) - - - px(x) with each p,(x) irre-
ducible in R|x]. Each p,(x) has degree 1 or 2 by Theorem 4.25. Theorem 4.1
shows that

deg f(x) = deg p,(x) + deg py(x) + - - - + deg pu(x).
Since f(x) has odd degree, at least one of the p,(x) must have degree 1.
Therefore f(x) has a first-degree factor in R[x] and hence a root in R. &

It may seem that the Fundamental Theorem and its corollaries settle
all the basic questions about polynomial equations. Unfortunately, things
aren’t quite that simple. Not one of the known proofs of the Fundamental
Theorem provides a constructive way to find the roots of a specific polyno-
mial. * Therefore, even though we know that every polynomial equation has
a solution in C, we may not be able to solve a particular equation.

EXERCISES

A. 1. Find all the roots in C of each polynomial (one root is already given):

(a) x*— 3x3+x24+ 7x— 30; root 1 — 2
(b) x*—2x%—x24+ 6x—6;root 1 +i
(¢) x*— 4x%+ 3x2 + 14x + 26; root 3 + 2i

2. Find a polynomial in R{x] that satisfies the given conditions:
(a) Monic of degree 3 with 2 and 3 + i as roots
(b) Monic of least possible degree with 1 — i and 2i as roots
(¢) Monic of least possible degree with 3 and 4i — 1 as roots

3. Factor each polynomial as a product of irreducible polynomials in
Q[x), in R|x], and in C|x}:
(a) x*—2 (b) x3+1 (¢) x®*—x2—5x+5

4, Factor x2+ x+ 1 + i in Cx].

* It may seem strange that it is possible to prove that a root exists without actually exhibiting
one, but such “existence theorems” are quite common in mathematics. A very rough analogy is
the situation that occurs when a person s killed by a sniper’s bullet. The police know that there
is a killer, but actually finding the killer may be difficult or impossible.
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Ut

. Show that a polynomial of odd degree in R[x] with no multiple roots

must have an odd number of real roots.

. Let f(x) = ax® + bx + ¢ € R[x] witha # 0. Prove that the roots of f(x)

in C are (—b + Vb* — 4ac)/2a and (—b — Vb?® — 4ac)/2a. [Hint: Show
that ax* + bx + ¢ = 0 is equivalent to x2 + (b/a)x = —¢/a; then com-
plete the square to find x.]

. Prove that every ax? + bx + ¢ € R[x] with b2 — 4ac < 0 is irreducible

in R[x]. [Hint: See Exercise 6].

If a + biis aroot of x* — 3x% + 2ix + i — 1 € C[x], then is it true that
a — bi is also a root?
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CHAPTER 5

CONGRUENCE IN F[x] AND
CONGRUENCE-CLASS
ARITHMETIC

In this chapter we continue to explore the analogy between the ring Z of
integers and the ring F{x] of polynomials with coefficients in a field F. We
shall see that the concepts of congruence and congruence-class arithmetic
carry over from Z to F|x] with practically no changes. Because of the addi-
tional features of the polynomial ring Flx] (polynomial functions and roots),
these new congruence-class rings have a much richer structure than do the
rings Z,. This additional structure leads to a striking result: Given any
polynomial over any field, we can find a root of that polynomial in some
larger field.

5.1 Congruence in F[x] and Congruence Classes

The concept of congruence of integers depends only on some basic
facts about divisibility in Z. If F is a field, then the polynomial ring F|x] has
essentially the same divisibility properties as does Z. So it is not surprising
that the concept of congruence in Z and its basic properties (Section 2.1)
can be carried over to Flx] almost verbatim.

DEFINITION Let F be a field and f(x), g(x), p(x) € Flx] with p(x) nonzero.
Then f(x) is congruent to g(x) modulo p(x) — written f(x) = g(x) (mod p(x))
— provided that p(x) divides f(x) ~ g(x).
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EXAMPLE In Qx], 2+ x+ 1 =x+ 2 (mod x + 1) because
x2+x+1)—(x+2)=22—1=(x+1)x—1).

EXAMPLE In R|x], 3x*+4x2+ 2x+2=2%3+3x2+ 3x + 4 (mod
x2 + 1) because long division shows that
(Bxt+ 4x2+ 2x + 2) — (x3+ 322+ 3x + 4)
=3xt—x3+xZ—x—2

=(x2+1)(3x2 —x— 2).

THEOREM 5.1 Let F be a field and p(x) a nonzero polynomial in F|x]. Then
the relation of congruence modulo p(x) is

(1) reflexive: f(x) = f(x) (mod p(x)) for all f(x) € F[x];

(2) symmetric: if f(x) = g(x) (mod p(x)), then g(x) = f(x) (mod p(x));

(3) transitive: if f(x) = g(x) (mod p(x)) and g(x) = h(x) (mod p(x)),
then f(x) = h(x) (mod p(x)).

Proof Copy the proof of Theorem 2.1 with p(x), f(x), g(x), h(x) in place of n,
a, b, c i

THEOREM 5.2 Let F be a field and p(x) a nonzero polynomial in F[x]. If
f(x) = g(x) (mod p(x)) and h(x) = k(x) (mod p(x)), then

(1) f(x) + h(x) = g(x) + k(x) (mod p(x)),
(2) f(x)h(x) = g(x)k(x) (mod p(x)).

Proof Copy the proof of Theorem 2.2 with p(x), f(x), g(x), h(x), k(x) in
place of n,a,b,c,d. R

DEFINITION Let F be a field and f(x), p(x) € F|x] with p(x) nonzero. The
congruence class (or residue class) of f(x) modulo p(x) is denoted |f(x)] and
consists of all polynomials in F|x] that are congruent to f(x) modulo p(x), that
is,

[f(x)] = {g(x) | g(x) € Flx] and g(x) = f(x) (mod p(x))}.
Since g(x) = f(x) (mod p(x)) means that g(x) — f(x) = k(x)p(x) for some
k(x) € F|x] or, equivalently, that g(x) = f(x) + k(x)p(x), we see that

[f(0)] = {g(x) | g(x) = f(x) (mod p(x))}
= {f(x) + k(x)p(x) | k(x) € F[x]}.
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| EXAMPLE Consider congruence modulo x2+ 1 in R{x]. The con-
: lass of 2x + 1 is th

¢ gruence class ot 2x is the set

.

{ {((2x + 1) + k(x)(x® + 1) | k(x) € R[x]}.

i% The Division Algorithm shows that the elements of this set are the
. polynomials in R[] that leave remainder 2x + 1 when divided by
x4

f§ EXAMPLE Consider congruence modulo x2 + x + 1 in Z,[x]. To find
§ the congruence class of x2, we note that x2 =x+ 1 (mod x2 + x + 1)
% because x> — (x+1)=x2—x—1=(x2+x+ 1)1 (remember that
§ 1+ 1=20inZ,, so that 1 =—1). Therefore x 4+ 1 is a member of the
. congruence class [x?]. In fact, the next theorem shows that [x + 1] =

[x2].
THEOREM 5.3 f(x) = g(x) (mod p(x)) if and only if [f(x)] = [g(x)].

Proof Copy the proof of Theorem 2.3 with f(x), g(x), p(x), and Theorem
5.1 in place of q, ¢, n, and Theorem 2.1. B

COROLLARY 5.4 Two congruence classes modulo p(x) are either disjoint or
identical.

Proof See Corollary 2.4. B

Under congruence modulo n in Z, there are exactly n distinct con-
gruence classes (Corollary 2.5). These classes are [0], {1], . . . , [n— 1].
Note that there is a class for each possible remainder under division by n. In
Flx] the possible remainders under division by a polynomial of degree n are
all the polynomials of degree less than n (and, of course, 0). So the analogue
of Corollary 2.5 is

COROLLARY 5.5 Let F be a field and p(x) a polynomial of degree n in Flx).

Let S be the set consisting of the zero polynomial and all the polynomials of
degree less thannin Flx]. Then every congruence class modulo p(x) is the class

of some polynomial in S, and the congruence classes of different polynomials

in S are distinct.

Proof Two different polynomials in S cannot be congruent modulo p(x)
because their difference has degree less than n and hence is not divisible by
p(x). Therefore different polynomials in S must be in distinct congruence
classes by Theorem 5.3. Use the Division Algorithm as in the last part of the
proof of Corollary 2.5 to show that every polynomial in F[x] is congruent
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modulo p(x) to a polynomial in S. Hence, by Theorem 5.3 every congruence
class is equal to the class of some polynomial in S. B

The set of all congruence classes modulo p(x) is denoted Flx]/(p(x)) —
the notational analogue of Z,,.

EXAMPLE Consider congruence modulo x>+ 1 in R[x]. There is a
congruence class for each possible remainder on division by x* + 1.
Now, the possible remainders are polynomials of the form rx + s (with
r, s € R; one or both of r, s may possibly be 0). Therefore Rix]/(x* + 1)
consists of infinitely many distinct congruence classes, including

(0], [x], [x + 1], [5x + 3], [%x+2],[x—7], o

Corollary 5.5 states that [rx + s] = [cx + d] if and only if rx + sis equal
(not just congruent) to cx + d. By the definition of polynomial equal-
ity, rx + s = cx + d if and only if r =¢ and s = d. Therefore every
element of R[x]/(x% + 1) can be written uniquely in the form [rx + s].

EXAMPLE Consider congruence modulo x2 + x + 1 inZ,[x]. The pos-
sible remainders on division by x2 + x + 1 are the polynomials of the
form ax + b with a, b € Z,. Thus there are only four possible re-
mainders: 0, 1, x, and x + 1. Therefore Z,[x]/(x% + x + 1) consists of
four congruence classes: [0], [1], [x], and [x + 1].

EXAMPLE The pattern in the previous example works in the general
case. If p(x) € Z,[x] has degree k, then the possible remainders on
division by p(x) are of the form ay + a;x + - - - + ap_;x*7!, with g, €
Z,. There are n possibilities for each of the k coefficients a4, . . . ,
ax_,, and so there are n* different polynomials of this form. Conse-
quently, by Corollary 5.5, there are exactly n* distinct congruence
classes in Z,[x]/(p(x)).

EXERCISES

NOTE: F denotes a field and p(x) a nonzero polynomial in F[x].

A. 1. Prove that f(x) = g(x) (mod p(x)) if and only if f(x) and g(x) leave the
same remainder when divided by p(x).

2. If p(x) is a nonzero constant polynomial in F[x], show that any two
polynomials in F[x] are congruent modulo p(x).
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B. 3. If p(x) is relatively prime to k(x) and f(x)k(x) = g(x)k(x) (mod p(x)),
prove that f(x) = g(x) (mod p(x)).
4. If p(x) is irreducible in Flx] and f(x)g(x) = 0z (mod p(x)), prove that
f(x) = 0p (mod p(x)) or g(x) = 0f (mod p(x)).

5. If p(x)is notirreducible in Flx], prove that there exist f(x), g(x) € F|x]
such that f(x) # 0p (mod p(x)) and g(x) # 0r (mod p(x)) but
flx)g(x) = Op (mod p(x)).

6. If f(x) is relatively prime to p(x), prove that there is a polynomial
g(x) € F[x| such that f(x)g(x) = 1y (mod p(x)).

7. Suppose f(x), g(x) € R[x] and f(x) = g(x) (mod x). What can be said
about the graphs of y = f(x) and y = g(x)?

8. Show that, under congruence modulo x® + 2x + 1inZ,[x], there are
exactly 27 distinct congruence classes.

9. How many distinct congruence classes are there modulox® + x + 1
in Z,[x]? List them. Gk :

10. If p(x) has degree k in Z,|x], how many distinct congfuence classes
are there modulo p(x)?

11. Show that there are infinitely many distinct congruence classes
modulo x2 — 2 in Q[x]. Describe them.

12. Let a € F. Describe the congruence classes in F|x] modulo the poly-
nomial x — a.

5.2 Congruence-Class Arithmetic

Congruence in the integers led to the rings Z,,. Similarly, congruence
in Flx| also produces new rings and fields. These turn out to be much richer
in structure than the rings Z,,. The development here closely parallels Sec-
tion 2.2.

THEOREM 5.6 Let F be a field and p(x) a nonconstant polynomial in Flx]. If
[f(x)] = lg(x)] and [h(x)] = [k(x)] in F|x]/(p(x)), then

[fx) + h(@)] = [g(x) + k@)]  and  [f(x)h(x)] = [g(x)k()].

Proof Copy the proof of Theorem 2.6. &
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Because of Theorem 5.6 we can now define addition and multiplica-
tion of congruence classes just as we did in the integers, and be certain that
these operations are independent of the choice of representatives in each
congruence class. I

DEFINITION Let F be a field and p(x) a wonconstant polynomial in Flx].
Addition and multiplication in Flx]/(p(x) )/ are defined by

[£()] +e@)] = [£(x) + g, _
[f()][g(x)] = [ flx)g()]. —
EXAMPLE Consider congruence modulo x2 4+ 1 in R[x]. The sum of
the classes [2x + 1] and [3x + 5] is the class
[(2x + 1) + (3x + 5)] = [5x + 6].

o
A

it

R

i

g

The product is
[2x + 1][3x + 5] = [(2x + 1)(3x + 5)] = [6x% + 13x + 5].

As noted in the first example on page 115, every congruence class in
R[x]/(x2+ 1) can be written in the form [ax+ b]. To express
[6x2 + 13x + 5] in this form, we divide 6x2 + 13x + 5 by 2 + 1 and
find that

622+ 13x+ 5= 6(x2+ 1) + (13x — 1).

It follows that 6x2+ 13x+5=13x—1 (mod x%+ 1), and hence
[6x2 + 13x + 5] = [13x — 1.

EXAMPLE In the second example on page 115, we saw that

Z,[x]/(x® + x + 1) consists of four classes: [0], [1], [x], and [x + 1]. Using
~ the definition of addition of classes, we see that [x+ 1]+ [1] =
. |x+ 1+ 1] =][x] (remember that 1 + 1 = 0inZ,). Similar calculations
?; produce the following addition table for Z,x]/(x% + x + 1):

|

[0] ' m [ + 1]

Lo g ok [x + 1]

L T T T

L H [« +11 o] [1]

S R+l | kU 1) [o]

SR

Most of the multiplication table for Zy[x]/(x2 + x + 1) is easily ob-
i tained from the definition:
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[0] [1] e [x + 1]
[0] [0] [0] l’ [0] [0]
m__pr m_ =+ 1]
[« [o] [+l
k+11 | [o] [+ 1]

To fill in the rest of the table, note, for example, that
[x] - [x + 1] = [x(x + 1)] = [x% + «].

Now long Wivision or simple addition in Z,[x] shows that x2 + x =
. (x*+x+ 1)+ 1. Therefore x2+x=1 (mod x2+x+1), and
[xf + x| ={1]. A similar calculation shows that [x] - [x] = [x%] = [x + 1]
(because x2 = (x2+ x + 1) + (x + 1) in Z[x]).

If you examine the tables in the preceding example, you will see that -

Z,[x]/(x% + x + 1) is a commutative ring with identity (in fact, a field). In

.\ view of our experience with Z and Z,, this is not too surprising. What is

" unexpected is the upper left-hand corners of the two tables (the sums and

products of [0] and [1]). It is easy to see that the subset F* = {[0], [1]} is

, actually a subring of Z, [x]/(x% + x + 1) and that F* is isomorphic to Z, (the

e tables for the two systems are identical except for the brackets in F*). These
e\ facts illustrate the next theorem.

THEOREM 5.7 Let F be a field and p(x) a nonconstant polynomial in F[x].
Then the set Fx]/(p(x)) of congruence classes modulo p(x) is a commutative
ring with identity. Furthermore, F|x]/(p(x)) contains a subring F* that is
isomorphic to F. _

Proof _To prove that F[x]/(p(x)) is a commutative ring with identity, adapt
the proof of Theorem 2.7 to the present case. Let F* be the subset of
Flx}/(p(x)) consisting of the congruence classes of all the constant polyno-
mials; that is, F* = ([a]|a € F}. Verify that F* is a subring of F[x]/(p(x))
(Exercise 12). Define a map ¢: F — F* by ¢(a) = [a]. This definition shows
that ¢ is surjective. The definitions of addition and multiplication in
F|x]/(p(x)) show that

pla+b)=[a+Db]=[a] + [b] = g(a) + p(b) and
¢(ab) = [ab] = [a] - [b] = ¢(a) - ¢(b).

Therefore ¢ is a homomorphism.
To see that ¢ is injective, suppose g(a) = ¢(b). Then [a] = [b], so that
a = b (mod p(x)). Hence p(x) divides a — b. However, p(x) has degree =1,
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anda—be F\Thls is impossible unless a — b —h]‘herefore a=bandgis i
injective. Thus p: F — F¥ is an isomorphism. & S

We began with a field F and a polynomial p(x) in F[x]. We have now
constructed a ring F Tx]/(p(x)) that contains an isomorphic copy of F. What i
we would really like is a ring that contains the field F itself. There are two

possible ways to accomplish this, as illustrated in the following example.

EXAMPLE Inthe example preceding Theorem 5.7, we used the poly-
nomial x2+x + 1 in Z,jx] to construct the ring Zy|x]/(x*+ x+ 1),
which contains a subset F* = {[0],[1]} that is isomorphic to Z,. Suppose
we identify Z, with its isomorphic copy F* inside Zy[x]/(x2 + x + 1)
and writé the elements of F* as if they were in Z,. Then the tables on
pages TT7-118 become

i

+ 0 1 [«] [x+1] (\,/xi,
0 g ! [ 1 0
1 1 0 [x + 1] [x] o
I S T -
[x+1] [x + 1] [x] 1 0 %

0 1 [x] [x+1]
0 0 0 0 0
1 0 [x] [x+1]
[x] 0 [x] [x + 1] 1
[x+1] | ©0 x+1] 1 (2]

We now have a ring that has Z, as a subset. If this procedure makes you
a bit uneasy (is Z, really a subset?), you can use the following alternate
route to the same end. Let E be any four-element set that actually
contains Z, as a subset, say E = {0, 1, r, s}. Define addition and multi-
plication in E by

+ | 0 1 r s | 0 1 r s
0 0 1 r s 0 0 0 0 0
1 1 0 s r 1 0 1 r s
r r s 0 1 r 0 r s 1
s s r 1 0 s 0 s 1 r

A comparison of the tables for Z,[x]/(x? + x + 1) and those for E shows
that these two rings are isomorphic (replacing [x] by rand [x + 1] by s
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changes one set of tables into the other). Therefore E is essentially the
same ring we obtained before. However, E does contain 7, as honest-
to-goodness subset, without any identification.

_What was done in the preceding example can be done in the general
case. "Given a field Fand a polynomial p(x) in F[x}, we can construct a ring
that contains Fas a subset. The customary way to do this is to identify F with
its isomorphic copy F * inside F[x]/(p(x)) and to consider F to be a subset of
Flx]/(p(x)). If doing this makes you uncomfortable, keep in mind that you

can always build a ring isomorphic to F[x]/(p(x)) that genuinely contains F as
a subset, as in the preceding example. Because this latter approach tends to
get cumbersome, we shall follow the usual custom and identify F with F*
hereafter, Consequently, when a, b € F, we shall write b|x] instead of [b][x]
and a + b[x] instead of [a] + [b][x] = [a + bx]. Then Theorem 5.7 can be
reworded:
THEOREM 5.8 Let F be a field and p(x) a nonconstant polynomial in Fix).
Then Flx|/(p(x)) is a commutative ring with identity that contains F.

EXERCISES

A. In Exercises 14, write out the addition and multiplication tables for
the congruence-class ring Flx]/(p(x)). In each case, is F[x]/(p(x) a field?

1. F=Z,,p(x)=x*+x+1

2. F=1Z4 p(x) =22+ 1
3. F=Zy; p(x) =22+ 1
4. F=Z plx) =2+ 1

B. In Exercises 5-8, each element of the given congruence-class ring can
be writtenin the form [ax + b} (why?). Determine the rules for addition
and multiplication of congruence classes. (In other words, if the product
[ax + b][cx + d]is the class [rx + s], describe how to find rand s froma, b,
¢, d, and similarly for addition.)

5. R[x]/(x% + 1) [Hint: See the first example on page 117.]
6. Qlx]/(x2 —2)

7. Qlx]/(x* — 3)

8. Qlx]/(x*)
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9. Find a polynomial g(x) € @[x] such that [g(x)][2x — 3] =]1] in
Q[x/(=* — 2).

10. Show that R[x[/(x2 + 1) is a field by verifying that every nonzero
congruence class [ax + b] is a unit. [Hint: Show that the inverse of
lax + b} is [ex + d], where ¢ = —a/(a® + b?) and d = b/(a® + b?).]

11. Show that the ring in Exercise 8 is not a field.

12. Let F be a field and p(x) € F[x]. Prove that F*={[a]|a € F)} is a
subring of F[x]/(p(x)).

13. Write out a complete proof of Theorem 5.6 (that is, carry over to
F|x] the proof of the analogous fact for Z).

14. Prove the first statement of Theorem 5.7. m {/

C. 15. Find a fourth-degree polynomial in Z,[x] whose roots are the four
elements of the field Z,[x]/(x2 + x + 1), whose tables are given on
page 119. [Hint: The Factor Theorem may be helpful.]

16. Show that Q[x]/(x2 — 2) is a field. [Hint: See Exercises 9 and 10.]

17. LetFbe afield and p(x), f(x) € F[x]. If f(x) is relatively prime to p(x),
prove that | f(x)] is a unit in the ring F[x]/(p(x)). [Hint: Theorem 2.8
and Corollary 2.9.]

5.3 The Structure of F[x]/(p(x)) When p(x) Is Irreducible

When p is a prime integer, Z, is a field (and, of course, an integral
domain). You can probably guess the analogous result for F|x] (Theorem
5.9). But there is much more going on here than just a parallel of what was
done in Z. We have already seen that F[x]/(p(x)) contains the field F. In this
section we see that it also contains a root of p(x).

THEOREM 5.9 Let F be a field and p(x) a nonconstant polynomial in Flx]|.
Then the following statements are equivalent:

(1) p(x) is irreducible in Flx|.

(2) Flx]/(p(x)) is a field.
(3) Flx|/(p(x)) is an integral domain.

Proof Adapt the proof of Theorem 2.8 by replacing Z by F[x], Z, by
F[x]/(p(x)), Theorem 1.3 by Theorem 4.4, and Theorem 2.3 by Theorem
5.3. The following observations should be helpful.

/o
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(1) = (2) Note that when p(x) is irreducible, the gcd of a(x) and p(x) is
either 1;or a monic associate of p(x). If a(x)is not divisible by p(x). then it is
not divisible by any associate of p(x). Therefore if p(x) | a(x), then their gcd
must be 1.

(2) = (3) Never mind Theorem 2.8 here; this is an immediate conse-
quence of Corollary 3.8. .

(3) = (1) Note that if p(x) = a(x)b(x)and w(x)b(x) = 1, then b(x) is a
constant, so that a(x) is an associate of p(x). This is the analogue of saying
a=+pinZ 1

Theorem 5.9 can be used to construct finite fields. If p is prime and f{x)
isirreducible in Z,[x] of degree k, then Z,[x]/( f(x)) is a field by Theorem 5.9.
The last example on page 115 shows that this field has p* elements. Finite
fields are discussed further in Section 9.6, where it is shown that there are
irreducible polynomials of every positive degree in Z,[x] and hence finite
fields of all possible prime power orders. See Exercise 8 for an example.

Let Fbe afield and p(x) an irreducible polynomial in F[x]. Let K denote
the field of congruence classes F[x]/(p(x)). By Theorems 5.8 and 5.9, Fis a
subfield of the field K. One also says that K is an extension field of F.
Polynomials in F[x] can be considered to have coefficients in the larger field
K, and we can ask about the roots of such polynomials in K. In particular,
what can be said about the roots of the polyﬂiﬁn\ﬁﬁ\l p(x) that we started with?
Even though p(x) is irreducible in F|[x], it mayYhave roots in the extension
field K. "

EXAMPLE The polynomial p(x) = x2 + x + 1 has no roots in Z, and is
therefore irreducible in Z,[x] by Corollary 4.14. Consequently, K =
Z,[x]/(x* + x + 1) is an extension field of Z, by Theorem 5.9. Using the
tables for K on page 119, we see that

2+ ] +1=[x+1]+[x] +1=1+1=0.

This result may be a little easier to absorb if we use a different nota-
tion. Let = [x]. Then the calculation above says thata®? + a + 1 = 0;-
that is, ais aroot in K of p(x) = x% + x + 1. It’s important to note here
that you don’t really need the tables for K to prove that o is a root of
p(x) because we know that 2+ x + 1 =0 (mod x? + x + 1). Conse-
quently, [x2+ x + 1] = 0 in K, and by the definition of congruence-
class arithmetic,

t+a+l=x+]+1=[x2+x+1]=0.

R T T I R B S

o e

For the general case we have
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THEOREM 5.10 Let F be a field and p(x) an irreducible polynomial in Flx].
Then Flx|/(p(x)) is an extension field of F that contains a root of p(x).

Proof Let K = Flx}/(p(x)). Then K is an extension field of F by Theorems
5.8 and 5.9. Let p(x) = @+ - - - + a;x + a,, where each g, is in F and
hence in K. Let a = [x] in K. We shall show that « is a root of p(x). By the
definition of congruence-class arithmetic in K,

g+ - raatag=alxl"+ - +afxl +ao
=lax"+ - - +ax+a)
=[p(x)] =0  [because p(x) = O (mod p(x))].

Therefore a is a root of p(x). B

COROLLARY5.11 Let Fbe a field and f(x) anonconstant polynomial in Flx].
Then there is an extension field K of F that contains a root of f(x).

Proof By Theorem 4.10, f(x) has an irreducible factor p(x) in F[x|. By
Theorem 5.10, K = F[x}/(p(x)) is an extension field of F that contains a root
of p(x). Since every root of p(x) is a root of f(x), K contains a root of f(x). B

The implications of Theorem 3.10 run much deeper than might first
appear. Throughout the history of mathematics, the passage from a known
number system to a new, larger system has often been greeted with doubt
and distrust. In the Middle Ages, some mathematicians refused to acknowl-
edge the existence of negative numbers. When complex numbers were
introduced in the seventeenth century, there was uneasiness — which ex-
tended into the last century —because some mathematicians would not
accept the idea that there could be a number whose square is— 1. One cause
for these difficulties was the lack of a suitable framework in which to view
the situation. Abstract algebra provides such a framework. Theorem 5.10
and its corollary then take care of the doubt and uncertainty.

It is instructive to consider the complex numbers from this point of
view. Instead of asking about a number whose square is — 1, we ask, “Is
there a field containing R in which the polynomial x*> + 1 hasa root?”” Since
2% + 1 is irreducible in R[x], Theorem 5.10 tells us that the answer is yes:
K = R[x]/(x2 + 1) is an extension field of R that contains a root of x2+ 1,
namely a = [x]. In the field K, a is an element whose square is — 1. But how
is the field K related to the field of complex numbers introduced earlier in
the book?

As noted in the first example on page 115, every element of K=
R[x]/(x% + 1) can be written uniquely in the form [ax + b] with q, beR.
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Since we are identifying each element r € R with the element [r] in K, we see
that every element of K can be written uniquely in the form

la + bx] = |a] + |b][x] = a + ba.
Addition in K is given by the rule
(a+ba) + (¢ +da) =[a+ bx] + [c + dx] = [(a + bx) + (c + dx)]
=llea+c)+b+dx]l=la+c]+[b+d]x]
so that
(@a+ba)+ (c+da)={(a+c)+ (b+d)a.
Multiplication in K is given by the rule

(a + ba)(c + da) = |a + bx][c + dx] = [(a + bx)(c + dx)]
= [ac + (ad + bc)x + bdx?
= gac + (ad + bc)a + bda?®.

However, « is a root of x2+ 1, and so &2 = — 1. Therefore the rule for
multiplication in K becomes

(a + ba)(c + dat) = (ac — bd) + (ad + b)a.

If the symbol « is replaced by the symbol i, then these rules become the
usual rules for adding and multiplying complex numbers. In formal lan-
guage, the field K is isomorphic to the field C, with the isomorphism f
being given by f(e + ba) = a + bi.

Up to now we have taken the position that the field C of complex
numbers was already known. The field K constructed above then turns out
to be isomorphic to the known field C. A good case can be made, however,
for not assuming any previous knowledge of the complex numbers and
using the preceding example as a definition instead. In other words, we can
define C to be the field R[x]/(x2 + 1). Such a definition is obviously too
sophisticated to use on high-school students, but for mature students it has
the definite advantage of removing any lingering doubts about the validity
of the complex numbers and their arithmetic.* Had this definition been
available several centuries ago, the introduction of the complex numbers
might have caused no stir whatsoever.

* Only a minor rearrangement of this book is needed to accomodate such a definition. A few
examples in Chapter 3 would have to be omitted, and the discussion of irreducibility in CJx]
and R[x] (Section 4.6) would have to be postponed. All of the intervening material in Chapter 5
is independent of any formal knowledge of the complex numbers.
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EXERCISES

NOTE: F always denotes a field.

A.
B.

1

2

. 10.

If a € F, describe the field Fx]/(x — a).

(a) Verify that Q(V2) = {r + sv2|r, s € Q) is a subfield of R.

(b) Show that @(v2) isisomorphic to Q|x]/(x2 — 2). [Hint: Exercise 6
in Section 5.2 may be helpful |

(a) Verify that Q(3) = {r + sV3|r, s € Q) is a subfield of R.
(b) Show that @(v3) is isomorphic to Q[x]/(x% — 3).

Let p(x) be irreducible in F[x]. Without using Theorem 5.9, prove

that if [ f(x)][g(x)] = [0f] in F[x]/(p(x)), then [f(x)] = [0F] or [g(x)] =
[0g]. [Hint: Exercise 4 in Section 5.1]

. Let p(x) be irreducible in F[x]. If [f(x)] # [0f] in F[x]/(p(x)) and

h(x) € F[x], prove that there exists g(x)€ F[x] such that
[Zféx])][g(x)] = [h(x)] in F[x]/(p(x)). [Hint: See Exercise 5 in Section

If p(x) is an irreducible quadratic polynomial in F[x|, show that
F|x]/(p(x)) contains all the roots of p(x).

If f(x) € F[x] has degree n, prove that there exists an extension field
E of Fsuch that f(x) = co(x — ¢;)(x —¢3) * - - (x — ¢,) for some (not
necessarily distinct) ¢; € E. In other words, E contains all the roots of

f ().

. (a) Show that Z,[x]/(x® + x + 1) is a field.

(b) Show that the field Z,|x]/(x® + x + 1) contains all three roots of
B¥+x+1.

. Show that Q[x]/(x%® — 2) is not isomorphic to Q[x]/(x2 — 3). [Hint:

Exercises 2 and 3 may be helpful.]

Show that every polynomial of degree 1, 2, or 4 in Z,[x] has aroot in
Zy[x]/(x* + x + 1).
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CHAPTER 6
IDEALS AND
QUOTIENT RINGS

Congruence in the integers led us to the finite arithmetics Z,, and helped
motivate the definition of a ring. Congruence in the polynomial ring F[x]
resulted in a new class of rings consisting of the various F[x]|/(p(x)). These
rings enabled us to construct extension fields of F that contained roots of the
polynomial p(x). In this chapter the concept of congruence is extended to
arbitrary rings, producing additional rings and a deeper understanding of
algebraic structure.

You will see that much of the discussion is an exact parallel of the
development of congruence in Z (Chapter 2) and in Flx] (Chapter 5). Never-
theless, the results here are considerably broader than the earlier ones.

6.1 ldeals and Congruence

Our goal is to develop a notion of congruence in arbitrary rings that
includes as special cases congruence modulo n in Z and congruence modulo
p(x) in F|x]. We begin by taking a second look at some examples of con-
gruence in Z and F[x] from a somewhat different viewpoint than before.

EXAMPLE In the ring Z, a = b (mod 3) means that a — b is a multiple
of 3. Let I be the set of all multiples of 3, so that

I={0,+3,+6, ...}
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Then congruence modulo 3 may be characterized like this:
a=b (mod 3) means a—bel

Observe that the subset I is actually a subring of Z (sums and products
of multiples of 3 are also multiples of 3). Furthermore, the product of
any integer and a multiple of 3 is itself a multiple of 3. Thus the subring
I has this property:

Whenever ke Z and i€ I, then kie L.

EXAMPLE The notation f(x) = g(x) (mod x2 — 2) in the polynomial
ring Qx| means that f(x) — g(x) is a multiple of x2 — 2. Let I be the set
of all multiples of x2 — 2 in Q[x], that is, I = {h(x)(x2 — 2} | h(x) € Q[x]}.
Once again, it is not difficult to check that I'is a subring of Q[x] with this
property:

Whenever k(x) € Q[x] and t(x) € I, then k(x)t(x) € I

(the product of any polynomial with a multiple of x2 — 2 is itself a
multiple of x2 — 2). Congruence modulo x2 — 2 may be described in
terms of I:

f(x) = g(x) (mod x2% — 2) means  f(x) —g(x) e L

e

These examples suggest that congruence in a ring R might be defined
in terms of certain subrings. If I were such a subring, we might definea =b
(mod I) to mean a — b € I. The subring I might consist of all multiples of a
fixed element, as in the examples above, but there is no reason for restrict-
ing to this situation. The examples indicate that the key property for such a
subring Iis that it ““absorb products”’: Whenever you multiply an element of
I by any element of the ring (either inside or outside I), the resulting
product is an element of I. The set of all multiples of a fixed element has this
absorption property. We shall see that many other subrings have it as well.
Because such subrings play a crucial role in what follows, we pause to give
them a name and to consider their basic properties.

DEFINITION A subring I of a ring R is an ideal provided:

Whenever re Rand ae€l, thenraeland ar e L

The double absorption condition that ra € I and ar € I is necessary for
noncommutative rings. When R is commutative, as in the preceding exam-
ples, this condition reduces to ra € L

EXAMPLE The zeroideal in a ring R consists of the single element 0.
This is a subring that absorbs all products since r0z = 0 = Ogr for
every r € R. The entire ring R is also an ideal.
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EXAMPLE We have seen that the set I of all multiples of 3 is an ideal in
Z. More generally, let R be any commutative ring with identity and
c € R. Let I be the set of all multiples of ¢, thatis, I = {rc|r € R}. Then I
isan ideal in R (Exercise 1). I'is called the principal ideal generated by
¢ and is usually denoted by (c).

EXAMPLE Inthe ring Z[x] of all polynomials with integer coefficients,
let I be the set of polynomials whose constant terms are even integers.
Thusx® + x + 6isin I, but 4x2 + 3is not. Verify that Iis anideal in Z[x]
(Exercise 2). We claim that I is not a principal ideal. To prove this,
suppose on the contrary, that I consists of all multiples of some polyno-
mial p(x). Since the constant polynomial 2 is in I, 2 must be a multiple
of p(x). By Theorem 4.1, this is possible only if p(x) has degree 0, that
is, if p(x) is a constant, say p(x) = ¢. Since p(x) € I, the constant ¢ must
be an even integer. Since 2 is a multiple of p(x) = ¢, the only possibility
is c =+ 2. On the other hand, x € I because it has even constant term
0. Therefore x must be a multiple of p(x) = = 2. This is impossible
since all the polynomials involved have integer coeflicients. There-
fore Idoes not consist of all multiples of p(x) and is not a principal ideal.

EXAMPLE Let T be the ring of all continuous functions from R to R,
as described on page 44. Let I be the subset consisting of those
functions g such that g(2) = 0. Then I is a subring of T (Exercise 8 of
Section 3.1). If fis any function in T and if g € I, then

(f2)(2) =f(2)g(2) =f(2) - 0=0.
Therefore fg € 1. Similarly, gf € I, so that I is an ideal in T.

EXAMPLE The subring Z of the rational numbers is not an ideal in Q
because Z fails to have the absorption property. For instance, } € Q
and 5 € Z, but their product, §, is not in Z.

EXAMPLE Verify that the set I of all matrices of the form (Z ?)) witha,

b € R forms a subring of the ring M(R) of all 2 X 2 matrices over the
reals. It is easy to see that I absorbs products on the left:

r s\fa O\_{(ra+sb O
t u/\b 0 ta+ub 0/

But I is not an ideal in M(R) because it may not absorb products on the
right — for instance,

G o)is 8)- (6 5)
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One sometimes says that I is a left ideal, but not a two-sided ideal, in

MR).

The following theorem often simplifies the verification that a particu-
lar subset of a ring is an ideal.

THEOREM 6.1 A nonempty subset I of aring Ris anideal if and only if it has
these properties:

(i) ifa,bel, thena—Dbel;
(ii) ifreRand ael, thenrae I and ar € L

Proof Every ideal certainly has these two properties. Conversely, suppose
I'has properties (i) and (ii). To show that I is a subring, we need only verify
that I is closed under addition and multiplication, that Og € I, and that the
additive inverse of every element of I is also in I. The rest of the ring axioms
(associativity, distributivity, etc.) automatically hold in I because they hold
for all elements of R. Since I is nonempty, there is some element a witha € I.
Applying (i) with a = b, we see that a — a = Ogisin I. Now, if d € I, then by
(i) 0g — d = —dis also in I. Finally, if ¢, d € I, then —d € I and hence, by (i),
¢ — (—d) =c+ disin I Therefore I is closed under addition.

Property (ii) shows that multiplication by an element of I always pro-
duces an element of I. In particular, the product of two elements of  must be
in I. Therefore I is closed under multiplication and is an ideal. B

Now that you are familiar with ideals, we can define congruence in an
arbitrary ring:

DEFINITION Let I be an ideal in a ring R and let a, b € R. Then a is con-
gruent to b modulo I [written a = b (mod )] provided thata — b e L.

The example on page 126 shows that congruence modulo 3 in the
integers is the same thing as congruence modulo the ideal I, where I is the
principal ideal (3) of all multiples of 3. Similarly, the example on page 127
shows that congruence modulo x2 — 2 in Q[x] is the same as congruence
modulo the principal ideal (x2 — 2). Thus congruence modulo an ideal in-
cludes as a special case the concepts of congruence inZ and F|x] used earlier
in this book.

EXAMPLE Let T be the ring of all continuous functions from R to R
and let I be the ideal of all functions g such that g(2) = 0. If f(x) =
x2 + 6 and h(x) = 5x, then the function f— h is in I because

(f—m@2)=f(2)—h(2)=(22+6)—(5-2)=0.
| Therefore f=h (mod I).

Ho et et
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THEOREM 6.2 Let I be an ideal in a ring R. Then the relation of congruence
modulo I is

(1) reflexive: a=a (mod I) for every a € R;
(2) symmeiric: ifa=b (mod 1), then b=a (mod I);
(3) transitive:ifa=>b (modI) and b = c (modI),thena = c (mod1).

This theorem generalizes Theorems 2.1 and 5.1. Observe that the
proof is virtually identical to that of Theorem 2.1 — just replace ““divisible
by n”> with ““is an element of I.”’

Proof of Theorem 6.2 (1) a— a = 0g € I; hence a =a (mod I).

(2) a=b (mod I) means that a ~b =1 for some i€l Therefore
b —a=—(a — b) = —i. Since I is an ideal, the negative of an element of I is
alsoin I, and so b —a= —iel Hence b =a (mod I).

(3)Mfa=b (mod I) and b = ¢ (mod I), then by the definition of con-
gruence, there are elements i and j in I such thata—b=iand b —c=}.
Thereforea — ¢ = (a ~ b) + (b — ¢) = i + j. Since the ideal I is closed under
addition, i +j € I and hence a=c¢ (mod I). B

THEOREM 6.3 Let I be an ideal in a ring R. If a=b (mod I) and
c=d (modI), then

(1) atc=b+d(modlI);
(2) ac=bd (mod I).

This theorem generalizes Theorems 2.2 and 5.2. Its proof is quite
similar to theirs once you make the change to the language of ideals.

Proof of Theorem 6.3 (1) By the definition of congruence, there arei,j € I
such that a — b =i and ¢ — d =j. Therefore (a+c¢)— (b+d)=(a—Db) +
(c—d)=i+jel Hencea+c=b+d (modI).

(2) ac — bd = ac — bc + bc — bd = (@ — b)c + b(c — d) = ic + bj.
Since the ideal I absorbs products on both left and right, ice I and bj e L.
Hence ac — bd = ic + bj € I. Therefore ac = bd (mod I). B

If I is an ideal in a ring R and a € R, then the congruence class of a
modulo I'is the set of all elements of R that are congruent to a modulo I, that
is, the set

{(beR|b=a(modl)}={(beR|b—ae€l}
={(beR|b—a=1i,withiel)
={beR|b=a+i, withiel)
={a+iliel}.
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Consequently, we shall denote the congruence class of a modulo I by the
symbol a + Irather than the symbol [a] that was used in Z and F|x]. The plus
sign in a + I is just a formal symbol; we have not defined the sum of an
element and an ideal. In this context, the congruence class a + I is usually
called a (left) coset of I in R.

THEOREM 6.4 Let I be an ideal in a ring R and let a, c € R. Then
a=c(modl)ifandonlyifa+I=c+ L

Proof With only minor notational changes, the proof of Theorem 2.3
carries over almost verbatim to the present case. Simply replace “mod n”
by “mod I’ and “[a]” by “a + I"’; use Theorem 6.2 in place of Theorem
2.1. 1

COROLLARY 6.5 LetIbeanidealinaringR. Then two cosets of I are either
disjoint or identical.

Proof Copy the proof of Corollary 2.4 with the obvious notational
changes.

If I is an ideal in a ring R, then the set of all cosets of I (congruence
classes modulo I) is denoted R/L.

EXAMPLE Let I be the principal ideal (3) in the ring Z. Then the
cosets of I are just the congruence classes modulo 3, and so there are
three distinct cosets: 0 + 1= [0], 1 +I=[1], and 2 + I = [2]. The set
Z/I of all cosets is precisely the set Z, in our previous notation.

B

EXAMPLE Let I be the ideal in Z[x] consisting of all polynomials with
even constant terms. We claim that Z[x]/I consists of exactly two dis-
tinct cosets, namely, 0 + I and 1 + I. To see this, consider any coset
f(x) + L The constant term of f(x) is either even or odd. If it is even,
then f(x) € I, so that f(x) = 0 (mod I). Therefore f(x) + [= 0+ I by
Theorem 6.4. If f(x) has odd constant term, then f(x) — 1 has even
constant term, so that f(x) =1 (mod I). Thus f(x) +I=1+1 by
Theorem 6.4.

S

EXAMPLE Let T be the ring of continuous functions from R to R and
let Ibe the ideal of all functions g such that g(2) = 0. Note that for each
real number r, the constant function £, (whose rule is f,(x) = r) is an
element of T. Let h(x) be any element of T. Then h(2) is some real
number, say h(2) = ¢, and

(h=f)(2) =h(2) = f2)=c—c=0.

ey
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Thus h — £, € I, so that h = f, (mod I) and hence h + I = f, + I. Conse-
quently, every coset of I can be written in the form £, + I for some real
number r. Furthermore, if ¢ # d, then f£(2) # f4(2), so that
[fe—f4d(2) # 0 and f,— f; ¢ I Hence f,#f; (mod I) and f,+1 #

f4+ L Therefore there are infinitely many distinct cosets of I, one for
each real number r.

EXERCISES

NOTE: R denotes a (not necessarily commutative) ring.

A. 1.

10.

If R is commutative and c € R, prove that I = {rc|r € R}isanideal in
R. [Also, see Exercise 9.]

. Show that the set I of all polynomials with even constant terms is an

ideal in Z[x].

. Show that the set K of all constant polynomials in Z[x] is a subring

but not an ideal in Z|x].

. (a) Show that the set I = {(k,0) |k € Z} is an ideal in the ring Z X Z.

(b) Show that the set T = {(k,k) | k € Z} is not an ideal in Z X Z.

. List the distinct principal ideals in each ring:

(a) Zs (b) Z, (¢) Zys

. Istheset J = {(8 2) |7 € R} an ideal in the ring M(R) of 2 X 2 matri-

ces over R?

. Show that the set K= {(8 g) |a, b € R} is a subring of M(R) that

absorbs products on the right. Show that K is not an ideal because it
may fail to absorb products on the left. Such a set K is sometimes
called a right ideal.

. (a) Verify that I={0, 3} is an ideal in Zg and list all its distinct

cosets.

(b) Verify that I = {0, 3, 6, 9, 12} is an ideal in Z,5 and list all its
distinct cosets.

. Let R be commutative and c € R. Is ¢ in the ideal I defined in Exer-

cise 1? [Hint: Consider the ideal {2k |k € E} in the ring E of even
integers. Also, see Exercise 23.]

(a) Show that the set of nonunits in Zg is an ideal.
(b) Do part (a) for Z,. [Also, see Exercise 24.]
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11.

12.

13.

14.

15.
16.

17.

18.

19.

. 20.

21.
22.

23.

Let R be a ring with identity and let I be an ideal in R.
(a) If 1z €1, prove that I=R.
(b) If I contains a unit, prove that I =R.

Prove that a nonempty subset S of R is a subring if and only if S is
closed under multiplication and has this property: Whenever aq,
b €S, then a — b € S. [Compare Theorem 6.1.]

IfIis anideal in a field F, prove that I = (0g) or I = F. [Hint: Exercise
11]

(a) IfIand ] are ideals in R, prove that I N J is an ideal.

(b) If{I,} is a (possibly infinite) family of ideals in R, prove that the
intersection of all the I, is an ideal.

Give an example in Z to show that the set theoretic union of two
ideals may not be an ideal (in fact, it may not even be a subring).

If Iis an ideal in R and S is a subring of R, prove that I N Sis an ideal
in S.

LetIand Jbeidealsin R. Prove thatthesetK={a+blae b€ J}is
an ideal in R that contains both I and J. K is called the sum of I and J
and is denoted I + .

If Iis anideal in R and [ is an ideal in the ring S, prove that I X Jis an
ideal in the ring R X S.

Give an example to show that in a noncommutative ring R with
c € R, the set {rc|r € R} need not be an ideal. [Compare with Exer-
cise 1.]

Let I and ] be ideals in R. Let IJ denote the set of all possible finite
sums of elements of the form ab (witha € I, b € J). Prove that IJis an
ideal.

If (m, n) = 1 in Z, prove that (m) N (n) is the ideal (mn).

Let Rbe a commutative ring with identity whose only ideals are (0p)
and R. Prove that Ris afield. [Hint: Ifa # Og, use the ideal (a) to find
a multiplicative inverse for a.]

Let R be a commutative ring without identity and let a € R. Show
that A= {ra+na|reR, nel)} is an ideal containing a and that
every ideal containing a also contains A. A is called the principal
ideal generated by a.
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24.

25.

26.

27.

28.

29,

30.

31.

32.

33.

34.

33.

36.

Let B be a commutative ring with identity and let N be the set of
nonunits in R. Give an example to show that N need not be an ideal.

Let R be an integral domain and a, b € R. Show that (a) = (b) if and
only if a = bu for some unit u € R.

Let J be an ideal in a ring R and let I be an ideal in J (considered as a
ring in its own right). Is I an ideal in R? What if J has an identity?
[Hint: The identity in ] need not be 1z if R has an identity.]

If Mis an ideal in a commutative ring R with identity and ifa € R with
a ¢ M, prove that the set

J={m+ra|reRand meM}
is an ideal such that M C J.

If Iis anideal in R, prove that I[x] (polynomials with coefficients in I)
is an ideal in the polynomial ring R[x].

Let f:R — S be a homomorphism of rings and let
K={reR|f(r) =0}
Prove that K is an ideal in R.
Let ] be an ideal in R. Prove that I is an ideal, where
I={reR|rt=0gforevery te]).
Let I be an ideal in R. Prove that K is an ideal, where
K={a€eR|raelforevery reR)}.

Let T be a nonempty subset of a ring R. Let I be the intersection of
all ideals in R that contain T (there is at least one suchideal, Ritself).
Prove that I is an ideal. I is called the ideal generated by the set T.

Let I be an ideal in Z such that (3) C I C Z. Prove that either I = (3)
orlI=17. '

Prove that the set of nilpotent elements in a commutative ring R
form an ideal. [Hint: See Exercise 32 in Section 3.2.]

(a) Prove that the set S of rational numbers (in lowest terms) with
odd denominators is a subring of Q.

(b) Let I be the set of elements of S with even numerators. Prove
that I is an ideal in S.

(c) Show that S/I consists of exactly two distinct cosets.

(a) Let pbe aprime integer and let T be the set of rational numbers
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37.

38.

39.

40.

. 41.

(in lowest terms) whose denominators are not divisible by p.
Prove that T is a ring.

(b) Let Ibe the set of elements of T whose numerators are divisible
by p. Prove that I is an ideal in T.

(c) Show that T/I consists of exactly p distinct cosets.

Let ] be the set of all polynomials with zero constant term in Z|[x].
(a) Show that J is the principal ideal (x) in Z[x].

(b) Show that Z[x]/] consists of an infinite number of distinct cosets,
one for each n e Z.

(a) Prove that the set T of matrices of the form (8 I;) witha, b € Ris
a subring of M(R).

(b) Prove that the set I of matrices of the form (8 g) withb € Risan

ideal in the ring T.

(c) Show that every coset in T/I can be written in the form
a0
(69)+1

(a) Prove that the set S of matrices of the form (a b) witha,b,c e R

0c
is a subring of M(R).
(b) Prove that the set I of matrices of the form < ’ b) withb € Risan

00
ideal in the ring S.

(c) Show that there are infinitely many distinct cosets in §/1, one for
each pair in R X R.

(a) Prove that the set J of all polynomials in Z[x] whose constant
terms are divisible by 3 is an ideal.

(b) Show that J is not a principal ideal.

Prove that every ideal in Z is principal. [Hint: If I is anonzero ideal in
Z, show that I must contain positive elements; use the Division
Algorithm to show that I = (c), where ¢ is the smallest positive
integer in ]
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42. Let F be afield. Prove that every ideal in F[x] is principal. [Hint: Use
the Division Algorithm to show that the nonzero ideal I in F[x] is
(p(x)), where p(x) is a polynomial of smallest possible degree in L]

43. Prove that a subring S of Z,, has an identity if and only if there is an
element u in § such that 4> = u and § is the ideal (u).

44, Show that the ring M(R) has no ideals except the zero ideal and M(R)
itself but M(R) is not a division ring.

6.2 Quotient Rings and Homomorphisms

We now show that the set of congruence classes modulo an ideal is
itself a ring. As you might expect, this is a straightforward generalization of
what we did with congruence classes in Z and F[x]. However, you may not
have expected these rings of congruence classes to have close connections
with some topics studied in Chapter 3, isomorphisms and homomorphisms.
These connections are explored in detail and provide new insight into the
structure of rings.

Let I be an ideal in a ring R. The elements of the set R/I are the cosets
of I (congruence classes modulo I), that is, all sets of the form a + 1=
{a+i|iel). In order to define addition and multiplication of cosets as we
did with congruence classes in Z and F[x], we need

THEOREM 6.6 Let1beanidealinaringR. IfatI=c+Iandb+1=
d + Iin R/I, then

(a+b)+I=(c+d)+1 and ab+I=cd+ L

Proof This is a generalization of Theorem 2.6, in slightly different nota-
tion. Replace “[a]” by “a + I”” and copy the proof of Theorem 2.6, using
Theorems 6.3 and 6.4 in place of Theorems 2.2 and 2.3. B

We can now define addition and multiplication in R/I just as we did in
Z, and F|x]/(p(x)): The sum of the coset a + I (congruence class of a) and the
coset ¢ + I (congruence class of ¢) is the coset (a + ¢) + I (congruence class
of a + ¢). In symbols,

(@a+D+{c+D)=@+c)+1L

This statement may be a bit confusing because the plus sign is used with
three entirely different meanings:
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as a formal symbol to denote a coset: a + I;
as an operation on elements of R: a + ¢;
as the addition operation on cosets that is being defined.*

The important thing is that, because of Theorem 6.6, coset addition is
independent of the choice of representative elements in each coset. Even if
we replace a + I by an equal coset b + [ and replace ¢ + I by an equal coset
d + I, the resulting coset sum, namely (b + d) + I, isthe same as (a + b) + L.

Multiplication of cosets is defined similarly and is independent of the
choice of representatives by Theorem 6.6:

(@a+ct+t)=ac+ L

EXAMPLE If[is the principal ideal (3) in Z, then addition and multi-
plication of cosets is the same as addition and multiplication of con-
gruence classes in Chapter 2. Thus Z/I is just Z;.

|
i

EXAMPLE Let I be the ideal of polynomials with even constant terms
in Z[x]. As we saw on page 131, Z[x]/I consists of just two distinct
cosets, 0 +T and 1+1 We have 1 +DN+(1+D=(1+1)+I=
2+ Lbut2 el sothat 2 =0 (modI)and hence 2 + I = 0 + I. Similar
calculations produce the following tables for Z[x]/I. It is easy to see
that Z[x]/I is a ring (in fact, a field) isomorphic to Z,:

+ ‘ 0+1 1+1 . l 0+1 1+1
0+1 0+1 1+1 0+1 0+1I 041
1+1 1+1 0+1 1+1 0+1 1+1

These examples illustrate the following theorem, which should not be
very surprising in view of your previous experience with Z and F|x].

THEOREM 6.7 Let I be an ideal in a ring R. Then

(1) R/l is a ring, with addition and multiplication of cosets as defined
above.

(2) If R is commutative, then R/I is a commutative ring.

(3) If R has an identity, then so does the ring R/1.

Proof (1) With the usual change of notation (“‘a + I’ instead of ““[a]”’), the
proof of Theorem 2.7 carries over to the present situation since that proof

* This ambiguity can be avoided by using a different notation for cosets, such as [a], and a
different symbol for coset addition, such as ®. The notation above is customary, however, and
once you're used to it, there should be no confusion.
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depends only on the fact that Z is a ring. Don’t take our word for it, though;
write out the proof in detail for yourself.

(2) If R is commutative and a, ¢ € R, then ac = ca. Consequently, in R/I
we have (a+I){c+I)=ac+I=ca+I=(c+I)a+1I). Hence R/I is
commutative.

(3) The identity in R/I is the coset 15 + I because (a + I)(1z+ 1) =
alg+I=a+1and similarly (1g+a+I)=a+ L 1

The ring R/I is called the quotient ring (or factor ring) of R by I. One
sometimes speaks of factoring out the ideal I to obtain the quotient ring R/I.
Quotient rings are the natural generalization of congruence class arithmetic
in Z and Flx]. As is often the case in mathematics, however, a concept
developed with one idea in mind may have unexpected linkages with other
important mathematical concepts. That is precisely the situation here. We
shall now see that the concept of homomorphism that arose in our study of
isomorphism of rings in Chapter 3 is closely related to ideals and quotient
rings.

THEOREM 6.8 Let f:R— S be a homomorphism of rings and let K=
{r € R|f(r) = Os). Then K is an ideal in the ring R.

Proof Ifa.b € K, then f(a — b) = f(a) — f(b) = 05 — 05 = Og. Therefore a,
b € K implies that a—be K. If reR and a €K, then f(ra) = f(r)f(a) =
f(nN0s=0g and f(ar) = f(a)f(r) = 05f(r) = O5. Hence ra € K and are K.
Therefore K is an ideal by Theorem 6.1. 8

The ideal K in Theorem 6.8 is called the kernel of the homomorphism
f When the kernel is a ““large”” ideal in R, then many nonzero elements of R
are mapped by fto Og. The other extreme is to have a kernel that is as small
as possible, namely, the zero ideal. In this case, we have

THEOREM 6.9 Let f:R — S be a homomorphism of rings with kernel K.
Then K = (0g) if and only if f is injective.

Proof Suppose K= (0p) and f(a) = f(b). Then because f is a homomor-
phism, f(a — b) = f(a) — f(b) = 05. Hence a — b is in the kernel K, so that
a — b = 0g and a = b. Therefore fis injective. Conversely, if fis injective
and f(c) = Og, then f(c) = f(0g) by Theorem 3.10. Therefore ¢ = 0z by
injectivity. Hence the kernel K consists of the single element 05. §

Theorem 6.8 states that every kernel is an ideal. Conversely, every
ideal is the kernel of a homomorphism:
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THEOREM 6.10 Let I be anidealin a ring R. Then the map n: R — R/I given
by n(r) =r + L is a surjective homomorphism with kernel I.

The map 7 is called the natural homomorphism from R to R/IL

Proof of Theorem 6.10 The map 7 is surjective because given any coset
r+ Iin R/I, n(r) = r + I. The definition of addition and multiplication in R/I
shows that 7 is a homomorphism:

ar+s)=@r+s)+I=(r+I)+(s+1I)=n(r)+ n(s);
a(rs)=rs+I1=(r+1)(s+1I)=n(rns).

The kernel of 7 is the set of elements r € R such that 7(r) = 0y + I (the zero
element in R/I). However, ni(r) = 0f + I if and only if r + I = 0z + I, which
occurs if and only if r = 0y (mod I), that is, if and only if r € I. Therefore I'is
the kernel of 7. B

The natural homomorphism 7 in Theorem 6.10 is a special case of a
more general situation. If f: R — S is a surjective homomorphism of rings,
we say that S is a homomorphic image of R. If f is actually an isomorphism
(so that § is an isomorphic image of R), then we know that R and S have
identical structure. Whenever one of them has a particular algebraic prop-
erty, the other one has it too. If fis not an isomorphism, then properties of
one ring may not hold in the other. However, the properties of S and the
homomorphism foften give us some useful information about R. An analogy
with sculpture and photography may be helpful: If f:R — S is an isomor-
phism, then S is an exact, three-dimensional replica of R. If f is only a
surjective homomorphism, then S is a two-dimensional photographic image
of R in which some features of R are accurately reflected but others are
distorted or missing. The next theorem tells us precisely how R, S, and the
kernel of f are related in these circumstances.

THEOREM 6.11 (FIRSTISOMORPHISM THEOREM) Let f:R — S be a sur-
Jjective homomorphism of rings with kernel K. Then the quotient ring R/K is
isomorphic to S.

The theorem states that every homomorphic image of aring R is of the
form R/K for some ideal K. Thus the possible quotient rings of R are identi-
cal to the possible homomorphic images of R. The ideal K measures how
much information is lost in passing from the ring R to the homomorphic
image R/K. When K = (0g), then fis an isomorphism by Theorem 6.9 and
no information is lost. But when K is large, quite a bit may be lost.
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Proof of Theorem 6.11 Ifr + K=1t+ K, then r — t € K by Theorem 6.4.
Consequently, since f is a homomorphism, f(r) — f(t) = f(r — t) = Os.
Therefore r + K =1t + K implies that f(r) = f(#). It follows that the map
¢:R/K — S given by the rule ¢(r + K) = f(r) is a well-defined function,
independent of how the coset is written. If s € S, then s = f(r) for some r € R
because f is surjective. Thus s = f(r) = ¢(r + K), and ¢ is surjective. If
o(r + K) = ¢(c + K), then f(r) = f(c), so that 0g= f(r) — f(c) =f(r — ¢).
Hence r — ¢ € K, which implies that r + K = ¢ + Kby Theorem 6.4. There-
fore ¢ is injective. Finally, ¢ is a homomorphism because fis:

¢l(c + K)(d + K)| = ¢(cd + K) = f(cd) = f(e)f(d)
= g(c + K)p(d + K)

and
gl(c + K) + (d + K)] = ¢l(c + d) + K] = flc + d) = f(c) + f(d)
=gp(c+ K) + o(d + K).
Therefore ¢: R/K — S is an isomorphism. B

The First Isomorphism Theorem is a useful tool for determining the
structure of quotient rings, as illustrated in these examples.

§ EXAMPLE If f(x) is a polynomial in Z[x], then its constant term is an
. element of Z. Define a function 8:Z[x] — Z by mapping each polyno-
mial in Z[x] to its constant term in Z. The map 6 is certainly surjective
because each k € Z is the image of the polynomial x + k in Z[x]. It is not
difficult to verify that 6 is a homomorphism of rings (Exercise 1). The
kernel of 6 consists of those polynomials that are mapped to 0 inZ, that
is, the polynomials in Z[x] with zero constant term. However, the
polynomials with zero constant term are exactly the polynomials with
x as a factor. Thus the kernel of 8 is the principal ideal (x) consisting of
all multiples of x. By Theorem 6.11, the quotient ring Z|[x]/(x) is iso-
morphic to Z.

EXAMPLE Let Tbe the ring of continuous functions fromR toR and I
the ideal of all functions g such that g(2) = 0. On page 131 we saw
that T/I consists of the cosets f, + I, one for each real number r, where
f.:R — R is the constant function given by f.(x) = r for every x. This
suggests the possibility that the quotient ring T/I might be isomorphic
to the field R. We shall use Theorem 6.11 to show that this is indeed
the case by constructing a surjective homomorphism from T to R
whose kernel is the ideal I. Let ¢: T — R be the function defined by
o(f) = f(2). Then ¢ is surjective because for every real number r,
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r = f(2) = ¢(f,). Furthermore ¢ is a homomorphism of rings:

o(f+h)=(f+h)(2)=f(2) + h(2)=9(f) + o(h)
o(fR) = (fW)(2) = f(2)h(2) = o(f)o(h).

By definition, the kernel of ¢ is the set {geT|p(g) =0)=
{g € T| g(2) = 0}. Thus the kernel is precisely the ideal I. By Theorem
6.11, T/I is isomorphic to R.

EXERCISES
A. 1. Show that the map 6:Z[x] — Z that sends each polynomial f(x) to its
constant term is a homomorphism.

2. Show that the only homomorphic images of a field F (up to isomor-
phism) are F itself and the zero ring. [Hint: See Exercise 13 in
Section 6.1.]

3. If Fisafield, R a nonzero ring, and f: F — R a surjective homomor-
phism, prove that fis an isomorphism.

4. Let [a], denote the congruence class of the integer a modulo n.
(a) Show that the map f:Z,, — Z, that sends [a],, to [a], is a well-

defined, surjective homomorphism.
(b) Find the kernel of f.

5. Let I be an ideal in an integral domain R. Is it true that R/I is also an
integral domain?

6. (a) List all ideals in Z,,.

(b) For each ideal I in part (a), write out the addition and multipli-
cation tables of Z,,/I.

(c) Show that every homomorphic image of Z,, is isomorphic to
one of these rings: 0,2Z,,72,,2,,2¢,Z,,.

7. Let T be the ring of all multiples of 3 in Z. Let I = {0, =6, =12,

+18, ... ).
(a) Show that Iis an ideal in T.

(b) Write out the addition and multiplication tables of T/I and ver-
ify that T/I is a field. Note that T/I has a multiplicative identity
even though T does not.
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8.

B. 10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

(a) Let I={0, 3} in Zg. Verify that I is an ideal and show that
Zf1=1,.

(b) Let J={0, 5} in Z,4. Verify that J is an ideal and show that
Z,,/] = Zs.

. If R is a ring, show that R/(0g) = R.

Let Rand Sbe rings. Show that 7: R X S — Rgivenby n(r,s) = risa
surjective homomorphism whose kernel is isomorphic to S.

Let I and K be ideals in a ring R, with K CI. Prove that I/K =
{a + K|a €I} is an ideal in the quotient ring R/K.

(a) Letf:R — Sbe asurjective homomorphism of rings and let I be
an ideal in R. Prove that f(I) is an ideal in S, where f(I) =
{s € S|s=f(a) for some a € I}.

(b) Show by example that part (a) may be false if fis not surjective.

Show that the map ¢: R[x] — R given by ¢(f(x)) = f(1) isa surjective
homomorphism whose kernel is the principal ideal (x — 1).

Let I be an ideal in a noncommutative ring R such that ab — ba e I
for all a, b € R. Prove that R/I is commutative.

Let I be an ideal in a ring R. Prove that every element in R/I has a
square root if and only if for every a € R, there exists b € R such that
a—b%el

Let I be an ideal in a ring R. Prove that every element in R/I is a
solution of x2 = x if and only if for everya € R, a®> —a € L

Let I be an ideal in a commutative ring R. Prove that R/I has an
identity if and only if there exists ¢ € R such that ea — a € I for every
a € R. [Hint: See Exercise 7 for an example.]

Let I # R be an ideal in a commutative ring R with identity. Prove
that R/I is an integral domain if and only if whenever ab € I, either
aelorbel

Describe all possible homomorphic images of Z. [Hint: You may
assume Exercise 41 in Section 6.1.]

Let R be a commutative ring with identity with the property that
every ideal in R is principal. Prove that every homomorphic image
of R has the same property.

al

(a) Show that R= {(b .

) la, b, ce Z} is a ring with identity.
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22,

23.
24.

25.

26.

27.

28.
29.
30.
31.

. 32,

33.

(b) Show that the map f: R — Z given byf(z (c)) = aisasurjective
homomorphism.
(c) What is the kernel of f?

Let f: R — S be a homomorphism of rings with kernel K. Let I be an
ideal in R such that I C K. Show that f:R/I — S given by f(r + 1) =
f(r) is a well-defined homomorphism.

Use the First Isomorphism Theorem to show that Z,y/(5) = Zj.

Let f: R — S be a homomorphism of rings. If J is an ideal in S and
I={reR]|f(r) €]}, prove that I is an ideal in R that contains the
kernel of f.

(a) Let R be aring with identity. Show that the map f:Z — R given
by f(k) = klg is a homomorphism.

(b) Show that the kernel of fis the ideal (n), where n is the charac-
teristic of R. [Hint: See Exercise 28 in Section 3.2 and Exercise
41 in Section 6.1.]

Find at least three idempotents in the quotient ring Q[x]/(x* + x2).
[See Exercise 2 in Section 3.2.]

Let R be a commutative ring and J the ideal of all nilpotent elements
of R. (As in Exercise 34 in Section 6.1.) Prove that the quotient ring
R/J has no nonzero nilpotent elements.

Let S and I be as in Exercise 35 of Section 6.1. Prove that S/I =Z,.

Let T and I be as in Exercise 36 of Section 6.1. Prove that T/I = 1Z,,.

Let T and I be as in Exercise 38 of Section 6.1. Prove that T/ = R.

ket % and I be as in Exercise 39 of Section 6.1. Prove that S/I =
XR.

(The Second Isomorphism Theorem) Let I and ] be ideals in a ring
R. ThenINJisanidealin I, and Jis an ideal in I + J by Exercises 16

and 17 of Section 6.1. Prove that i r{' j = I—-;'l [Hint: Show that
f:I— (I+])/] given by f(a) = a + ] is a surjective homomorphism
with kernel IN J]

(The Third Isomorphism Theorem) Let I and K be ideals in aring R

such that K C I. Then I/K is an ideal in R/K by Exercise 11. Prove
that (R/K)/(I/K) = R/I. [Hint: Show that the map f: R/K — R/I given
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by f(r+K)=r+1 is a well-defined surjective homomorphism
with kernel I/K.]

34. (a) Let K be an ideal in a ring R. Prove that every ideal in the
quotient ring R/K is of the form I/K for some ideal I in R. [Hint:
Exercises 11 and 24.]

(b) Iff: R — Sisasurjective homomorphism of rings with kernel K,
prove that there is a bijective function from the set of all ideals
of S to the set of all ideals of R that contain K. [Hint: Part (a) and
Exercise 12.]

6.3 The Structure of R/l When I Is Prime or Maximal

Quotient rings were developed as a natural generalization of the rings
Z, and F[x]/(p(x)). When p is prime and p(x) irreducible, then Z, and
F[x]/(p(x)) are fields. In this section we explore the analogue of this situation
for quotient rings of commutative rings. We shall determine the conditions
necessary for a quotient ring to be either an integral domain or a field.

PrimesinZ and irreducibles in F{x] play essentially the same role in the
structure of the congruence class rings. Our first task in arbitrary commuta-
tive rings is to find some reasonable way of describing this role in terms of
ideals. According to Theorem 1.8, a nonzero integer p (other than +1) is
prime if and only if p has this property: Wheneverp | bc, thenp|borp|c. To
say that p | a means that a is a multiple of p, that is, a is an element of the
principal ideal (p) of all multiples of p. Thus this property of primes can be
rephrased in terms of ideals:

If p # 0, 1, then p is prime if and only if
whenever bc € (p), then b € (p) or c € (p).

The conditionp # =1 guarantees that 1 is not amultiple of p and hence that
the ideal (p) is not all of Z. Using this situation as a model, we have this

DEFINITION Anideal Pin a commutative ring R is said to be prime if P # R
and whenever bc € P, then b € Por c € P.

EXAMPLE Asshown above, the principal ideal (p) is prime in Z when-
ever p is a prime integer. On the other hand, the ideal P = (6) is not
prime in Z because 2 - 3 € Pbut 2¢ Pand 3 ¢ P.

! EXAMPLE The zero ideal in any integral domain R is prime because
ab = Og implies a = 0g or b = 0.
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EXAMPLE Theorem 4.8 shows that if Fis a field and p(x) is irreducible
in Fx|, then the principal ideal (p(x)) is prime in F[x].

EXAMPLE LetIbe the ideal of polynomials with even constant terms
in Z[x|. Then I is not principal (page 128) and clearly I # Z[x]. Let
fix)=a,x"+ - - - +agand g(x) =b,,x™+ - - - + by be polynomials
in Z[x] such that f(x)g(x) € I. Then the constant term of f(x)g(x), namely
ayby, must be even. Since the product of two odd integers is odd, we
conclude that either ag is even (that is, f(x) € I) or b, is even (that is,
g(x) € I). Therefore I is a prime ideal.

The ideal I in the preceding example is prime, and the quotient ring
Z]x)/1is a field (see the last example on page 137). Similarly, Z/(p) =Z,is a
field when p is prime. However, the next example shows that R/P may not
always be a field when P is prime.

EXAMPLE The principal ideal (x) in the ring Z[x] consists of polyno-
mials that are multiples of x, that is, polynomials with zero constant
terms. Hence (x) # Z[x]. If f(x)=a,x"+ --- +a, and gx) =
b,x™+ - - - + by and f(x)g(x) € I, then the constant term of f(x)g(x),
namely ayb,, must be 0. This can happen only if @, = 0 or by, = 0, that
is, only if f(x) € (x) or g(x) € (x). Therefore (x) is a prime ideal. How-
ever, the example after Theorem 6.11 shows that the quotient ring
Z[x]/(x) is isomorphic to Z. Therefore Z[x|/(x) is an integral domain but
not a field.

In light of the preceding example, the next theorem is the best we can
do with prime ideals.

THEOREM 6.12 Let P be an ideal in a commutative ring R with identity.
Then P is a prime ideal if and only if the quotient ring R/P is an integral
domain.

Proof We shall frequently use the following fact, which follows from
Theorem 6.4:

(*) a+P=0y+P ifandonlyif a€P.

Note that R/P is a commutative ring with identity by Theorem 6.7. The
condition P # R is equivalent to saying 15 ¢ P because any ideal containing
1z must be the whole ring. However, 1z ¢ Pifand only if 1, + P # 0 + P
by (*). Under these circumstances, R/P is an integral domain if and only if

R/P has no zero divisors.
Suppose R/P is an integral domain. If bc € P, then (b + P)(c + P) =
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bc+ P=0gz+ Pby (*). Thusb + P= 04 + Por c + P= 0z + Pbecause R/P
has no zero divisors. Hence b € P or c¢ € P. Therefore P is prime.

Now suppose P is prime. If (b+ P)(c+ P) =0z + P, then bc + P=
Og + P and bce P by (*). Hence be P or ce P. Thus b+P=0z+ P or
¢+ P=0g + P, so that R/P has no zero divisors. Therefore R/P is an in-
tegral domain. B

Since the quotient ring modulo a prime ideal is not necessarily a field,
it is natural to ask what conditions an ideal must satisfy in order for the
quotient ring to be a field.

2% EXAMPLE Consider the ideal (3) in Z. We know that Z/(3) =Z, is a
% field. Now consider the ideal (3). Suppose J is an ideal such that
% (3) T JC Z.1f] # (3), then there exists a € Jwith a ¢ (3). In particular,
. 3/ a, sothat 3 and a are relatively prime. Hence there are integers u
' and v such that 3u + av = 1. Since 3 and a are in the ideal J, it follows
. that 1 € ]. Therefore ] = Z by Exercise 11 of Section 6.1, and so there
i are no ideals strictly between (3) and Z.

3;%5 EXAMPLE The quotient ring Z|x]/(x) is not a field. Furthermore, the
% ideal I of polynomials with even constant terms lies strictly between
: (x) and Z[x}, that is, (x) C I ¢ Z[x].

Here is a formal definition of the property suggested by these exam-
ples:

DEFINITION An ideal M in a ring R is said to be maximal if M # R and
whenever [ is an ideal such that M C J C R, then M= Jor = R.

For example, the ideal (3) is maximal in Z and the ideal (x) is not
maximal in Z|x]. Note that a ring may have more than one maximal ideal.
The ideal {0, 2, 4} is maximal in Zg, and so is the ideal {0, 3}. There are
infinitely many maximal ideals in Z (Exercise 3). Maximal ideals provide the
following answer to the question posed above:

THEOREM 6.13 Let M be an ideal in a commutative ring R with identity.
Then M is a maximal ideal if and only if the quotient ring R/M is a field.

Proof As in the proof of Theorem 6.12, B/M is a commutative ring with

identity and M # Rifandonlyif 1z + M # 0g + M. Consequently, R/Misa

field if and only if each nonzero element has a multiplicative inverse.
Suppose R/M is a field and M C J C R for some ideal J. If M # ], then
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there exists a € ] with a ¢ M. Hence a + M # 0z + M in the field R/M, and
a+ Mhasan inverse b + Msuch that (a+ M)(b+M)=ab+ M= 1+ M.
Then ab = 13 (mod M) by Theorem 6.4, so that ab — 13 = m for some
m € M. Thus 15 = ab — m. Since a and m are in the ideal J, it follows that
1z € J and J = R. Therefore M is a maximal ideal.

Now suppose M is maximal. If a + M is anonzero element of R/M, then
a ¢ M (otherwise a + M would be the zero coset). Theset ] = {m + ra|re R
and m € M} is an ideal in R that contains M by Exercise 27 of Section 6.1.
Furthermore, a = 0z + 1z a is in ], so that M # J. By maximality we must
have | = R. Hence 15 € J, which implies that 1 = m + ca for some m ¢ M
and ¢ € R. Note that ca — 13 = m € M, so that ca = 1, (mod M), and hence
ca+ M= 13+ M by Theorem 6.4. Consequently, the coset ¢ + M is the
inverse of a + M in R/M:

(c+M)a+M)=ca+M=1+M.
Therefore R/M is a field. B

COROLLARY 6.14 In a commutative ring R with identity, every maximal
ideal is prime.

Proof If Mis a maximal ideal, then R/M is a field by Theorem 6.13. Hence
R/M is an integral domain by Corollary 3.8. Therefore M is prime by
Theorem 6.12. I

Theorem 6.13 can be used to show that several familiar ideals are
maximal.

EXAMPLE The ideal I of polynomials with even constant terms in Z[x]
is maximal because Z[x]/I is a field (see the last example on page 137).

EXAMPLE Let T be the ring of continuous functions from R to R and
let I be the ideal of all functions g such that g(2) = 0. On pages 140 -
141 we saw that T/I is a field isomorphic to R. Therefore Iis a maximal
ideal in T. It can be shown that every maximal ideal in T'is of this type.

EXERCISES

A. 1. Ifnis a composite integer, prove that (n) is not a prime ideal in Z.

2. Give an example to show that the intersection of two prime ideals
need not be prime.
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3.

B. 10.

11.

12.

13.
14.

15.

16.

(a) Provethatanonzero integer pis prime if and only if the ideal (p)
is maximal in Z.

(b) Let F be a field and p(x) € Flx]. Prove that p(x) is irreducible if
and only if the ideal (p(x)) is maximal.

. Let R be a commutative ring with identity. Prove that R is an inte-

gral domain if and only if (0p) is a prime ideal.

. List all maximal ideals in Z4. Do the same in Z,,.

. (a) Show that there is exactly one maximal ideal in Z5. Do the same

fOr Zg .

(b) Show that Z,, and Z,5 have more than one maximal ideal.

. Let R be a commutative ring with identity. Prove that R is a field if

and only if (0g) is a maximal ideal.

. If R is a finite commutative ring with identity, prove that every

prime ideal in R is maximal. [Hint: Theorem 3.9.]

Let Rbe an integral domain in which every ideal is principal. If (p) is
a prime ideal in R; prove that p has this property: Whenever p
factors, p = cd, then ¢ or d is a unit in R.

Let p be a fixed prime and let J be the set of polynomials in Z[x]
whose constant terms are divisible by p. Prove that J is a maximal

ideal in Z[x].

Show that the principal ideal (x —1) in Z[x] is prime but
not maximal.

If p is a prime integer, prove that M is a maximal ideal in Z X Z,
where M = {(pa, b) |a, b € Z}.

Find an ideal in Z X Z that is prime but not maximal.

If P is a prime ideal in a commutative ring R, is the ideal PX P a
prime ideal in R X R?

(a) Let R be the set of integers equipped with the usual addition
and multiplication given by ab = 0 for all 4, b € R. Show that Ris
a commutative ring.

(b) Show that M= {0, +2, +4,+6, . . . }isa maximal ideal in R
that is not prime. Explain why this result does not contradict
Corollary 6.14.

Show thatM = {0,+4,£8, . . . }isamaximal ideal in the ring E of
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17.

18.

19.

. 20.

21.

22,
23.
24.

even integers but E/M is not a field. Explain why this result does not
contradict Theorem 6.13.

Let f: R — S be a surjective homomorphism of commutative rings.
If ] is a prime ideal in S and I = {r € R|f(r) € J}, prove that I is a
prime deal in R.

Let Pbe an ideal in a commutative ring R with P # R. Prove that Pis
prime if and only if it has this property: Whenever A and B are ideals
in RsuchthatAB C P,then A C Por B C P. [ABisdefined in Exercise
20 of Section 6.1. This property is used as a definition of prime ideal
in noncommutative rings.|

Assume that when R is anonzero ring with identity, then every ideal
of R except R itself is contained in a maximal ideal (the proof of this
factisbeyond the scope of thisbook). Prove that a commutative ring
R with identity has a unique maximal ideal if and only if the set of
nonunits in R is an ideal (such a ring is called a local ring).

(a) Prove that R={a + bi|a, b € Z} is a subring of C and that
M={a+bi|3|aand 3|b)

is a maximal ideal in R. [Hint: If r +si ¢ M, then 3 [ror 3 | s.
Show that 3 does not divide r2 + s2 = (r + si)(r — si). Then
show that any ideal containing » + si and M also contains 1.]

(b) Show that R/M is a field with nine elements.

Let R be as in Exercise 20. Show that J is not a maximal ideal in R,
where | = {a + bi| 5| aand 5 | b}. [Hint: Consider the principal ideal
K=(2+i)inR]

If R and J are as in Exercise 21, show that R/J = Zy X Z,.
If R and K are as in Exercise 21, show that R/K = Zj.

Prove that T={a+ bv2|a, beZ} is a subring of R and M=
{a+bV2|5|aand 5|b) is a maximal ideal in T.
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CHAPTER 7
GROUPS

Rings were a natural place to begin the study of abstract algebra because
you already had a great deal of experience with particular rings (such as the
integers, real numbers, and polynomials). Now it is time to consider some
less familiar algebraic systems that arise in science and mathematics. The
most important of these is the concept of a group, which is an algebraic
system with a single operation. Groups arise naturally in the study of sym-
metry, geometric transformations, algebraic coding theory, and in the anal-
ysis of the roots of polynomial equations.

In the first seven sections of this chapter, we develop the group ana-
logues of the concepts that have proved useful in the study of rings: sub-
groups, isomorphism, congruence, quotient groups, and homomorphisms.
In the last two sections, we investigate the structure of finite groups, a topic
with a much different flavor than ring theory.

7.1 Definition and Examples of Groups

A group is an algebraic system with one operation. Some groups, as we
shall see, arise from rings by ignoring one of the ring operations and con-
centrating on the other. But many groups have no such direct connection
with rings. The most important of these latter groups (the ones that were the
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historical starting point of group theory) developed from the study of per-
mutations. * Consequently, we begin with a consideration of permutations.

Informally, a permutation of a set T is just a rearrangement of ils
elements. For example, there are six possible permutations of T= {1, 2, 3}:

123 132 213 231 312 321.

Each such ordering determines abijective function from Tto T: map 1 to the
first element of the ordering, 2 to the second, and 3 to the third. For
instance, 2 3 1 determines the function f: T — T whose rule is f{1) = 2;
f(2) = 3;f(3) = 1. Conversely, every bijective function from Tto T definesa
rearrangement of the elements from 1, 2, 3 to f{1), A2), A3). Consequently,
we define a permutation of a set Tto be a bijective function from Tto T. This
definition preserves the informal idea of rearrangement and has the advan-
tage of being applicable to infinite sets. For now, however, we shall con-
centrate on finite sets and develop a convenient notation for dealing with
their permutations.

EXAMPLE LetT= (1,2, 3}). The permutation f whose rule is f{1) = 2,
f(2) = 3, f(3) = 1 may be represented by the array é g :13 , in which

the image under f of an element in the first row is listed immediately
below it in the second row. Using this notation, the six permutations of

T are
3
3

)

Since the composition of two bijective functions is itself bijective,**
the composition of any two of these permutations is one of the six

permutations on the list above. For instance, if f= é ; ? and g =

N
ot
=N W
Do o
\—/

N
DO =
W N oo
— 0O
v
N
(o]
D - po

(1 2 3), then f o g is the function given by

213
(f°8)(1) =flg(1) =A2) =2
(feg)(2)=Ag2)=A1)=3
(f°8)3)=1e3)=f3) =1

*In the early nineteenth century, permutations played a key role in the attempt to find
formulas similar to the quadratic formula that could be used to solve higher-degree polynomial
equations. For more information, see Chapter 11.

** See Appendix B.
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123
Thus fo g= ( 93 1). It is usually easier to make computations like

this by visually tracing an element’s progress as we apply first g and
then f; for example,

¥ RN

L2 3y T 2 3 1 2 3
(1 . )\O | ) = )
3 02 ] 21 3 2 3 1
\‘\ ~ - /)

e — — e ——

If we denote the set of permutations of T by S, then composition of
functions ( ¢ ) is an operation on the set S; with this property:

If fe S;and g€ S5, then fo g€ S;.
Since composition of functions is associative,* we see that

(fog)oeh=fo(geoh) forallf g heSs.

123
Verify that the identity permutation I = (1 23

Ief=f and fel=f  foreveryfeS,.

Every bijection has an inverse function;* consequently,

) has this property:

if f € S, then there exists g € S; such that
feg=1 and gof=1L

For instance, if f= (:13 % g), then g = (; g ?) because

12 3)_(1 2 3\_(1 2 3
312/°\231/7\123
12 3\, (1 2 3\_(1 23
2 3 1)°\31¢2/7\1 2 3/

You should determine the inverses of the other permutations in S3
(Exercise 1). Finally, note that f° g may not be equal to g o f; for

instance,
1 2 3 p! 2 3)_ (1 2 3
3 2 1 2 1 3 2 31

* See Appendix B.

and
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but
12 3\ (1 2 3)_{(1 2 3
2 1 3 3 21 31 2/

By abstracting the key properties of S; under the operation, we obtain
this

DEFINITION A group is a nonempty set G equipped with an operationt that
satisfies the following axioms:

1. Closure:Ifae Gand be G, thenaxbe G.

2. Associativity: a *x (b xc) = (a* b) x c foralla, b, c€ G.

3. There is an element e € G (called the identity element) such that
axe=a=ex*aforeveryaceG.

4. Foreachae G, thereis anelement d € G (called the inverse of a) such
thataxd=candd*a=e.

A group is said to be abeliantt if it also satisfies this axiom:
5. Commutativity: a*b=D>b x a forall a, b € G.

A group G is said to be finite (or of finite order) if it has a finite number
of elements. In this case, the number of elements in G is called the order of
G and is denoted |Gl. A group with infinitely many elements is said to have
infinite order.

EXAMPLE The discusion preceding the definition shows that S, is a
nonabelian group of order 6, with the operation * being composition
of functions.

If R is a ring, then it has two associative operations, and it is natural to
ask if R is a group under either one. An examination of the first five axioms
for a ring (page 40) shows that they are identical to the five axioms for an
abelian group, with the operation * being +, the identity element e being
Oz, and the inverse of a being —a. Thus

every ring is an abelian group under addition.

Hereafter when we use the word “‘group” without any qualification in
referring to Z or Z,, or R or other well-known rings, it is understood that the
group operation is addition.

} See Appendix B.
1 In honor of the Norwegian mathematician N. H. Abel.
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Under multiplication, however, a nonzero ring is never agroup (Exer-
cise 4). But certain subsets of a ring may be groups under multiplication.

EXAMPLE The subset {1,—1,{, —i} of the complex numbers forms an
abelian group of order 4 under multiplication. You can easily verify
closure, and 1 is the identity element. Since i(—i) = 1, i and —i are
inverses of each other; —1 is its own inverse since (—1)(—1) = 1.
Hence Axiom 4 holds.

EXAMPLE The positive rational numbers Q** form an infinite abelian
group under multiplication, for the product of positive numbers is
positive and 1 is the identity element. The inverse of ais 1/a. Similarly,
the positive reals form an abelian group under multiplication. The
positive integers do not, however, since the equation ax = 1 (with
a = 2) has no solution in Z, so that a has no inverse under multiplica-
tion (Axiom 4 fails).

Let R be aring withidentity and Uthe set of units*in R. The product of
units is a unit (Exercise 7 in Section 3.2), 15 is the identity element, and
Axiom 4 holds in U by the definition of a unit. Therefore

the set of units in a ring with identity is a group under multiplication.

EXAMPLE Denote the multiplicative group of units in Z,, by U,. Ac-
cording to Corollary 2.9, U, consists of all a € Z, such that (a, n) =1
(when a is considered as an ordinary integer). Thus the group of units
inZgisUg = {1, 3,5, 7},and the group of unitsinZ,5is U;5 = {1, 2, 4, 7,
8, 11, 13, 14}. Here is the operation table for U:

|

~1 Ut~

Ut =
Ul ~1—= W | W
Lo~ ~1 Ut | Ut
— 0o Ut =1 | -1

=
&
|
o
w
P
2
o

EXAMPLE The group of units in the ring M(R) of all 2 X 2 matrices
over the real numbers is denoted GL(2, R) and called the general

linear group. According to Exercise 30 in Section 3.2, a matrix <a Z)
c

% is in GL(2, R) if and only if ad — be # 0. Consequently, both ( ;*é)

Units are defined on page 56.
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and (; é) are in GL(2, R). By taking their product in both orders, you

can verify that GL(2, R) is a nonabelian group. The same notation is
used in other situations: GL(2, K) denotes the multiplicative group of
units in the ring of 2 X 2 matrices with entries in the ring K.

If R is a field, then multiplication is commutative and every nonzero
element is a unit (see page 56); hence

the nonzero elements of a field form an
abelian group under multiplication.

The multiplicative group of nonzero elements of a field F is denoted by F*.
Unlike the preceding examples, some of the most interesting and
useful groups do not arise from rings.

EXAMPLE The permutation group S; is just a special case of a more
general situation. Let n be a fixed positive integer and let T be the set

{1,2,3, ... ,n}. LetS, be the set of all permutations of T (that is, all
bijections T — T). We shall use the same notation for such functions as
123456

we did in S3. In S, for instance, denotes the permuta-

462351
tion that takes 1 to 4, 2t06,3to02,4t0 3, 5t0 5, and 6 to 1. Since the
composite of two bijective functions is bijective,t S, is closed under
the operation of composition. For example, in Sg

(Remember that in composition of functions, we apply the right-hand
function first and then the left-hand one. In this case, for instance,
4 — 3 — 2, asshown by the arrows.) We claim that S, is a group under
this operation. Composition of functions is known to be associative,
and every bijection has an inverse function under composition.t It is

easy to verify that the identity permutation (i 2 g LK Z is the

identity element of S,,. S,, is called the symmetric group on n symbols.
The order of S, is n! (Exercise 18).

 See Appendix B for details.

¥ ~

1 2 3 4 D 6‘»\ 1 2 3 4 5 6 | 2 3 4 5 6
| o | ) =

3 5 2 4 1 6 AN 6 4 2 3 5 1 6 4 5 2 1 3
N ——— A
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EXAMPLE The preceding example is easily generalized. Let T be any
nonempty set, possibly infinite. Let A(T) be the set of all permutations
of T (all bijective functions T — T). The arguments given above for S,
carry over to A(T) and show that A(T) is a group under the operation of
composition of functions (Exercise 10).

EXAMPLE Think of the plane as a sheet of thin, rigid plastic. Suppose
you cut out a square, pick it up, and move it around, * then replace it so
that it fits exactly in the cut-out space. Eight ways of doing this are
shown below (where the square is centered at the origin and its
corners numbered for easy reference). We claim that any motion of
the square has the same result as one of these eight (Exercise 12). For
instance, a rotation of 540° (=180° + 360°) puts the square in the
same position as a rotation of 180°.

All Rotations Are Taken Counterclockwise Around the Center:
ro = rotation of 0°

0

ro = rotation of 180°

—
841
o5
'

* Flip it, rotate it, turn it over, spin it, do whatever you want, as long as you don’t bend, break,
or distort it.
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r3 = rotation of 270°

1 2 2 1
T
4 3 3 4
d = reflection in line y = — x
1. 2 ] 4
N T~
4 '3 2 3
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If you perform one of these motions and follow it by another, the result
will be one of the eight listed above; for example,

1 2 4 3 3 2

h ]

If you think of a motion as a function from the square to itself, then the
idea of following one motion by another is just composition of func-
tions. In the illustration above (h followed by r, is t), we can write
r, © h =t (remember r; ° h means first apply h, then apply r;). Verify
that the set

D4={r0’ r, Ty, rs, h’ v, da t}

equipped with the composition operation has this table:

° To Ty Ty s h v d t
ro o r 7o ry h v d t
r r, Ty T3 g t d h v
rg | Ta r3  T9 1 v h t d
rs | ry rg N ra d t v h
h h d v t re Ty ry T3
v v t h d rg 1, r3 1
d d v t h ry N ro T
t t h d v 2 7y ry To

Clearly D, is closed under ¢, and compaosition of functions is known to
be associative. The table shows that ry is the identity element and that
every element of D, has aninverse. For instance, 3 © 1y =19 = 17 ° 13.
Therefore D, is a group. It is not abelian because, for example,
hod+#d o h. D,is called the dihedral group of degree 4 or the group
of symmetries of the square.

EXAMPLE The group of symmetries of the square is just one of many
symmetry groups. An analogous procedure can be carried out with
any regular polygon of n sides. The resulting group D, is called the
dihedral group of degree n. The group D;, for example, consists of the
six symmetries of an equilateral triangle (counterclockwise rotations
about the center of 0°, 120°, and 240°; and three reflections about the
lines indicated below), with composition of functions as the operation:
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A= A0
A=A AN
AN LA

EXAMPLE The group of symmetries of the following figure consists of
four elements (rotations about the center of 0° and 180° and reflec-
tions about the x- and y-axis:

Symmetry groups arise frequently in art, architecture, and science.
Crystallography and crystal physics use groups of symmetries of various
three-dimensional shapes. The first accurate model of DNA (which led to
the Nobel prize for its creators) could not have been constructed without a
recognition of the symmetry of the DNA molecule. Symmetry groups have
been used by physicists to predict the existence of certain elementary
particles that were later found experimentally.

The Cartesian product, with operations defined coordinatewise, al-

lowed us to construct new rings from known ones. The same is true for
groups.
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THEOREM 7.1 Let G and H be groups. Define an operation=on G X H by

(g h)=(g,. W)= (g*g ,h=*h)

Then G X His a group. If G and H are abelian, then sois G X H. If Gand Hare
finite, then so is G X H and |G X H|=|G}|H|.

Proof Exercise 24. 1

EXAMPLE Both Z and Z4 are groups under addition. In Z X Z; we
have (3, 5)= (7, 4) = (3 + 7, 5+ 4) = (10, 3). The identity is (0, 0),
and the inverse of (7, 4) is (— 7, 2).

EXAMPLE Consider R* X D,, where R*is the multiplicative group of
nonzero real numbers. The table on page 158 shows that

(2, r)"(9,0)=(2-9, r, °v)= (18, d).

The identity element is (1, ry), and the inverse of (8, ry) is (1/8, ry).

EXERCISES

A. 1.

Find the inverse of each permutation in §,.

2. Find all elements fin S; such that fo fo f=1

. What is the order of each group:

(a) Z,q (b) D, (c) S4 (d) Ss (e) Ug

. Prove that a nonzero ring R is not a group under multiplication.

[Hint: What is the inverse of 0g?]

. Write out the operation table for the group D, described in the

example on pages 158 -159.

. Use Corollary 2.9 to list the elements of each of these groups: U,,

UG’ Ul()) UZO’ U{'

. Show that G = {(_a I;)Ia, b e R, not both O} is an abelian group

b

under matrix multiplication.

. Consider the additive group Z, and the multiplicative group G =

{1, +1i)} of complex numbers. Write out the operation table for the
group Z, X G.

. Let n be a positive integer and let z be the complex number
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10.

11.

.12,

13.

14.

15.

16.

cos(2nt/n) + i sin(27/n). Prove that G={1,2,2%, . . . , 2" '}isa
group under multiplication in C. [Hint: According to DeMoivre’s
Theorem, z" = 1.]

Let T be a nonempty set and A(T) the set of all permutations of T.
Show that A(T) is a group under the operation of composition of
functions.

(a) Give examples of nonabelian groups of orders 12, 16, 30, and
48. [Hint: Theorem 7.1 may be helpful.]

(b) Give an example of an abelian group of order 4 in which every
nonidentity element satisfies x * x = e.

Show that every rigid motion of the square (as described in the
footnote on page 156) has the same result as an element of D, |Hint:
The position of the square after any motion is completely deter-
mined by the location of corner 1 and by the orientation of the
square — face up or face down.}

Write out the operation table for the symmetry groups of the fol-
lowing figures:

By writing out its multiplication table, verify that the following set
of matrices with complex entries forms a group (called the quater-
nion group) under matrix multiplication:

(8 ) 68 (o)
(e I N I P S B P

If G is a group under the stated operation, prove it; if not, give a
counterexample:

(a) G=Q;axb=a+b+3
(b G={reQ|r+#0};a+b=ab/3
(¢) G={reQ|r*—1}a*b=a+b+ab

Let K={reR|r+#0, r # 1}. Let G consist of these six functions
from K to K:
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17.

18.

19.

20.

21.

22,

23.

24,
25.
26.

27.

fo) =1 ew=i1L h@=1
i(x) =x J=1—x  klx)=—27

Is G a group under the operation of function composition?

Do the nonzero real numbers form a group under the operation
given by a * b =|a|b, where |a| is the absolute value of a?

Prove that S, has order n!. [Hint: There are n possible images for 1;
after one has been chosen, there are n — 1 possible images for 2;
etc.]

Suppose G is a group with operation *. Define a new operation # on
Gby a# b =>b a. Prove that G is a group under #.

List the elements of the group Dy (the symmetries of a regular
pentagon). [Hint: The group has order 10.]

Let SL(2, R) be the set of all 2 X 2 matrices ((cl Z) such that a, b, c,

d € R and ad — bc = 1. Prove that SL(2, R) is a group under matrix
multiplication. It is called the special linear group.

Prove that the set of nonzero real numbers is a group under the
operation * defined by

axbh= ab ifa>0.
a/b ifa<o0.

Prove that R* X R is a group under the operation * defined by
(a, b) * (c, d) = (ac, bc + d).

Prove Theorem 7.1.
If ab = ac in a group G, prove that b = c.

Prove that each element of a finite group G appears exactly once in
each row and exactly once in each column of the operation table.
[Hint: Exercise 25.]

Here is part of the operation table for a group G whose elements are
a, b, ¢, d. Fill in the rest of the table. [Hint: Exercises 25 and 26.]

[ a b c d

a a b c d
b b a

c c a

d d
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28.

29,

30.

31.

32.

34.

7.2

A partial operation table for a group G = {e, a, b, c, d, f} is shown
below. Complete the table. [Hint: Exercises 25 and 26.]

e a b c d f

a b c d f
b e d

f a

A0 TN o
SRS Sa o

Let T be a set with at least three elements. Show that the permuta-
tion group A(T) (Exercise 10) is nonabelian.

Let T be an infinite set and let A(T) be the group of permutations
of T (Exercise 10). Prove that M is a group, where M=
{feA(T)|f(t) # t for only a finite number of t € T}.

If a, b eR with a # 0, let T,;,; R— R be the function given by
T,,(x) = ax + b. Prove that the set G ={T,, | a, b, € R} forms a non-
abelian group under composition of functions.

Let H={T,,| b € R} (notation as in Exercise 31). Prove that His an
abelian group under composition of functions.

. If fe€S,, prove that f*= [ for some positive integer k, where f*

meansf o fo fo - - of(ktimes)and]Iisthe identity permutation.

Let G={0,1, 2, 3, 4, 5, 6, 7} and assume G is a group under an
operation * with these properties:

(i) axb=a+bforalla beCG,
(ii) axa=0forallaeG.

Write out the operation table for G. [Hint: Exercises 25 and 26 may
help.]

Basic Properties of Groups

Before exploring the deeper concepts of group theory, we must de-
velop some additional terminology and establish some elementary facts.
We begin with a change in notation.

The operation in an arbitrary group was denoted by * in the preceding
section to avoid any confusion with rings. Now that you are comfortable
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with groups, we can switch to the standard multiplicative notation. Instead
of @ * b, we shall write ab when discussing abstract groups. However, par-
ticular groups in which the operation is addition (such as Z) will still be
written additively.

Although we have spoken of the inverse of an element or the identity
element of a group, the definition of a group says nothing about inverses or
identities being unique. Our first theorem settles the question, however.

THEOREM 7.2 Let G be a group and let a, b, c € G. Then

(1) G has a unique identity element.
(2) Cancellation holds in G:

If ab = ac, then b = ¢. If ba = ca, then b= c.

(3) Each element of G has a unique inverse.

Proof (1) The group G has at least one identity by the definition of a group.
If e and ¢’ are both identity elements of G, thenea =a =ageand e’'a =a =
ae’ for every a € G. The first of these equations, with a = ¢/, says that ee’ =
¢’. The last equation, with a = ¢, says that ¢ = ee’. Therefore ¢’ = ee’ = ¢, s0
that there is exactly one identity element.

(2) By the definition of a group, the element a has at least one inverse d
such that da = e = ad. If ab = ac, then d(ab) = d(ac). By associativity and
the properties of inverses and identities,

(da)b = (da)c
eb=ec
b=c.
The second statement is proved similarly.

(3) Suppose that d and d” are both inverses of a € G. Then ad = ¢ =
ad’, so that d = d’ by (2). Therefore a has exactly one inverse. B

Hereafter the unique inverse of an element a in a group will be de-
noted a™!. The uniqueness of ™! means that

whenever ay = e = ya, then y = a™ .

COROLLARY 7.3 If Gis a group and a, b € G, then

(1) (ab)™' = b1,
(2) (@) =a

Note the order of the elements in statement (1). A common mistake is
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to write the inverse of ab as a 'b™!, which may not be true in nonabelian
groups. See Exercise 3 for an example.

Proof of Corollary 7.3 (1) We have
(ab)(b"la!) =a(bbV)a !l =agea ! =aa'=e¢

and, similarly, (b7'a7')(ab) =e. Since the inverse of ab is unique by
Theorem 7.2, b~la™! must be this inverse, that is, (ab)™! = b~ 1a7!,

(2) By definition, a'la=¢ and (@ !)(a”!)"!=e¢, so that ala=
a (@ ')7!. Cancelling ¢! by Theorem 7.2 shows that a = (a1)71. B

Let G be a group and let a € G. We define a® = aa, a® = aaa, and for
any positive integer n,

a"=aaa - a (n factors).

We also define a® = e and

~1

a"=qlala! - -a (n factors).

These definitions are obviously motivated by the usual exponent notation in
R and other familiar rings. But be careful in the nonabelian case when, for
instance, (ab)” may not be equal to a"b”. Some exponent rules, however, do
hold in groups:

THEOREM 7.4 Let G be a group and let a € G. Then forallm,ninZ,

a™a" = g™t and (a™)" = a™.

Proof The proof consists of a verification of each statement in each possi-
ble case (m = 0,n=0; m = 0, n < 0; etc.) and is left to the reader (Exercise
19). B

Note on Additive Notation To avoid confusion, the operation in cer-
tain groups must be written as addition (for example, the additive group of
real numbers since multiplication here has a completely different mean-
ing). When the group operation is written as addition, then the identity
element is denoted by 0 instead of ¢ and the inverse of a is denoted by —a
instead of a™!. Exponentiation and Theorem 7.4 then take on a somewhat

different form. The additive analogue of aaa - - - a (n factors) isa+a +
*++ +a (n summands), and we write na=a+a+ - - - + a instead of
a”=aa - - - a. Similarly, the additive notation for a™ is (—n)a, and the

conclusion of Theorem 7.4 reads
ma+na= (m+ n)a and  n(ma) = (mn)a.

This notation is consistent with what was done with addition in rings.
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We return now to multiplicative notation for abstract groups. An ele-
ment g in a group is said to have finite order if a* = ¢ for some positive
integer k.* In this case, the order of the element a is the smallest positive
integer n such that a® = e. The order of a is denoted |a|. An element a is said
to have infinite order if a* # ¢ for every positive integer k.

| EXAMPLE Inthe multiplicative group of nonzero real numbers, 2 has
§ infinite order because 2¥ # 1 for all k = 1. In the group G = {* 1, %1}
gf: under multiplication of complex numbers, the order of i is 4 because
U

\ﬂ i2=—1,i® = —i, and i* = 1. Similarly, |—i|= 4. The element :13 % g

in S; has order 3 because

12 3\ _(1 2 3 and 1 2 3y_(1 2 3
31 2 2 3 1 n 31 2 1 2 3/

The identity element in a group has order 1.

A

EXAMPLE In the additive group Z,,, the element 8 has order 3 be-
cause 8 +8=4and8+8+8=0.

e

In the multiplicative group of nonzero numbers, the element 2 has
infinite order and all the powers of 2 (273, 2°, 25, etc.) are distinct. On the
other hand, in the multiplicative group G = {£1, %1}, the element i has
order 4 and its powers are not distinct; for instance,

i#=1=i and i=("42=4

Observe that i*° = i2and 10 = 2 (mod 4). These examples are illustrations of

THEOREM 7.5 Let G be a group and let a € G.

(1) If a has infinite order, then the elements a*, with k € Z, are all
distinct.
(2) If a has finite order n, then

a*=eif and only if n|k
and
a* = a if and only if i = j (mod n).
(3) If a has order n and n = td with d > 0, then a' has order d.

Proof (1) We shall prove the contrapositive (if the a* are not distinct, then
a has finite order). Suppose that a' = @/ with i > j. Then multiplying both

* In additive notation, the condition is ka = 0.
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sides by a™ shows that a'™/ = /™7 = g% = e. Since i — j > 0, this says that a
has finite order.

(2) If n divides k, say k = nt, then ¢* = a™ = (a")* = ¢' = ¢. Conversely,
suppose that a* = e. By the Division Algorithm, k = nq + r with 0 < r < n.
Consequently,

e=ak= g™t = g™g" = (a")9a" = e%a” = ea” = a".

By the definition of order, n is the smallest positive integer with a” =e.
Since r < n, a” = e can occur only when r = 0. Thus, k= nq + 0 and n di-
vides k. Finally, note that a' = @/ if and only if a*/ = a® = ¢. By what was just
proved, a7/ =¢ if and only if n divides i — j, that is, if and only if i =
{mod n),

(3) Since |a| = n, we have (a)? = a'¢ = @" = e. We must show that d is
the smallest positive integer with this property. If k is any positive integer
such that (a)* = e, then a* = e. Therefore n |tk by part (2), say tk =nr =
(td)r. Hence k = dr. Since k and d are positive and d | k, we have d < k. B

An immediate consequence of statement (1) in the theorem is

COROLLARY 7.6 Let GbeagroupandletaeG. Ifd' = a’ withi +# j, thena
has finite order.

The corollary illustrates one of the ways that exponents behave differ-
ently in groups than in rings. For example, in the ring Zg (whose nonzero
elements do not form a group under multiplication), 23 = 2!, but 2% # 1 for
every positive integer k.

EXERCISES

NoTE: Unless stated otherwise, G is a group with identity element e.
A. 1. If ¢2=cin a group, prove that c =e.
2. Leta € Gandlet f: G — G be the function given by f{c) = ac. Prove
that f'is a bijection.

123 _(123), . —1 £ —13~1
312)andb <132)1n83.Ver1fythat(ab) Fa b1,

4. Ifa, b, ¢, d € G, then (abed)™! = ?
5. Let f: G — G be given by f(a) = a~!. Prove that fis a bijection.

3. Leta=(

6. If ¢, b € G and ab = e, prove that ba = e.



168

7 Groups

7.

10.

11.

12.

13.

14.

15.

16.

17.

18.

B. 19.

. What is the order of(

Give an example of a group in which the equation x> = ¢ has more
than two solutions.

1234567). ¢,
3275146)M°7

1

. Find the order of <(1) B 1) and of (:; _i) in GL(2, R).

Find the order of every element in each group:

(@ Z, (b) Zy () S (d) D, (o) Z
(a) Find the order of the groups Uyq, Ui, and Uy,.
(b) List the order of each element of the group Uy,.

True or false: A group of order n contains an element of order n.
Justify vour answer.

Prove that every element in a finite group has finite order. [The
converse is false: See the example preceding Theorem 7.24 for an
infinite group in which every element has finite order.]

(a) If a € G and a'? = ¢, what order can a possibly have?
(b) If e # b € G and b? = e for some prime p, what is |b|?

(a) Let a, b € G. Prove that the equations ax = b and ya = b each
have a unique solution in G. [Two things must be done for each
equation: First find a solution and then show that it is the only
solution.|

(b) Show by example that the solution of ax = b may not be the
same as the solution of ya = b. [Hint: Consider S, .]

Let G={a;,ay, . . ., a,}be afinite abelian group of order n. Let
x=a,ay - - a, Prove that x2 =e.

If a, b € G, prove that |aba™|=b|.

(l)--i) has order 3 in GL(2, R) and b =

(a) Show that a= (_
(O -(1)> has order 4.

1
(b) Show that ab has infinite order.

Prove Theorem 7 .4.
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20.
21.

22,

23.

24.
25.
26.

27.

28.
29.

30.
31.
32.

33.

. 34.

35.

Prove that G is abelian if and only if (ab)™* = a='b~* forall a, b € G.

If every nonidentity element of G has order 2, prove that G is
abelian. [Hint: |a|= 2 if and only if a = a™'. Why?]

Prove that every nonabelian group G has order at least 6; hence
every group of order 2, 3, 4, or 5 is abelian. |[Hint: If a, b € G and
ab # ba, show that the elements of the subset H = {e, a, b, ab, ba)
are all distinct. Show that either a2 ¢ H or a® = ¢; in the latter case,
verify that aba ¢ H.]

If a, b, c € G, prove that there is a unique element x € G such that
axb =c.

If a € G, prove that |a|=|a™!|.

If a, b € G, prove that (ab|= |ba|.

If |G| is even, prove that G contains an element of order 2. [Hint:
See the hint for Exercise 21.]

(a) If a, b € G and ab = ba, prove that (ab)*? = ¢.
(b) Show that part (a) may be false if ab # ba.
If (ab)? = a®b? for all a, b € G, prove that G is abelian.

Assume that a, b € G and ab = ba. If |a| and |b| are relatively prime,
prove that ab has order |a||b|. [Hint: See Exercise 27.]

Suppose a, b € G with |a|= 5, b # ¢, and aba™! = b2, Find |b|.
Ifa, b € G, b® = ¢, and ab = b*a, prove that b® = ¢ and ab = ba.

If (ab)' = a'b* for three consecutive integersiand all a, b € G, prove
that G is abelian.

If (ab)® = a®b® and (ab)® = a%b5 for all a, b € G, prove that G is abe-

lian.

(a) Let G be a nonempty finite set equipped with an associative
operation such that for all a, b, ¢, d € G:

if ab = ac, then b = c and if bd = cd, then b =c.
Prove that G is a group.
(b) Show that part (a) may be false if G is infinite.

Let G be a nonempty set equipped with an associative operation
with these properties:
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(i) There isan element e € G such that ea = aforeverya € G.
(ii) For each a € G, there exists d € G such that da = e.

Prove that G is a group.

36. Let G be a nonempty set equipped with an associative opcration
such that, for all a, b € G, the equations ax = b and ya = b have
solutions. Prove that G is a group.

7.3  Subgroups

We continue our discussion of the basic properties of groups, with
special attention to subgroups.

DEFINITION A subset H of a group Gis a subgroup of G if His itself a group
under the operation in G.

Every group G has two trivial subgroups: G itself and the one-element
group {e}. All other subgroups are said to be proper subgroups.

EXAMPLE The set R* of nonzero real numbers is a group under
multiplication. The group R** of positive real numbers is a proper
subgroup of R*.

EXAMPLE Any ring R is a group under addition. If S is a subring of R,
then S (considered as an additive group) is automatically a subgroup of
R. In particular, every ideal in R is an additive subgroup of R.

EXAMPLE The operation table for D, on page 158 shows that H =
{ro, r1, ra, r3} is a subgroup of D,.

EXAMPLE Inthe additive group Zg X Z,,let H= {(0, 0), (3, 0), (0, 2),
(3, 2)}. Verify that H is a subgroup by writing out its addition table.

When proving that a subset of a group is a subgroup, it is never neces-
sary to check associativity. Since the associative law holds for all elements of
the group, it automatically holds when the elements are in some subset H. In
fact, you need only verify two group axioms:

THEOREM 7.7 A nonempty subset H of a group G is a subgroup of G
provided that
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(i) if a, b € H, then ab € H; and
(ii) ifa e H, then a™! € H.

Proof Properties (i) and (ii) are the closure and inverse axioms for a group.
Associativity holds in H, as noted above. Thus we need only verify that
e € H. Since H is nonempty, there exists an element ¢ € H. By (ii), ¢! € H,
and by (i) cc™! = e is in H. Therefore H is a group. 8

1b
01
with b €R. Since 1 -+ 1 —b - 0=1, H is a nonempty subset of the
group GL(2, R), which was defined on page 154. The product of two
matrices in H is in H because

(6 26 5)-6 1)

(1) I; is (1) _lf) which is also in H. Therefore H is a

subgroup of GL(2, R) by Theorem 7.7.

EXAMPLE Let H consist of all 2 X 2 matrices of the form b = (

The inverse of

When H is finite, just one axiom is sufficient to guarantee that H is a
subgroup.

THEOREM 7.8 Let H be a nonempty finite subset of a group G. If His closed
under the operation in G, then H is a subgroup of G.

Proof By Theorem 7.7, we need only verify that the inverse of each
element of His also in H. If a € H, then closure implies that a* € H for every
positive integer k. Since H is finite, these powers cannot all be distinct. So a
has finite order n by Corollary 7.6 and a" = e. Sincen — 1 = —1 (mod n), we
have a1 = a1 by Theorem 7.5. If n > 1, then n — 1 is positive and ™! =
a" lisin H Ifn=1,thena=eanda ! =e=a,sothatalisin H. 1

EXAMPLE Let H consist of all permutations in Ss that fix the element
1. In other words, H={fe€ S5|f(1)=1}. H is a finite set since S
is a finite group. If g, he H, then g(1)=1 and h(1)=1. Hence
(g o h)(1) = g(h(1)) = g(1) = 1. Thus g ° h € H and H is closed. There-
fore H is a subgroup of S5 by Theorem 7.8.

An important type of subgroup can be constructed as follows. If Gis a
group and a € G, let (a) denote the set of all powers of a:

(ay={...,a%a?ata%a,a% ...)={a"|nel}.
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The product of any two elements of (@) is alsoin (a) becausc ala! = a#*7. The
inverse of a*is a7, which is also in (a). By Theorem 7.7, (a) is a subgroup of
G. We have proved

THEOREM?7.9 IfGisagroupanda € G,then(a) = {a"|n € L} isasubgroup
of G.

The group {(a) is called the cyclic subgroup generated by a. If the
subgroup (a) is the entire group G, we say that G is a cyclic group. Note that
every cyclic group is abelian since a'a’ = a'* = a/a’.

EXAMPLE The multiplicative group of units in the ring Z,5 is U5 =
(1,2,4,7,8,11, 13, 14} by Corollary 2.9. In order to determine the
cyclic subgroup generated by 7, we compute

=7 72=14 73=13 7T4=1=17°

Therefore the element 7 has order 4 in U, 5. Let 7' be any element of
(7). The integer i must be congruent modulo 4 to one of 0, 1, 2, or 3.
Hence by Theorem 7.5, 7¢is equal to one of 7°, 71, 72, or 73. Thus the
cyclic subgroup (7) = {7, 4, 13, 1}. This cyclic subgroup has the same
order (namely 4) as the element that generates it. Note that the cyclic
subgroup (13) generated by 13 is the same as the cyclic subgroup (7)
since 132=4,13% =7, and 13* = 1. Thus the same cyclic subgroup
may be generated by different elements.

The argument used in the preceding example works in general and
provides the connection between the two uses of the word “order.” It
states, in effect, that the order of an element a is the same as the order of the
cyclic subgroup generated by a.

THEOREM 7.10 Let G be a group and let a € G.

(1) If a has infinite order, then {a) is an infinite subgroup consisting of
the distinct elements a*, with k € Z.

(2) If a has finite order n, then (a) is a subgroup of order n and
(ay={e=a° a*, a® a, ..., a" ).

Proof (1) This is an immediate consequence of part (1) of Theorem 7.5.
(2) Let a*be any element of {a). Then i is congruent modulo n to one of
0,1,2, . . . ,n— 1. Consequently, by part (2) of Theorem 7.5, @ must be
equal to one of a%, @', 4%, . . . , a" . Furthermore, no two of these powers
of a are equal since no two of the integers 0, 1, 2, . . . ,n— 1 are con-
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gruent modulo n. Therefore (a) = {a°, @, @?, . . . ,a" '} is a group of
ordern. i

When the group operation is written as addition, then the “powers” of
an element a are

a, a+a=2aq, ata+a=3a, ..

—a, —a—a=—2a, —a—a—a=—23a, .. .

and Oa = 0. Hence (a) = {na|n € Z}. The set E of even integers, for in-
stance, is a cyclic subgroup of the additive group Z because E =

{(n2|neZ)=(2).

EXAMPLE Since Z = {nl|n € Z}, we see that Z is an infinite cyclic
group with generator 1, thatis, Z = (1). Similarly, each of the additive
groups Z,, is a cyclic group because Z,, consists of the “powers™ of 1 : 1,
2=14+1,3=1+1+1, etc.

Now that we know what cyclic groups look like, the next step is to
examine the possible subgroups of a cyclic group.

THEOREM 7.11 Every subgroup of a cyclic group is itself cyclic.

Proof Suppose G = (a) and H is a subgroup of G. If H = (e), then H is the
cyclic subgroup generated by e (all of whose powers are just e). If H # (e),
then H contains a nonidentity element of G, say a* with i # 0. Since His a
subgroup, the inverse element a™*is also in H. One of i or —i is positive, and
so H contains positive powers of a. Let k be the smallest positive integer
such that a* € H. We claim that H is the cyclic subgroup generated by a*. To
prove this, we must show that every element of H is a power of a*. If h € H,
then h € G, so that h = a™ for some m. By the Division Algorithm, m = kq +
r with 0 = r < k. Consequently, r = m — kq and

a" =a™ k1 = gngk = gm(gk)a,

Both a™ and a* are in H. Therefore a” € H by closure. Since a* is the smallest
positive power of a in H and since r < k, we must have r = 0. Therefore
m=kq and h = a™ = a* = (d*)? € (a*). Hence H= (d*). I

For additional information on the structure of cyclic groups and their
subgroups, see Exercises 34 - 36.

Suppose G is a group and a € G. Think of the cyclic subgroup (a) as
being constructed from the one-element set S = {a} in this way: Form all
possible products of 2 and a7 in every possible order. Of course, each such
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product reduces to a single element of the form a”. We want to generalize
this procedure by beginning with a set S that may contain more than one
element.

THEOREM 7.12 Let S be anonempty subset of a group G. Let (S) be the set of

all possible products, in every order, of elements of S and their inverses.*
Then

(1) (S) is a subgroup of G that contains set S.
(2) If H is a subgroup of G that contains the set S, then H contains the
entire subgroup (S).

This theorem shows that (S) is the smallest subgroup of G that con-
tains the set S. In the special case when S = {a}, the group (S) is just the
cyclic subgroup (a), which is the smallest subgroup of G that contains a.
The group (S) is called the subgroup generated by S. If (S) is the entire
group G, we say that § generates G and refer to the elements of § as the
generators of the group.

Proof of Theorem 7.12 (1) (S) is nonempty because the set S is nonempty
and every element of § (considered as a one-element product) is an element
of (S).1fa, b € (S), then ais of the form a;a, - - - a;, where k = 1 and each
a, is either an element of S or the inverse of an element of S. Similarly,
b=byb, - - - b,,witht = 1 and each b, either an element of S or the inverse
of an element of S. Therefore the product ab=a,a, - - - abby - -+ b,
consists of elements of S or inverses of elements of S. Hence ab € (S) and (S)
is closed. The inverse of the element a=a;a, - - - a; of (S) is a1 =
a ! - - - ay'a," by Corollary 7.3.-Since each g,is either an element of S or
the inverse of an element of S, the same is true of a,”!. Therefore a™! € (S).
Hence (S) is a subgroup of G by Theorem 7.7.

(2) Any subgroup that contains the set S must include the inverse of
every element of S. By closure, this subgroup must also contain all possible
products, in every order, of elements of S and their inverses. Therefore
every subgroup that contains § must also contain the entire group (S). B

EXAMPLE The group U;5=(1,2,4,7, 8,11, 13, 14} is generated by
the set S = {7, 11} since

=17 72=4 78=13 74=1
11'=11 7-11=2 72-11=14 73-11=8.

Different sets of elements may generate the same group. For instance,

* We allow the possibility of a product with one element so that elements of S will be in (S).
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you can readily verify that U,s is also generated by the set {2, 13)
(Exercise 11).

EXAMPLE Using the operation table on page 158, we see that in the
group D,,

(r)t=mn (r)?=r, (r)=r3 (n)*=r,

ht=h roh=t (r)2oh=0 (r)®oh=d.

Therefore D, is generated by {r,, h}. Note that the representation of
group elements in terms of the generators is not unique; for instance,

(r)3eh=d and ryoho(r)?=d.

EXERCISES

A.

1. Let H be a subgroup of a group G. If ¢ is the identity element of G
and ey is the identity element of H, prove that e¢ = ¢y,

2. Show that the analogue of Exercise 1 for rings may be false: If Gis a
ring with multiplicative identity e¢ and H is a subring with identity
ey, then ey may not be equal to e¢. [Hint: Consider the subring

{(n,0)|neZ}of ZXZ]

3. (a) Let H and K be subgroups of a group G. Prove that HN K is a
subgroup of G.

(b) Let {H,}be any collection of subgroups of G. Prove that N H,is a
subgroup of G.

4. Let H and K be subgroups of a group G.
(a) Show by example that H U K need not be a subgroup of G.

(b) Prove that HUK is a subgroup of G if and only if HC K or
KCH.

5. Let G, be a subgroup of a group G and H, a subgroup of a group H.
Prove that G, X H, is a subgroup of G X H.

6. Let G be an abelian group and let T be the set of elements of G with
finite order. Prove that T is a subgroup of G; it is called the torsion
subgroup. (This result may not hold if G is nonabelian; see Exercise
18 of Section 7.2.)

7. List all the cyclic subgroups of U;s.
8. List all the cyclic subgroups of Us,.
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9.

10.
11.
12.

13.

14.
15.

16.

B. 17.

18.

19.

20.
21.

22.

23.

24.

List the elements of the subgroup (a) of S;, where

_(1234567
47 \3276514)/)

Let G be a group and let a € G. Prove that (a) = (a71).
Show that U5 is generated by the set {2, 13}.

Show that the group in Exercise 16 of Section 7.1 can be generated
by two elements.

Show that the only generators of the additive cyclic group Z are 1
and —1.

Show that (1, 0) and (0, 2) generate the additive group Z X Z,.
(a) Show that the additive group Z, X Z, is cyclic.

(b) Show that the additive group Z, X Z, is not cyclic but is gener-
ated by two elements.

Show that (3, 1), (—2, —1), and (4, 3) generate the additive group
ZX1L.

Prove that a nonempty subset H of a group G is a subgroup of G if
and only if whenever a, b € H, then ab™ € H.

Let G be an abelian group and n a fixed positive integer.
(a) Prove that H= {a € G|a" = ¢} is a subgroup of G.

(b) Show by example that part (a) may be false if G is nonabelian.
[Hint Sa .]

The center of group G is the set

Z(G) = {a € G|ag = ga for every g € G}.
Prove that Z(G) is a subgroup of G.
Show that {ry, r,)} is the center of D,.

Let G be a group and a € G. The centralizer of a is the set C(a) =
{g € G| ga = ag}. Prove that C(a) is a subgroup of G.

If G is a group, prove that Z(G) = Q; C(a) (notation as in Exercises
19 and 21). o

Prove that an element a is in the center of a group G if and only if

C(a) = G.
Let A(T) be the group of permutations of the set T and let T, be a
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25.

26.

27.

28.

29.

30.

31.

32.

33.
34.

35.

36.

nonempty subset of T. Prove that H= { fe A(T)| f(t) =t for every
t € T,} is a subgroup of A(T).

Let T and T, be as in Exercise 24. Prove that K = {f € A(T)| f(T,) =
T,} is a subgroup of A(T) that contains the subgroup H of Exercise
24. Verify that if T, has more than one element, then K # H.

(a) Let H and K be subgroups of an abelian group G and let HK =
{ab|a e H, b € K}. Prove that HK is a subgroup of G.

(b) Show that part (a) may be false if G is not abelian.

Let H be a subgroup of a group G and, for x € G, let x *Hx denote
the set {x"'ax | a € H}. Prove that x"'Hx is a subgroup of G.

Let H be a subgroup of a group G and assume that x™*Hx C H for
every x € GG (notation as in Exercise 27). Prove that 1 'Hx = H for
each x € G.

If H is a subgroup of a group G, then the normalizer of H is the set
Ny = {x € G| x'Hx = H) (notation as in Exercise 27). Prove that Ny
is a subgroup of G that contains H.

Prove that H= {(g 119>|(1=1 or —1, beZ} is a subgroup of
GL(2, Q).

Let G be an abelian group and n a fixed positive integer. Prove that
H = {a"]a € G} is a subgroup of G.

Let k be a positive divisor of the positive integer n. Prove that
H,={a€U,|a=1 (mod k)} is a subgroup of U,.

List all the subgroups of Z,,. Do the same for Z,,.

Let G = (a) be a cyclic group of order n.

(a) Prove that the cyclic subgroup generated by a™ is the same as
the cyclic subgroup generated by a?, where d = (m, n). [Hint: It
suffices to show that ¢ is a power of a™ and vice versa. (Why?)
Note that by Theorem 1.3, there are integers u and v such that
d=mu+nv]

(b) Prove that a™ is a generator of G if and only if (m, n) = 1.

Let G = (a) be a cyclic group of order n. If H is a subgroup of G,
show that|H|is a divisor of n. [Hin#: Exercise 34 and Theorem 7.11.]

Let G = {a) be acyclic group of order n. If kis a positive divisor of n,
prove that G has a unique subgroup of order k. [Hint: Consider the
subgroup generated by a"*.]
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37. Let G be an abelian group of order mn where (m, n) = 1. Assume
that G contains an element a of order m and an element b of order n.
Prove that G is cyclic with generator ab.

38. Show that the multiplicative group R* of nonzero real numbers is
not cyclic.

39. Show that the additive group @ is not cyclic.

40. Let Gand Hbe groups. If G X Hisacyclic group, prove that Gand H
are both cyclic. (Exercise 15(b) shows that the converse is false.)

41. Prove that Z,, X Z,, is cyclic if and only if (m, n) = 1.
42. Prove that {((1) T) ne Z} is a cyclic subgroup of GL(2, R).

43. If G # (e) is a group that has no proper subgroups, prove that Gis a
cyclic group of prime order.

44. Is the additive group G = {a + bv2 | a, b € Z} cyclic?
45. (a) Show that the group U,4 of units in Z,4 is cyclic.
(b) Show that the group Uyq of units in Z,q is not cyclic.

46. If Sis a nonempty subset of a group G, show that (S) is the intersec-
tion of the family of all subgroups H such that S C H.

7.4 Isomorphism

Informally, two groups are said to be isomorphic if they have the same
structure, differing only in the way their elements are labeled. In the case of
finite groups, this means that the operation table of one group can be
obtained from the operation table of the other by a suitable relabeling of the
elements. Such a relabeling scheme is equivalent to a bijective function,
and so we have the following formal definition (which is virtually identical
to that given for rings):

DEFINITION Let G and H be groups with the group operations denoted
by *. Gisisomorphic to H (written G = H) ifthereis a function f: G — Hsuch
that

(i) fis injective;

(ii) fis surjective;

(iii) f{a * b) = f(a) = f(b) for all a, b, € G.
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In this case, the function fis called an isomorphism. A function that satisfies
condition (iii) but is not necessarily injective or surjective is called a homo-
morphism.

Just as in the case of rings, the definition of isomorphism is symmetric.
H f: G — Hisan isomorphism, then fis a bijective map of sets and therefore
has a bijective inverse function g: H — G such that f ° g is the identity map
on H and g ° f is the identity map on G.t A straightforward verification
(Exercise 20) shows that g is also an isomorphism, that is, g(c ¥ d) =
g(c) = g(d) for all ¢, d € H. Thus G = H if and only if H= G.

We have temporarily reverted to the * notation for group operations
to remind you that in a specific group the operation might be addition, or
multiplication, or composition, or something else. For example, when G is
an additive group and H a multiplicative one, then condition (iii) of the
definition reads f{a + b) = f(a) f(b). When G is multiplicative and H addi-
tive, then (iii) becomes f(ab) = f(a) + f(b).

EXAMPLE The multiplicative group Us = {1, 3, 5, 7} of units in Zg
is isomorphic to the additive group Z; XZ,. To prove this, let
f:Ug = Zy X Z, be defined by

f(1)=(0,0) f38)=(1,0) f(5)=(0,1) AN =(1,1).

Clearly fis a bijection. Showing that f(ab) = f(a) + f(b) for a, b € Ugis
equivalent to showing that the operation table for Z, X Z, can be
obtained from that of Uy simply by replacing each a € Ug by f(a) €
Z, X Z,.t1 Use the tables below to verify that this is indeed the case.
Therefore fis an isomorphism:

Us szzz
° |1 3 5 7 4 |00 10 (01 (1
11 3 5 7 (00 | 00 (1,0 (©1) (1,1
3 3 1 7 5 (1,0) (1,0) (0,0 (1,1) (0,1)
5105 7 1 3 (O | @01 (1,1) (00 (1.0
717 5 3 1 1) | LY (01 1.0 (0.0

EXAMPLE The additive group R of real numbers is isomorphic to the
multiplicative group R** of positive real numbers. To prove this, let
f:R—R**be given by f(r) = 10". If f(r) = f(s), then 10" = 10%, so that
r=1log 10" = log 10° = s. Hence fisinjective. If k e R**, thenr = logk

1 See Appendix B.
t See the discussion of ring isomorphism on pages 62— 64 for an explanation,
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is a well-defined real number and k = 10%# ¥ = 10" = f{(r). Thus fis
surjective. Finally, fis a homomorphism because f{r + s} = 107+ =
10710* = f(r)f(s). Therefore fis an isomorphism and R = R**,

EXAMPLE Every isomorphism of rings f:R— S is also an isomor-
phism of additive abelian groups because fis bijective and fla + b) =
fla) + f(b) for all a, b € R. The converse of this statement may be false,
as we see next.

EXAMPLE Let E be the additive group of even integers and let
f+Z — Ebe given by f(a) = 2a. You can readily verify that fis a bijec-
tion. Furthermore, for all a, b € Z, we have fla+ b)=2(a+b) =
2a + 2b = fla) + f(b). Hence fis an isomorphism of additive groups.
However, fis not an isomorphism of rings; indeed, no ring isomor-
phism exists because Z is a ring with identity and E is not.

EXAMPLE The groups S; and Zg both have order 6, but they are not
isomorphic. In fact, no abelian group (such as Zg) can be isomorphic to
anonabelian group (such as S;). The proof of this fact is essentially the
same as in the case of rings; see the first example on page 69.

EXAMPLE An isomorphism G — G is called an automorphism of the
group G. Here is one way to construct an automorphism of G. Let cbe
a fixed element of G and define f: G — G by f(a) = ¢ lac.* Then fis a

homomorphism because
Ffla)f(b) = (ctac)(c bc) = ¢ la(cc V)be = ¢ abc = f(ab).

If ge G, then g = c"Ycgc ™ )c = flcgc™), so that f is surjective. If
f(a) = f(b), then ¢ lac = ¢ *hc. Cancelling c on the right and ¢! on the
left by Theorem 7.2, we have a = b; hence f is injective. Therefore f
is an isomorphism, called the inner automorphism of G induced by c.
For more about automorphisms, see Exercises 22, 23, 38, and 39.

The next theorem completely characterizes all cyclic groups up to

isomorphism.

THEOREM 7.13 Every infinite cyclic group is isomorphic to Z. Every finite
cyclic group of order n is isomorphic to Z,,.

This theorem tells us, for example, that the cyclic subgroup (r;) of D,

(a group of order 4) is isomorphic to the additive group Z,. Similarly, the

* If G is abelian, then f{a) = ¢ lac = ¢"'ca = a, so that fis the identity map. If G is nonabelian,
however, then f may be a nontrivial function.
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infinite cyclic subgroup (2) of the multiplicative group R* of nonzero real
numbers is isomorphic to the additive group Z.

Proof of Theorem 7.13 Let G = (a) be an infinite cyclic group and define
f:Z— G by f(i) = d¢’. The map f is surjective by the definition of a cyclic
group and is injective by Theorem 7.10. Since f(i+ j) = a'* = g'a! =
S)f(j), fis an isomorphism. Therefore Z = G.

Now suppose G = (b) and b has order n. Then Z, is the set {0, 1, 2,
... ,n— 1}and, by Theorem 7.10, G = {b°, b' b2, . . . , b*"1},so that the
function f:Z, — G given by fli) = bl is a bijection.JTo show that fis also a
homomorphism, recall how addition in Z, works when bracket notation
isn’t used: i +j is equal to k, where i+ j=k (modn) and 0 =k=n—1.
Therefore by Theorem 7.5, b** = b* in G. Consequently,

S +j) =fk) = b* = b** = b'bI = f(i) ().

Therefore fis an isomorphism and Z, = G. 1

Recall that the image of a function f: G — H is a subset of H, namely
Im f={h € H| h = f{a) for some a € G}. The function f can be considered
as a surjective map from G to Im f.

THEOREM 7.14 Let G and H be groups with identity elements e and ey,
respectively. If f: G — H is a homomorphism, then

(1) f(ec) = en-

(2) f(a!) =f(a)™! for every a € G.

(3) Im fis a subgroup of H.

(4) If fis injective, then G = Im f.

Proof (1) Since fis a homomorphism, e is the identity in G, and e is the
identity in H, we know that

fleg)fleg) = flecec) = flec) = enflec).

Hence fleg) = ey by cancellation (Theorem 7.2).
(2) We have

fla M )f(a) = fla™'a) = flec) = en = fla)'fla).

Cancelling f{a) on each end shows that f(a™!) = f(a)™*.

(3) The identity ey € Im f by (1), and so Im f is nonempty. Since
fla)f(b) = f(ab), Im fis closed. The inverse of each f(a) € Im fis also in Im f
because f(a)™! = fla™!) by (2). Therefore Im f is a subgroup of H by
Theorem 7.7.

(4) As noted before the theorem, f can be considered as a surjective
function from G to Im f. If fis also an injective homomorphism, then fis an
isomorphism. B
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Group theory began with the study of permutations and groups of
permutations. The abstract definition of a group came later and may appear
to be far more general than the concept of a group of permutations. The
next theorem shows that this is not the case, however. It states, in effect,
that permutation groups are (up to isomorphism) the only groups. In partic-
ular, it implies that the subgroups of the symmetric groups S, (n = 1) are all
possible finite groups (up to isomorphism).

THEOREM 7.15 (CAYLEY’'S THEOREM) Every group G is isomorphic to a
group of permutations.

Proof Consider the group A(G) of all permutations of the set G. Recall that
A(G) consists of all bijective functions from G to G with composition as the
group operation. These functions need not be homomorphisms. To prove
the theorem, we find a subgroup of A(G) that is isomorphic to G.* We do
this by constructing an injective homomorphism of groups f: G — A(G);
then G is isomorphic to the subgroup Im f of A(G) by Theorem 7.14.

If a € G, then we claim that the map ¢, : G — G defined by ¢,(x) = ax is
a bijection of sets (that is, an element of A(G)). This follows from the fact
that if b € G, then ¢,{(a*b) = a(a~'b) = b; hence ¢, is surjective. If ¢ (b) =
¢,(c), then ab = ac. Cancelling a by Theorem 7.2, we conclude that b = c.
Therefore ¢, is injective and hence a bijection. Thus ¢, € A(G).

Now define f: G — A(G) by f(a) = ¢,. For any a, b € G, f(ab) = ¢, is
the map from G to G given by ¢,,(x) = abx. On the other hand, f{(a) ° f(b) =
@, ° @pis the map given by (¢, ° ¢,)(x) = 0,(p,(x)) = ¢,(bx) = abx. Therefore
flab) = f(a) ° f(b) and f is a homomorphism of groups. Finally, suppose
f(a) = f{c), so that ¢,(x) = ¢(x) for all x € G. Then a = ae = ¢,(e) = ¢ (e) =
ce = c. Hence fis injective. Therefore G = Im fby Theorem 7.14. i

COROLLARY 7.16 Every finite group G of order n is isomorphic to a sub-
group of the symmetric group S,,.

Proof The group G is isomorphic to a subgroup H of A(G) by Theorem
7.15. Since G is a set of n elements, A(G) is isomorphic to S, by Exercise 18.
Consequently, H is isomorphic to a subgroup K of S, by Exercise 10. Hence
G = K by Exercise 7. 1

A homomorphism from a group G to agroup of permutationsis called a
representation of G and G is said to be represented by a group of permuta-
tions. The homomorphism G — A(G) in the proof of Theorem 7.15 is called

* The group A(G) itself is usually far too large to be isomorphic to G. For instance, if G has
order n, then A(G) has order n! by Exercise 18 of Section 7.1.
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the left regular representation of G. By the use of such representations,
group theory can be reduced to the study of permutation groups. This
approach is sometimes very advantageous because permutations are con-
crete objects that are readily visualized. Calculations with permutations are
straightforward, which is not always the case in some groups. In certain
situations, group representations are a very effective tool.

On the other hand, representation by permutations has some draw-
backs. For one thing, a given group can be represented as a group of
permutations in many ways — the homomorphism G — A(G) of Theorem
7.15 is just one of the possibilities (see Exercises 24, 31, and 33 for others).
And many of these representations may be quite inefficient. According to
Corollary 7.16, for example, every group of order 12 is isomorphic to a
subgroup of S,,, but S}, has order 12! = 479,001,600. Determining useful
information about a subgroup of order 12 in a group that size is likely to be
difficult at best.

Except for some special situations, then, the study of elementary
group theory via the abstract definition (as we have been doing) rather than
via concrete permutation representations is likely to be more effective. The
abstract approach has the advantage of eliminating nonessential features
and concentrating on the basic underlying structure. In the long run, this
usually results in simpler proofs and better understanding.

EXERCISES
A. 1. (a) Show that the function f:R — R given by f(x) = 3x is an isomor-
phism of additive groups.

(b) Let R** be the multiplicative group of positive real numbers.
Show that f:R** — R** given by f(x) = 3x is not a homomor-
phism of groups.

2. Show that the function g:R** — R** given by g(x) = Vx is an iso-
morphism.

3. (a) List the elements of the group GL(2, Z,).

(b) Show that GL(2, Z;) is isomorphic to S; by writing out the
operation tables for each group.

4. Show that Uy is isomorphic to the additive group Z,.
5. Show that Uj is isomorphic to U,.
6. Is U, isomorphic to the additive group Zg?
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7.

10.

11.

12.

13.

B. 14.

15.

16.

17.

18.

If f:G— H and g: H— K are isomorphisms of groups, prove that
the composite function g © f: G — K is also an isomorphism.

. If f: G — H is a surjective homomorphism of groups and G is abe-

lian, prove that H is abelian.

. Let f: G — H be a homomorphism of groups. Prove that for each

a € G and each integer n, f(a") = f(a)".

If f: G — His an isomorphism of groups and if T is a subgroup of G,
prove that T is isomorphic to the subgroup f(T) = {f(a)|a € T}.

(a) Let H be a subgroup of a group G and let a € G. Prove that
a 'Ha = {a ‘ha | h € H} is a subgroup of G that is isomorphic to
H. [Hint: Apply Exercise 10 when fis the inner automorphism
induced by a.]

(b) If H is finite, prove that |H|=|a"'Ha|.

Let G, H, G, H, be groups such that G = G, and H = H, . Prove that
GXH=G, XH,.

Prove that a group G is abelian if and only if the function f: G — G
given by f(x) = ! is a homomorphism of groups. In this case, show
that f'is an isomorphism.

Let G be a multiplicative group and c a fixed element of G. Let Hbe
the set G equipped with a new operation * defined by a * b = acbh.
(a) Prove that H is a group.

(b) Prove that the map f: G — H given by f(x) = ¢"!x is an isomor-
phism.

Let G be amultiplicative group. Let G? be the set G equipped with
a new operation * defined by a * b = ba.

(a) Prove that G is a group.
(b) Prove that G = G°". [Hint: Corollary 7.3 may be helpful.]

If G = (a) isacyclic group and f: G — G is an automorphism, show
that f(a) is a generator of G, that is, G = (f(a)).

Assume that a and b are both generators of the cyclic group G, so
that G = (a) and G = (b). Prove that the function f: G — G given
by f(a') = b' is an automorphism of G.

Let T be a set of n elements and let A(T) be the group of permuta-
tions of T. Prove that A(T) = §,,. [Hint: If the elements of T in some
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19.

20.

21.

22.

23.

24,

25.
26.

27.

28.

order are relabeled as 1, 2, . . . | n, then every permutation of T
becomes a permutation of 1, 2, . . . , n.]

If £:G— H is an injective homomorphism of groups and a € G,
prove that |f(a)| = |a].

Let f: G — H be an isomorphism of groups. Let g: H— G be the
inverse function of fas defined in Appendix B. Prove that g is also an
isomorphism of groups. [Hint: Exercise 24 in Section 3.3.]

Let f: G — Hbe a homomorphism of groups and let Kbe a subgroup
of H. Prove that the set {a € G|f(a) € K} is a subgroup of G.

Let G be a group and let Aut G be the set of all automorphisms of G.
Prove that Aut G is a group under the operation of composition of
functions. [Hint: Exercise 7 may help.]

Let Gbe agroup and let Aut G be as in Exercise 22. Let Inn G be the
set of all inner automorphisms of G (that is, isomorphisms of the
form f(a) = ¢ lacforsome ¢ € G, as in the last example on page 180).
Prove that Inn G is a subgroup of Aut G. [Note: Two different
elements of G may induce the same inner automorphism, that is, we
may have ¢ lac = dlad for all ¢ € G. Hence [Inn G| = |G|.]

(a) Show that Dy = S;. |Hint: D, is described on pages 158 -159.
Each motion in D; permutes the vertices; use this to define a
function from Dj to S, .|

(b) Show that D, is isomorphic to a subgroup of S,. [Hint: See the
hint for part (a). This isomorphism represents D,, a group of
order 8, as a subgroup of a permutation group of order 4! = 24,
whereas the left regular representation of Corollary 7.16 repre-
sents G as a subgroup of Sg, a group of order 8! = 40,320.]

Show that the additive groups Z and Q are not isomorphic.
Explain why the two groups are not isomorphic:

(a) Zg and S, (b) Z4 X Zy and D,

(¢) Zy,XZyand Zy XZy XZ, (d) ZandR

(a) Show that Uy is not isomorphic to Uy,.

(b) Show that Ui, is not isomorphic to Uj,.

(¢) Is Ug isomorphic to Uy, ?

Prove that the additive group R of all real numbers is not isomorphic
to the multiplicative group R* of nonzero real numbers. [Hint: If
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29.

30.

31.

32.

33.

34.

35.

36.

37.

there were an isomorphism f:R — R*, then f(k) = — 1 for some k;
use this fact to arrive at a contradiction.]

Show that D, is not isomorphic to the quaternion group of Exercise
14 of Section 7.1.

Prove that the additive group @ is not isomorphic to the multiplica-
tive group Q** of positive rational numbers, even though R and R**
are isomorphic.

Let G be a group and let A(G) be the group of permutations of the
set G. Define a function g from G to A(G) by assigning toeach d € G
the inner automorphism induced by d™1 (as in the example on page
180 with ¢ = d71). Prove that g is a homomorphism of groups.

Let G be a group and h € A(G). Assume that h ° ¢, = ¢, ° h for all
a € G (where ¢, is as in the proof of Theorem 7.15). Prove that there
exists b € G such that h(x) = xb™! for all x € G.

(a) Let Gbe agroup and ¢ € G. Prove that the map 6,: G — G given
by 0.(x) = xc™! is an element of A(G).

(b) Prove that h: G — A(G) given by h(c) = 6, is an injective homo-
morphism of groups. Thus G is isomorphic to the subgroup Im k
of A(G). This is the right regular representation of G.

Find the left regular representation of each group (that is, express
each group as a permutation group as in the proof of Theorem 7.15):

(@ Z, (b)Z, (¢)Ss

_{l—n —n
(a) ProvethatH—{( n 1+n)

multiplication.

(b) Prove that H=1Z.

_jfl1—2n n
(a) Prove that K = {( —dn 1+ Qn)

trix multiplication.
(b) Is K isomorphic to Z?
Prove that the additive group Z[x] is isomorphic to the multiplica-
tive group Q** of positive rationals. [Hint: Let py, p;, ps, - . . be
the distinct positive primes in their usual order. Define

0:Zlx] = Q@* by
Pao+ay+ag®+ - Fa@) =ppt - pl

ne Z} is a group under matrix

ne Z} is a group under ma-
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38. Prove that G is an abelian group if and only if Inn G consists of a
single element. [Hint: See Exercise 23]

39. (a) Verify that the group Inn D has order 4. [Hint: See Exercise 23.]
(b) Prove that Inn D, =7, X Z,.

40. Prove that Aut Z = Z,. [Hint: What are the possible generators of
the cyclic group Z? See Exercises 16 and 17.]

41. Prove that Aut Z, = U, . [Hint: See Exercise 17 above and Exercise
34 of Section 7.3.]

42. Prove that Aut (Z, X Z,) = S,;.

7.5 Congruence and Normal Subgroups

In this section and the following one, we present the group analogues
of ideals, congruence, and quotient rings. Except for necessary notational
changes, the results of this section are virtually identical to those proved
earlier for the integers and for rings, as indicated in the chart below. Before
reading each theorem in this section, you should reread the corresponding
ones for integers and rings to see the parallel deveiopment.

Integers Rings Groups

Theorem 2.1 Theorem 6.2 Theorem 7.17
Theorem 2.3 Theorem 6.4 Theorem 7.18
Corollary 2.4 Corollary 6.5 Corollary 7.19
Theorem 2.2 Theorem 6.3 Theorem 7.20

Congruence modulo an ideal I in a ring R was defined purely in terms
of the additive group of the ring: ¢ = ¢ (mod I) means a — ¢ € I. Conse-
quently, the definition and basic properties can be carried over directly to
groups. The only difference is that a ring is an additive group, and we
usually use multiplicative notation for groups. Therefore we must translate
statements in additive notation into equivalent statements in multiplicative
notation.* The following dictionary may be helpful for this translation.

* There is a possibility of confusion here since rings also have a multiplication. In carrying over
congruence results from rings to groups, we consider only the additive structure of rings and
ignore their multiplication completely.
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Additive Notation ~ Multiplicative Notation

a+b ah

0 e
—c 1
a—0Db ab™?

If we translate the definition of congruence for ideals from additive to
multiplicative notation, we obtain

DEFINITION Let K be a subgroup of a group G and let a, b € G. Then a is
congruent to b modulo K [written a = b (mod K)| provided that ab™* € K.

EXAMPLE Let K be the subgroup {r,, r;, ry, r3) of D,. Then the
operation table on page 158 shows that d™'=d and hod!=
hod=r, € K. Therefore h = d (mod K).

THEOREM 7.17 Let K be a subgroup of a group G. Then the relation of
congruence modulo K is

(1) reflexive: a = a (mod K) for all a € G;
(2) symmetric: if a=b (mod K ), then b = a (mod K);
(3) transitive: if a=b (mod K), and b = ¢ (mod K), then a = ¢ (mod K).

Proof Exercise: Translate the proof of Theorem 6.2 from additive to multi-
plicative notation. Use K and G in place of I and R, and the dictionary
above. B

If K is a subgroup of a group G and if a € G, then the congruence class
of a modulo K is the set of all elements of G that are congruent to a modulo
K, that is, the set

{(beGlb=a(modK)}={beG|ba'eK)}
={beG|ba! =k, withkeK).

Right multiplication by a shows that the statement ba™! = kis equivalent to
b = ka. Therefore the congruence class of a modulo K is the set

(b€ G|b=ka, with ke K} = (ka | k € K}.

Consequently, the congruence class of a modulo K is denoted Ka. The set
Kais called aright coset of Kin G. The set of all right cosets of K in G, that is,
all congruence classes modulo K, is denoted G/K. When the operation in the
group G is addition, then right cosets are written additively: K + a.

If G is an abelian group (as is always the case with the additive group
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of a ring), then ka = ak for all k € K. In this case, the right coset Ka =
{ka |k € K} is the same as the set aK = {ak | k € K} (which is called a left coset
of Kiin G).* This is the reason that cosets of an ideal in a ring were denoted
a + I instead of I + 4 and no distinction was made between left and right.
When G is a nonabelian group, however, the right coset Ka may not be the
same set as the left coset aK.

EXAMPLE Let K be the subgroup {ry, v} of D,. Then the operation
table on page 158 shows that the right coset Kd is the set {r ° d,
v ° d} = {d,ry). But the left coset dK is the set {d © ry,d ° v} = {d, r,).
Hence Kd # dK.

THEOREM 7.18 Let K be a subgroup of a group G and let a, c € G. Then
a = ¢ (mod K) if and only if Ka = Kc.

Proof With minor notational changes, the proof is essentially the same as
that of Theorem 2.3 or Theorem 6.4. Just replace “modn” by “mod K and
“la]” by “Ka’” and use Theorem 7.17 in place of Theorem 2.1. i

COROLLARY 7.19 Let K be a subgroup of a group G. Then two right cosets
of K are either disjoint or identical.

Proof Copy the proof of Corollary 2.4 or Corollary 6.5 with the obvious
notational changes. il

We have now carried over to groups all but one of the congruence
results proved in Chapter 6 for rings and ideals. The remaining fact for rings
(Theorem 6.3) states that for any ideal I, ifa = b (mod I) and ¢ = d (mod I),
then a+c¢=b+d (mod I). Translating this into multiplicative nota-
tion, the corresponding result for groups would be: For a subgroup K of a
group G,

if a=b (mod K) and ¢ = d (mod K), then ac = bd (mod K).

If G is an abelian group, then this statement is true, as you can readily show
by translating the proof of part (1) of Theorem 6.3 from additive to multi-
plicative notation. Unfortunately, however, this statement may be false for
some nonabelian groups.

% EXAMPLE Let K be the subgroup {ry, v} of D,. Then r; =t (mod K)
i becauser; ° t7! =1, o t = v € K. Use the operation table on page 158

§ toverify that ry = h (mod K) but r, o ry # £ ° h (mod K).

o

* A left coset in additive notation is written ¢ + K.
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It shouldn’t come as a surprise that the group-theory analogue of
Theorem 6.3 for ideals does not hold for arbitrary subgroups. After all, an
ideal is a special kind of subring, and congruence facts for ideals don’t hold
for every subring. What seems likely, then, is that an analogue of Theorem
6.3 ought to hold for certain special subgroups of a group.

Since the difficulty with carrying over Theorem 6.3 to groups involves
commutativity, it seems clear that these special subgroups will have to
satisfy some kind of commutativity condition. The discussion of congruence
classes above suggests a possibility. The congruence class modulo K of an
element a in a group G is the right coset Ka = {ka | k € K}, which may not be
the same as the left coset aK = {ak |k € K}. In abelian groups, of course,
these cosets are the same. The next example shows that they may sometimes
be the same in nonabelian groups as well.

EXAMPLE Let K be the subgroup {rq, r;, 3, r5} of D,. Then the right
coset Ko is the set

{roov,ryev,rpov, rs°ov}={v,d, h, t}
and the left coset vK is the set
{verg,ver,vor, vor)={v,t h,d}.

Thus Kv = oK. Similar computations show that Ka = aK for every
aeD,.

It might be possible to prove the congruence facts we want for sub-
groups K that have the property Ka = aK for every a in G. The condition
Ka = aK does not mean that ka = ak for every k € K. It says only that if
ka € Ka, then ka is also an element of the set aK— that is, that there is some
t € K such that ka = at € aK. In the example above, for instance, r; o v =
d = v ° r3 with r; and r; in the subgroup K. Thus the condition Ka = aK is
weaker than commutativity of elements, but is related to it.

DEFINITION A subgroup N of a group G is said to be normal if Na = aN for
every a € G.

EXAMPLE The example preceding the definition shows that the sub-
group {ry, ry, g, r3} of D, is normal. The example on page 189 shows
that K = {rg, v} is not a normal subgroup of D, because Kd #* dK.

EXAMPLE Every subgroup N of an abelian group G is normal because
an = na for all elements ne N, a € G. Thus we automatically have
Na = aN for every a € G.

’
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Other examples of normal subgroups appear in Exercises 3—9. Nor-
mal subgroups are just what’s needed to carry over Theorem 6.3 to groups:

THEOREM 7.20 Let N be a normal subgroup of a group G. Ifa=h (modN),
and ¢ =d (mod N), then ac = bd (mod N).

Proof By the definition of congruence, there are elements m, n € N such
that ab ' =m and ed™ =n. By Corollary 7.3 (ac)(bd)™ = acd~'b™! =
anb™'. The element an is in the left coset aN. Since N is normal, aN = Na.
Hence an=n;a for some n, € N. Consequently, (ac)(bd)™ =anb™'=
nyjab™ = n;m € N. Therefore ac = bd (mod N). &

Ideals were the appropriate concept for carrying over the facts about
congruence in Z to arbitrary rings. We have now seen that normal sub-
groups play an analogous role in group theory. In the next section, we shall
see that normal subgroups lead to quotient groups, just as ideals lead to
quotient rings. We close this section with a theorem that provides alternate
descriptions of normality. Verifying condition (2) in the theorem is often
the easiest way to prove that a given subgroup is normal.

THEOREM 7.21 The following conditions on a subgroup N of a group G are
equivalent:

(1) N is a normal subgroup of G.
(2) For each a € G, the set a'Na = {a 'na|n € N} is a subset of N.
(3) Foreachae G, a 'Na=N.

Note that the statement a 'Na = N does not mean that a 'na = n for
each n € N; all it means is that a”!'na = n, for some n,; € N.

Proof of Theorem 7.21 (1) = (2) Suppose n € N and a 'na € a'Na. We
must show that a 'na € N. Note that na is an element of the right coset Na.
Since N is normal by (1), Na = aN. Hence na = an, for some n, € N. Thus
a 'na=a'an, = en; = n, € N. Therefore a~'Na C N.

(2) = (3) If (2) holds for every element of G, then it holds with ¢! in
place of g, that is, (a™!)"!Na~! C N. Since (a7!)"! = a, we see that

() aNa™! C N for every a € G, where aNa™! = {ana™! |n e N}.

To prove (3), suppose n € N. Then n = a }(ana ')a. By (), ana™' = n, for

some n, € N. Thus n = a !nya € a~'Na, which proves N C a~!'Na. The oppo-
site inclusion is given by (2). Therefore N = a~!Na.

(3) = (1) Suppose n € N and na € Na. Then a 'na € a *Na = N, so that
a 'na = ny for some ny € N. Multiplying this last equation on the left by a
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shows that na = ang € aN. Therefore Na C aN. To prove the opposite inclu-
sion, note that since (3) holds for every element of G, it holds with a™! in
place of a:

(*%) N=(a ') 'Na™! = aNa™! where aNa™ = {ana™' |ne N}.

If an € aN, then by (*%) ana™! € aNa™! = N, say ana™! = n, € N. Multiplying
on the right by a shows that an = n,a € Na. Therefore aN C Na, and hence
Na = aN. Therefore N is a normal subgroup. il

EXERCISES

A. 1. Let Kbe asubgroup of agroup G and let a € G. Prove that Ka = K if
and only if a € K.

[

. (a) Let K be a subgroup of a group G and let a € G. Prove that the
function f: K — Ka given by f(x) = xa is a bijection.

(b) If K is finite, conclude that any two right cosets of K have the
same number of elements, namely |K].

123 123 123\].
3. Prove that {(2 3 l)’ (3 1 2),(1 9 3)}1sanormal subgroup of S,

by listing all its left and right cosets.

123 123)].
4. Prove that {(2 i 3>, (1 9 3)} is a subgroup of S; but not normal.

5. (a) Prove that G = {(g Z) {a, b, deR and ad # 0} is a group

1b
under matrix multiplication and that N= {( 0 1) |be R} is a

subgroup of G.
(b) Use Theorem 7.21 to show that N is normal in G.

6. (a) List all the cyclic subgroups of the quaternion group (Exercise
14 of Section 7.1).

(b) Show that each of the subgroups in part (a) is normal.

7. Let G and H be groups. Prove that G* = {(a, e) | a € G} is a normal
subgroup of G X H.

8. Prove that the center Z(G) of a group G is a normal subgroup. [See
Exercise 19 in Section 7.3.]
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10.

11.

12.

13.

. 14.

15.

16.

17.

18

19.

20.

21.

. Prove that {ry, 5} is a normal subgroup of D,. [Hint: This can be

done directly or by using Exercise 8 above together with Exercise
20 of Section 7.3.]

Let N be a subgroup of a group G. Prove that N is normal if and only
if f(N) = N for every inner automorphism f of G.

A subgroup N of a group G is said to be characteristic if f(N) C N for
every automorphism f of G. Prove that every characteristic sub-
group is normal. (The converse is false, but this is harder to prove.)

Prove that for any group G, the center Z(G) is a characteristic
subgroup. [See Exercise 19 in Section 7.3.]

Show by example that if M is a normal subgroup of N and if N is a
normal subgroup of a group G, then M need not be a normal sub-
group of G; in other words, normality isn’t transitive. [Hint: Con-
sider M = {v, ro) and N = {h, v, ry, 1y} in D, ]

Let f:G—H be a homomorphism of groups and let K=
{a € G| f(a) = ey}. Prove that K is a normal subgroup of G.

If f: G — H is a surjective homomorphism of groups and if N is a
normal subgroup of G, prove that f(N) is a normal subgroup of H.

If K and N are normal subgroups of a group G, prove that KN Nisa
normal subgroup of G.

Let N and K be subgroups of a group_G. If N is normal in G, prove
that N N K is a normal subgroup of K.

. (a) Let Nand K be subgroups of agroup G. If Nisnormal in G, prove

that NK = {nk|n ¢ N, k € K} is asubgroup of G. [Compare Exer-
cise 26 of Section 7.3.]

{b) If both N and K are normal subgroups of G, prove that NK is
normal.

If K and N are normal subgroups of a group G such that K N N = (e),
prove that nk = kn for everv ne N, k€ K.

Let Nbe a subgroup of a group G such that N has exactly two distinct
right cosets in G. Prove that N is normal in G. [Hint: One coset must
be N = Ne; if Na is the other, then N U Na = G; show that aN N N is
empty.|

b
Prove that the function f:GL(2, R) —R* given by f(z d) =
ad — bc is a homomorphism of multiplicative groups.
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22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Prove that SL.(2, R) is a normal subgroup of GL(2, R). [Hint: SL(2, R)
is defined in Exercise 21 of Section 7.1. Use Exercises 14 and 21
above.]

Let H be a subgroup of order n in a group G. If H is the only
subgroup of order n, prove that H is normal. [Hint: Theorem 7.21
and Exercise 11 in Section 7.4.]

Prove that a subgroup N of a group G is normal if and only if it has
this property: a = ¢ (mod N) if and only if aN = ¢N.

Prove that a subgroup N of a group G is normal if and only if it has
this property: ab € Nif and only if ba ¢ N, for all a, b € G.

Prove that the cyclic subgroup (a) of a group G is normal if and only
if for each g € G, ga = a*g for some ke Z.

Let G be a finite group, N a cyclic normal subgroup of G, and H any
subgroup of N. Prove that H is a normal subgroup of G. [Compare
Exercise 13.]

Let A and Bbe normal subgroups of a group G such that A N B = (e)
and AB = G (see Exercise 18). Prove that A X B = G. [Hint: Define
f:AX B~ G by fla, b) = ab and use Exercise 19.]

Let H be a subgroup of a group G and let Ny be its normalizer (see
Exercise 29 in Section 7.3). Prove that

(a) His a normal subgroup of Ny.
(b) If K is a normal subgroup of G such that HC K, then Ny C K.

Prove that Inn G is a normal subgroup of Aut G. [See Exercise 23 of
Section 7.4.]

Let Tbe aset with three or more elements and let A(T) be the group
of all permutations of T.1fa € T, let H, = { f € A(T) | f(a) = a}. Prove
that H, is a subgroup of A(T) that is not normal.

If N is a normal subgroup of order 2 in a group G, prove that
N C Z(G). [See Exercise 19 in Section 7.3.]

Let Hbe asubgroup of agroup Gandlet N= (1 a~'Ha.Prove that N
is a normal subgroup of G. acG

Let G be a group that contains at least one subgroup of order n. Let
N =K, where the intersection is taken over all subgroups K of
order n. Prove that N is a normal subgroup of G. [Hint: For each
a € G, verify that " 'Na = MNa"'Ka, where the intersection is over
all subgroups K of order n; use Exercise 11 of Section 7.4.]
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35. Let G be a group all of whose subgroups are normal. If a, b € G,
prove that there is an integer k such that ab = ba*.

36. If Mis a characteristic subgroup of Nand Nis a normal subgroup of a
group G, prove that Mis anormal subgroup of G. [Hint: See Exercise
11.]

37. Let K be a subgroup of a group G and let a, b € G. We say a is left
congruent to b modulo K (written a ~ b) if a~'b € K.

(a) Prove that Theorem 7.17 holds with ~ in place of =,

(b) The left congruence class of a is defined to be the set of all
elements b € G such that b ~ a. Show that this set is the left
coset aK.

(c) Prove that a ~ ¢ if and only if aK = cK. [Hint: See Theorem
7.18.]

(d) Prove Corollary 7.19 for left cosets.

38. Let K be a subgroup of a group G and let ~ be as in Exercise 37.
Prove that K is normal if and only if K satisfies this condition: a = b
(mod K) if and only if a ~ b.

7.6  Quotient Groups

Let Nbe anormal subgroup of a group G. The set of all right cosets of N
in G (the congruence classes modulo N) is denoted G/N. Our first goal is to
define an operation on cosets so that G/N becomes a group. Based on our
experience with Z and other rings, the natural way to define such an opera-
tion is as follows: The product of the coset Na (the congruence class of @) and
the coset Nb (the congruence class of b) is the coset Nab (the congruence
class of ab). In symbols, this definition reads

(Na)(Nb) = Nab.

As in the past, we must verify that the definition does not depend on the
elements chosen to represent the various cosets, and so we must prove

THEOREM 7.22 Let N be a normal subgroup of a group G. If Na = Nc and
Nb = Nd in G/N, then Nab = Ncd.

Proof Na = Nc implies that a = ¢ (mod N) by Theorem 7.18; similarly,
Nb = Nd implies that b=d (mod N). Therefore ab=cd (mod N) by
Theorem 7.20. Hence Nab = Ncd by Theorem 7.18. B
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THEOREM 7.23 IfN is a normal subgroup of a group G, then G/Nis a group
under the operation defined by (Na)(Nc) = Nac. If G is an abelian group,
then so is G/N.

Proof The operation in G/N is well defined by Theorem 7.22. The cosct
N = Ne is the identity element in G/N since (Na)(Ne) = Nae = Na and
(Ne)(Na) = Nea = Na for every Na in G/N. The inverse of Na is the coset
Na!since (Na)(Na™) = Naa™* = Ne and, similarly, (Na™')(Na) = Ne. Asso-
ciativity in G/N follows from that in G: [(Na)(Nb)|(Nc) = (Nab)(Nc) =
N(ab)c = Na(bc) = (Na)(Nbc) = (Na)[(Nb)(Nc)|. Therefore G/N is a group.
The proof of the last statement is left to the reader (Exercise 9). B

The group G/N is called the quotient group or factor group of G by N.
A special case of this situation occurs when [ is an ideal in a ring R. Under
addition, Iis a normal subgroup of R since addition in a ring is commutative.
The quotient group R/I is just the additive group of the quotient ring R/I.
Here are some examples that are not a consequence of ring theory.

EXAMPLE Inthe example onpage 190, we saw that N = {rq,r,, 15, 13}
is a normal subgroup of D,. The operation table for D, on page 158
shows that

Nro={rg o rg, 1 ° 19,13 °10,73° 10} ={ro, 11, 73, 73)
No={rgev,rpev,rpou,ryov}={v,d, h,t).
Since every element of D, is in either Nry or Nv and since any two
cosets of Nare either disjoint or identical (Corollary 7.19), every coset
of N must be equal to Nry or Nv. In other words, D,/N = {Nr,, Nv}.

Since ro e v =v =1 ° ry and v ° v = r,, the operation table for the
quotient group D,/N is

‘ Nrg Nv
Nry T Nry Nv
Nv Nov Nry

Itis easy to see that D,/Nis isomorphic to the additive group Z, (let Nr,
correspond to 0 and Nv to 1; then compare tables).

EXAMPLE In Exercise 9 of Section 7.5, we saw that M = {r,, rp} is a
normal subgroup of D,. Using the operation table for D,, we find that
D,/M consists of these four cosets:

Mry = {ry, ry} = Mr, Mry={r;, r3} = Mr,
Mh={h, v} = Mo Md = {d, t} = Mt.
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We shall choose one way of representing each coset and list the ele-
ments of D,/M as Mry, Mr,, Mh, and Md. When we compute products
in D,/M, we express the answers in terms of these four cosets. For
instance, since d ° r; = vin D, we have (Md)(Mr,) = M(d ° r;) = Mo
but Mv = Mh, so we write (Md)(Mr,) = Mh in the table below. You
should fill in the missing entries:

l Mr, Mr, Mh Md

Mry | Mr, Mr, Mh Md
Mr, Mr, Mr,

Mh Mh Mr,

Md Md Mh

The completed table shows that D,/M is an abelian group in which
every nonidentity element has order 2. Verify that D,/M is isomorphic
to Zy X Z, by comparing tables.

EXAMPLE Under addition, the group Z of integers is a normal sub-
group of the abelian group @ of rational numbers. Consequently, the
quotient group Q/Z is an additive abelian group (but not a quotient
ring because Z is not an ideal in the ring Q).IfZ+aand Z + ¢ are
elements of @Q/Z, then the definition of congruence mod Z and
Theorem 7.18 show that*

Z+a=Z+cifandonlyifa—ceZ.

Consequently, if 0 <¢<a <1, thenZ + aand Z + c are distinct ele-
ments of Q/Z (because 0 <a — ¢ <1, and so a — ¢ cannot be an in-
teger). Since there are infinitely many rationals between 0 and 1,Q/Z
is an infinite group. Nevertheless, every element of Q/Z has finite
order (Exercise 15).

If Nis a normal subgroup of a group G, then the structure of each of the
groups N, G, and G/N is related to the structure of the others. If we know
enough information about two of these groups, we can often determine
useful information about the third, as illustrated in the following theorems.

THEOREM 7.24 Let N be a normal subgroup of a group G. Then G/N is
abelian if and only if aba™'b™' € N for all a, b € G.

Proof G/N is abelian if and only if
Nab = NaNb = NbNa = Nba for all a, b € G.

* Remember that cosets in an additive group are written in additive notation.
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But Nab = Nba if and only if (ab)(ba)™! € N by Theorem 7.18; and
(ab)(ba)~! = aba~'b~! by Corollary 7.3. Therefore G/Nis abelian if and only
ifaba'b"'e Nforalla,be G. R

Recall that the center Z(G) of a group G is the subset

{a € G| ax = xa for every x € G}.

Z(G) is a normal subgroup of G by Exercise 8 in Section 7.5.

THEOREM 7.25 If G is a group such that the quotient group G/Z(G) is
cyclic, then G is abelian.

Proof For notational convenience, denote Z(G) by C. Since G/C is cyclic,
it has a generator Cd, and every coset in G/C is of the form (Cd)* = Cd* for
some integer k. Let a and b be any elements of G. Since a = eaisin the coset
Ca and since Ca = Cd' for some i, we have a = ¢,d! for some ¢, € C. Similarly,
b = ¢,d’ for some ¢, € C and integer j. Now d'd’ = d'* = d'** = d/d*, and ¢,
and ¢, commute with every element of G by the definition of the center.
Consequently,

ab = (¢;d")(cod?) = cicod'd? = cocydid! = (cod?)(c,d*) = ba.
Therefore G is abelian. &

EXERCISES

) _Jf123 123 123)\].
A. 1. Verify that N = {(1 g 3>, <2 3 1),(3 1 2)}1sanormalsubgroup

of S; and show that S;/N =Z,.
2. Show that Z¢/N = Z,, where N is the subgroup {0, 3}.
3. Show that Z,;/M = Z, where M is the cyclic subgroup (6).

4, Let G=2Z,X Z, and let N be the cyclic subgroup generated by
(3, 2). Show that G/IN=1Z,.

5. Let G = Zg X Z, and let N be the cyclic subgroup ((1, 1)). Describe
the quotient group G/N up to isomorphism.

6. Show that U,y/N = U, where N is the subgroup {1, 17}.

7. Suppose M and N are normal subgroups of a group G such that
M =N. Give an example to show that G/M need not be isomor-
phic to G/N. [Hint: Consider the subgroups ((1, 0)) and ((0, 2)) in
Z,X1,.]

8. If Nis a normal subgroup of a group G and if x2 € N for every x € G,
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11.

.12,

13.

14.

15.

16.

17.

18.

19.

prove that every nonidentity element of the quotient group G/N has
order 2.

. If Nis a subgroup of an abelian group G, prove that G/N is abelian.
10.

(a) Give an example of a group G with center C such that G/C is
abelian.

(b) Give an example of a group G with center C such that G/C is not
abelian.

(a)ShowthatV={<1234>,(l234 1234) (1234
1234 2143)°\3412/)°\4321
is a normal subgroup of S,.

(b) Write out the operation table for the group S,/V.

Let R* be the multiplicative group of real numbers and let N be the
subgroup {1, —1}. Prove that R*/N is isomorphic to the multiplica-
tive group R** of positive real numbers.

Describe the quotient group R*/R**, where R* and R** are as in
Exercise 12.

If G is a cyclic group, prove that G/N is cyclic, where N is any
subgroup of G.

(a) Prove that every element of Q/Z has finite order.
(b) Prove that Q/Z contains elements of every possible finite order.

Prove that the set of elements of finite order in the group R/Z is the
subgroup Q/Z.

Let G and H be groups and let G* be the subset of G X H consisting
of all (a, ¢) witha e G.

(a) Show that G* is isomorphic to G.

(b) Show that G* is a normal subgroup of G X H.

(c) Show that (G X H)/G*= H.

If Nis a normal subgroup of a group G and if every element of N and
of G/N has finite order, prove that every element of G has finite
order.

A group H is said to be finitely generated if there is a finite subset S
of H such that H= (S) (see Theorem 7.12). If N is a normal sub-
group of a group G such that the groups N and G/N are finitely
generated, prove that G is finitely generated.
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20.

21.

22.

23.

7.7

Let G be a group and let S be the set of all elements of the form
aba 'b ' witha, b € G. The subgroup G’ generated by the set S (asin
Theorem 7.12) is called the commutator subgroup of G. Prove

(a) G’ is normal in G. [Hint: For any g, a, b€ G, show that
g Haba™'b™")g = (g ag)(g'be)(g ' g)(g b "g) is in 8]

(b) G/G’ is abelian.

Let G be the additive group R X R.

(a) Show that N = {(x, y) |y = —x} is a subgroup of G.

(b) Describe the quotient group G/N.

Let N be a normal subgroup of a group G and let G’ be the commu-
tator subgroup defined in Exercise 20. If NN G’ = (e), prove that

(a) NC C, where C is the center of G.
(b) C/N is the center of G/N.

Let Cbe the center of agroup G. Prove that G/Cisisomorphic to the
group Inn G of all inner automorphisms of G (see Exercise 23 in
Section 7.4).

. Let A, B, N be normal subgroups of a group G such that NC A,

NCB.IfG=ABand AN B = N, prove that G/N = A/N X B/N. (The
special case N = (e) is Exercise 28 in Section 7.5.)

Quotient Groups and Homomorphisms

In view of our experience with rings, it should come as no surprise that
there is a close connection between normal subgroups, quotient groups,
and homomorphisms. The first step in developing this connection is to carry
over to groups the concept of a kernel. Recall that the kernel of a ring
homomorphism is the set of elements that are mapped to the zero element
(the identity element of the additive group). Translating this idea to multi-
plicative groups, we have

DEFINITION Let f: G — H be a homomorphism of groups. Then the kernel
of fis the set {a € G| f(a) = ey).

The kernel of a ring homomorphism is an ideal. Normal subgroups are
the group-theory analogue of ideals, and we have
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THEOREM 7.26 Letf: G — H be a homomorphism of groups with kernel K.
Then K is a normal subgroup of G.

Proof If ¢, d € K, then f(c) = ey and f(d) = ey by the definition of kernel.
Hence flcd) = f(c)f(d) = eyey=-ey, so that cd e K. If ceK, then by
Theorem 7.14 f(c™!) = flc)! = (ey)™* = ey. Thus ¢! € K. Therefore K
is a subgroup of G by Theorem 7.7. To show that K is normal, we must
verify that for any a € G and c €K, a~lca € K (Theorem 7.21). How-
ever, fla 'ac) = fla ")f(c)f(a) = f(a)'enfla) = fla)'f(a) = ey. Therefore

a'ca € K and K is normal. B

As in the case of rings, the kernel measures how far the homomor-
phism fis from being injective.

THEOREM 7.27 Let f: G — H be a homomorphism of groups with kernel K.
Then K = {e¢) if and only if fis injective.

Proof Translate the proof of Theorem 6.9 from additive to multiplicative
notation,* replacing R by G, S by H, 0z by ¢¢, and Theorem 3.10 by
Theorem 7.14. 1

Theorem 7.26 states that every kernel is a normal subgroup. Con-
versely, every normal subgroup is a kernel:

THEOREM 7.28 If N is a normal subgroup of a group G, then the map
n: G — G/N given by n(a) = Na is a surjective homomorphism with kernel N.

Proof Translate the proof of Theorem 6.10 from additive to multiplicative
notation, replacing Rby G, Sby H, Iby N, and r+ I by Nr. &

THEOREM 7.29 (FIRST ISOMORPHISM THEOREM FOR GROUPS) Let
f:G — H be a surjective homomorphism of groups with kernel K. Then the
quotient group G/K is isomorphic to H.

Proof Define ¢: G/K — Hby ¢(Ka) = f(a). To show that ¢ is a well-defined
isomorphism, translate the proof of Theorem 6.11 from additive to multi-
plicative notation, replacing Rby G, Sby H, r + Kby Kr,r — tby ri™, and O
by ey. B

* Here and below, “translate” means change the parts of the ring-theory proof dealing with
the additive group of the ring to multiplicative-group notation and ignore the parts of the proof
dealing with ring multiplication.
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The First Isomorphism Theorem makes it easier to identify certain
quotient groups.

EXAMPLE If G and H are groups, then we claim that the direct prod-
uct G X H contains a normal subgroup G*such that G*is isomorphic to
G and the quotient group (G X H)/G* is isomorphic to H. To prove
this, let f: G X H — Hbe the function given by f{(a, b) = b. Verify that f
is a surjective homomorphism (Exercise 2). Let G* be the kernel of £,
so that G*= {(a, b) | fla, b) =e} ={(a, b) |b=1¢} = {(a, €} |a € G}. By
the First Isomorphism Theorem, (G X H)/G* = H, and it is easy to
show that G is isomorphic to G* (Exercise 3).

EXAMPLE Counsider the multiplicative group C* of nonzero complex
numbers. Let N be the set of all complex numbers of absolute value 1,
that is, N={a + bi|a®+ b? = 1}. We claim that N is a normal sub-
group of C* and that the quotient group C*/N is isomorphic to the
multiplicative group R** of all positive real numbers. To prove this,
define a function f: C* = R** by f(a + bi) = a® + b?%. Verify that fisa
surjective homomorphism of multiplicative groups (Exercise 4). Since
1 is the identity element of R**, the kernel of fis the set of complex
numbers of absolute value 1, thatis, the set N. By Theorem 7.29, Nisa
normal subgroup of C* and the quotient group C*/N is isomorphic
to R**.

Let N be a normal subgroup of a group G. What do the subgroups of
G/Nlooklike, and how are they related to the subgroups of G? We can give a
partial answer to this question by demonstrating one way of constructing
subgroups of G/N. Let K be a subgroup of G that contains N. Then N is
certainly a subgroup of K. Since Na = aN for every a € G, then in particular
Na = aNfor every a € K. Hence Nis a normal subgroup of K, so that K/Nis a
group by Theorem 7.23. The elements of K/N are the cosets Na with a € K.
Clearly, every such coset is also a coset in G/N = {Nc|c € G}. Therefore
K/N is a subgroup of G/N. If the group K that we start with is normal in G,
then we have

THEOREM 7.30 (THIRD ISOMORPHISM THEOREM FOR GROUPS)t Let
K and N be normal subgroups of a group G with NC KC G. Then K/N is a
normal subgroup of G/N, and the quotient group (G/N)/(K/N) is isomorphic
to G/K.

t Yes, Virginia, there is a Second Isomorphism Theorem; see Exercise 24.
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Proof The basic idea of the proof is to define a surjective homomorphism
from G/N to G/K whose kernel is K/N. Then the conclusion of the theorem
will follow immediately from the First Isomorphism Theorem. First note
that, if Na = Ncin G/N, then ac™? € Nby Theorem 7.18 and the definition of
congruence modulo N. Since N C K, this means that ac™! € K. Conse-
quently, Ka= Kc in G/K by Theorem 7.18 again. Therefore the map
f:G/N — G/K given by f(Na) = Ka is a well-defined function, that is, inde-
pendent of the coset representatives in G/N. Clearly f'is surjective since
any Ka in G/K is the image of Na in G/N. The definition of coset operation
shows that

f(NaNb) = f(Nab) = Kab = KaKb = f(Na) f(Nb).

Hence fis ahomomorphism. Since the identity element of G/K is Ke, a coset
Na is in the kernel of fif and only if f(Na) = Ke, that is, if and only if Ka =
Ke. However, Ka = Keifand only if a € Kby Theorem 7.18. Thus the kernel
of fconsists of all cosets Na with a € K; in other words, K/N is the kernel of f.
Therefore K/N is a normal subgroup of G/N (Theorem 7.26), and by the
First Isomorphism Theorem, (G/N)/(K/N) = (G/N)/kernel f= G/K.

We now have complete information on those subgroups of G/N that
arise from subgroups of G. Are these all the subgroups of G/N? The next
theorem summarizes what we have done and answers this question in the
affirmative.

THEOREM 7.31 Let N be a normal subgroup of a group G and let K be any
subgroup of G that contains N. Then

(1) K/N is a subgroup of G/N.

(2) K/N is normal in G/N if and only if K is normal in G.

(3) if T is any subgroup of G/N, then there is a subgroup H of G such
that NC Hand T = H/N.

Proof Theorem 7.30 and the paragraph preceding it prove statement (1)
and half of (2). The other implication in (2) is Exercise 13.

(3)LetH={a€ G|NaeT).Ifa,beH,thenNa e TandNb € T. Since T
is a subgroup, Nab = NaNb € T. Hence ab € Hand H s closed. If a € H, then
Na € T. Since Tis asubgroup, Na=! = (Na) !isalsoin T. Hencea™! € Hand H
is a subgroup by Theorem 7.7. Note that if a € N, then Na = Ne by Theorem
7.18 because a = e (mod N). Thus Na = Ne € T, so that a € H. Therefore
N C H. The quotient group H/N consists of all cosets Na with a € H; by the
definition of H, this is the set of all Na in T. Thus H/N=T. &
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EXERCISES

A.

1. Verify that each map is a group homomorphism and find its kernel:

(a) f:Z,3 — Z,,, where f(x) = 3x

(b) f:Z — Zy X Z,, where [k], denotes the congruence class of k in
Z, and f(k) = ([kl,, [kl,)

(¢) g:Zs — Z,, where f{[kls) = [k];

(d) ¢:S,— S,.1, where for each f€ S, ¢(f) € S,+, is given by

i k=n
(”(f)(k)={j;(l—(+)1 iii:n-i-l

() h:Z,3 — Z5, where h([x],s) = [2x]5

. Let Gand Hbe groups and let f: G X H — Hbe givenby f(a, b) = b.

Show that fis a surjective homomorphism.

. Let G and H be groups and let G*={(a, ey)|a € G} and H*=

{(ec. b)|be H).

(a) Show that G* and H* are normal subgroups of G X H.
(b) Show that G=G*and H= H*

(c) Show that (GX H)/G*=H and (G X H)/H*= G.

. Prove that the function f: C* — R** given by f(a + bi) = a® + b%isa

surjective homomorphism of groups.

. (a) List all the possible homomorphic images (up to isomorphism)

of Z,, . [Hint: See Exercise 33 in Section 7.3.]
(b) Do the same for Z,,.

. (a) List all subgroups of Z;,/H, where H = {0, 6}.

(b) List all subgroups of Z,,/K, where K = {0, 4, 8, 12, 16}.

. A group G is said to be simple if G has no normal subgroups except

itself and (e). Suppose f: G — H is a surjective homomorphism of
groups and G is simple. Prove that either f is an isomorphism or
H=(e).

. Ifk|nand f: U, — Uis given by f(|x],) = [x]x, show that fis a homo-

morphism and find its kernel (notation as in Exercise 1).

. Let ¢:Z[x] — Z be the function given by ¢( f(x)) = f(3). Show that ¢

is a homomorphism of additive groups and find its kernel.
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10.

11.

12.

13.

14.

15.

16.

17.

Let G be an abelian group.
(a) Show that K = {a € G||a| = 2} is a subgroup of G.
(b) Show that H= {x?|x € G} is a subgroup of G.

(¢) Prove that G/K = H. [Hint: Define a surjective homomorphism
from G to H with kernel K.]

Use the First Isomorphism Theorem to prove that R*/(1, —1) =
R**,

Let G and Hbe the groups in Exercises 31 and 32 of Section 7.1. Use
the First Isomorphism Theorem to prove that H is normal in G and
that G/H is isomorphic to the multiplicative group R* of non-
zero real numbers. [Hint: Consider the map f: G — R* given by

f(Ta, b) = a']

Let N be a normal subgroup of a group G and let K be any subgroup
of G that contains N. Then K/N is a subgroup of G/N by part (1) of
Theorem 7.31. If K/N is normal in G/N, prove that K is normal in G.

Let M be a normal subgroup of a group G and let N be a normal
subgroup of a group H. Use the First Isomorphism Theorem to
prove that MX N is a normal subgroup of G X H and that
(G X H)/(M X N) = G/M X H/N.

Prove that SL(2, R) is a normal subgroup of GL(2, R) and that
GL(2, R)/SL(2, R) is isomorphic to the multiplicative group R* of
nonzero real numbers. [Hint: Exercise 21 in Section 7.5.]

Let R be aring and let r € R. Let f: R — R be the function given by
flx) = rx.

(a) Show that fis a homomorphism of additive groups.
(b) Show by example that f need not be a ring homomorphism.
)

(¢) What conditions on R and/or r would guarantee that fis a ring
homomorphism?

(An exercise for those who know how to multiply 3 X 3 matrices.)
Let G be the set of all matrices of the form

1 b
0
0

O~ Q

c
1
where a, b, c € Q.

(a) Show that G is a group under matrix multiplication.
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18.

19.

20.

21.

22.

23.

C. 24.

(b) Find the center C of G and show that C is isomorphic to the
additive group Q.

(¢) Show that G/C is isomorphic to the additive group Q@ X Q.

Let f: G — H be a surjective homomorphism of groups with kernel
K and let M be a subgroup of H.

(a) Prove that there is a subgroup N of G such that K C N C G and
N/K =M.

(b) If Mis normal in H, prove that Nis normal in G and G/N = H/M.

Let f: G — H be a surjective homomorphism of groups with kernel
K. Prove that there is a bijection between the set of all subgroups of
H and the set of subgroups of G that contain K.

Let N be a normal subgroup of a group G and let f:G— H be a
homomorphism of groups such that the restriction of fto N is an
isomorphism N = H. Prove that G = N X K, where K is the kernel
of f. [Hint: Exercise 28 in Section 7.5.]

A group G is said to be metabelian if it has a subgroup N such that N
is abelian, N is normal in G, and G/N is abelian.

(a) Show that S; is metabelian.

(b) Prove that every homomorphic image of a metabelian group is
metabelian.

(c) Prove that every subgroup of a metabelian group is metabelian.

Let Nbe a normal subgroup of a group G. Prove that G/N is simple if
and only if there is no normal subgroup H such that N CHCG
[Hint: See Exercises 7 and 13.]

The additive group Z|x] contains Z (the set of constant polynomials)
as a normal subgroup. Show that Z{[x}/Z is isomorphic to Z[x]. This
example shows that G/N = G does not necessarily imply that N =
(e). [Hint: Consider the map T:Z[x] — Z[x]/Z given by T(f(x)) =
Z+ xf(x).]

(Second Isomorphism Theorem) Let K and N be subgroups of a
group G, with N normal in G. Then NK={nk|neN, keK} is a
subgroup of G that contains both K and N by Exercise 18 of Section
7.5.

(a) Prove that N is a normal subgroup of NK.
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(b) Prove that the function f: K — NK/N given by f(k) = Nk is a
surjective homomorphism with kernel KN N.

(¢) Conclude that K/(NN K) = NK/N.

25. Cayley’s Theorem 7.15 represents a group G as a subgroup of the
permutation group A(G). A more efficient way of representing G as
a permutation group arises from the following generalized Cayley’s
Theorem. Let K be a subgroup of G and let Tbe the set of all distinct
right cosets of K.

(a) If a € G, show that the map f,: T — T given by f,(Kb) = Kba is a
permutation of the set T.

(b) Prove that the function ¢: G — A(T) given by ¢(a) = f,-., is a
homomorphism of groups whose kernel is contained in K.

(c) If K is normal in G, prove that K = kernel ¢.

(d) Prove Cayley’s Theorem by applying parts (b) and (c) with
K= (e).

7.8  The Structure of Finite Groups

Up to this point, the development of groups has paralleled that of the
integers, polynomials, and rings. We now leave this parallel path and con-
sider the theory of finite groups, an area that has no analogue in our pre-
vious work.

A major goal of group theory is the classification of all finite groups up
to isomorphism. That is, we would like to produce a list of groups such that
every finite group is isomorphic to exactly one group on the list. This is a
problem of immense difficulty, but a number of partial results have already
been obtained. Theorem 7.13, for example, provides a classification of all
cyclic groups (every nontrivial finite cyclic group is isomorphic to exactly
one group on this list: Zy, Z3, Z,, . . . ). In this section, we present the
basic facts on which most classification theorems depend, and we com-
pletely classify groups of prime order and groups of order less than 8.

The order of a finite group is a positive integer. The underlying theme
of this section is the relationship between the arithmetical properties of this
integer and the structure of the group. In order to develop this connection,
we need to review some basic facts about cosets.
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THEOREM 7.32 Let H be a subgroup of a group G. Then

(1) G is the union of the right cosets of H: G = Uc Ha.

(2) Any two right cosets of H are either identical or disjoint: Ha = Hb
or HanHb=¢.

(3) Foreacha € G, thereis a bijection f: H— Ha. Consequently, if H is
finite, any two right cosets of H have the same number of elements.

Proof (1) Since every coset consists of elements of G, we have U Ha C G.

aeG

IfbeG, thenb=e¢beHbe UGHa, so that G C UGHa. Hence G = UGHa.

(2) Corollary 7.19.

(3) Define f: H — Ha by f(x) = xa. Then by the definition of Ha, fis
surjective. If f(x) = f(y), then xa = ya, so that x = y by Theorem 7.2. There-
fore fis injective and hence a bijection. Consequently, if H is finite, every
coset Ha has the same number of elements as H, namely |H|. &

If His a subgroup of a group G, then the number of distinct right cosets
of Hin G is called the index of H in G and is denoted [G: H]. If G is a finite
group, then there can be only a finite number of distinct right cosets of H;
hence the index [G: H] is finite. If G is an infinite group, then the index may
be either finite or infinite.

EXAMPLE Z is a subgroup of the additive group @, and as we saw on
page 197, there are infinitely many distinct cosets of Z in Q. Thus the
index [Q:Z] is infinite.

EXAMPLE Let H be the cyclic subgroup (3) of the additive group Z.
Then H consists of all multiples of 3, and the cosets of H are just the
congruence classes modulo 3; for instance, H+2={(h+ 2|he H} =
{3z 4+ 2|z € Z}) = [2]. Since there are exactly three distinct con-
gruence classes modulo 3 (cosets of H), we have [Z:H| = 3.

EXAMPLE Let M be the subgroup {ry, 75} of D,. In the example on
page 196, we saw that M has four distinct cosets:
Mro={ry, e}, Mri={r;,r3}, Mh={hv), Md={d, 1)

Therefore |[D,: M] = 4. Furthermore|D | = 2 - 4 =|M|[D,: M]. Thisis
an illustration of the next theorem.

THEOREM 7.33 (LAGRANGE’S THEOREM) If H is a subgroup of a finite.
group G, then the order of H divides the order of G; in particular,
|Gl=1H||G: H].
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Proof 1t is convenient to adopt the following notation: If A is a finite set,
then |A] denotes the number of elements in A. Observe that if A and B are
disjoint finite sets, then|A U B|=|A|+ |B|. Now suppose that [G:H]=n
and denote the n distinct cosets of Hin G as Hc,, He,, . . . , He,. Then by
Theorem 7.32, G = Hc, U He, U + + - U He,. Since these cosets are all dis-
tinct, they are mutually disjoint by Theorem 7.32. Consequently, |G|=
|Hc,|+|Hcy|+ - - -+ +|Hc,|. For each c;, however, |Hc,|=|H| by Theorem
7.32. Therefore

|GI=|HI+ |H|+ - - - +|H|=|H|n=|H|[G:H] W
n summands

Lagrange’s Theorem shows that there are a limited number of possi-
bilities for the subgroups of a given group. For instance, a subgroup of a
group of order 12 must have one of these orders: 1, 2, 3, 4, 6, or 12 (the only
divisors of 12). Be careful, however, for these are only the possible orders of
subgroups. Lagrange’s Theorem does not say that a group G must have a
subgroup of order k for every k that divides |G|. In fact, we shall see an
example of a group of order 12 that has no subgroup of order 6 (Exercise 28
in Section 7.9). Lagrange’s Theorem also puts limitations on the possible
orders of elements in a group:

COROLLARY 7.34 Let G be a finite group.

(1) If a € G, then the order of a divides the order of G.
(2) If | G|=k, then & = e for every a € G.
(3) IfN is a normal subgroup of G, then|G/N|=|G]|/|N]|.

Proof (1)Ifa € Ghasorder n, then the cyclic subgroup (a) of Ghas order n
by Theorem 7.10. Consequently, n divides |G| by Lagrange’s Theorem.
(2) If a € G has order n, then n |k by part (1), say k = nt. Therefore
a =g = (an)t =t =¢.
(3) |G/N| is the number of distinct right cosets of N in G, that is,
|G/N|=|G:N]. By Lagrange’s Theorem, |G|=|N|[G:N|=|N||G/N|, and
hence |G/N|=|G|/IN|. B

Lagrange’s Theorem and its corollary are basic tools for determining
the structure of various finite groups. We begin by classifying all groups of
prime order.

THEOREM 7.35 Let p be a positive prime integer. Every group of order p is
cyclic and isomorphic to Z,.

Proof If Gisagroup of order p and a is any nonidentity element of G, then
the cyclic subgroup (a) is a group of order greater than 1. Since the order of
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the group (e) must divide p and since p is prime, (@) must be a group of
order p. Thus (a) is all of G, and G is a cyclic group of order p. Therefore
G =1Z,by Theorem 7.13. &

We turn now to the classification of groups of small order. A group of
order 2, 3, 5, or 7 is cyclic by Theorem 7.35. The next two theorems deal
with groups of orders 4 and 6.* In each proof, enough of the necessary
calculations are included to show you how the argument goes, but you
should take pencil and paper and supply all the missing computations.

THEOREM 7.36 Every group of order 4 is isomorphic to Z, or to Zy X Z,.

Proof Let Gbe agroup of order 4. Either G contains an element of order 4
or it does not. If it does, then the cyclic subgroup generated by this element
has order 4 by Theorem 7.10 and hence must be all of G. Therefore Gisa
cyclic group of order 4 and G = Z, by Theorem 7.13. Now suppose that G
does not contain an element of order 4. Let e, a, b, cbe the distinct elements
of G, with e the identity element. Since every element of G must have order
dividing 4 by Corollary 7.34 and since ¢ is the only element of order 1, each
of a, b, c must have order 2. Thus the operation table of G must look like this:

' e a b c
e e a b c
a a e
b b e
¢ c e

In order to fill in the missing entries, we first consider the product ab. If
ab = e, then ab = aa and hence a = b by cancellation. This is a contradic-
tion, and so ab # e. If ab = a, then ab = ae and b = e by cancellation, an-
other contradiction. Similarly, ab=b implies the contradiction a =e.
Therefore the only possibility is ab = ¢. Similar arguments show that there
is only one possible operation table for G, namely,

I e a b c
e e a b c
a a e c b
b b c e a
c c b a e

* Theorems 7.36 and 7.37 and Corollaries 7.39 and 7.40 are special cases of results to be
proved in Chapter 10. If you plan to read Chapter 10, you may wish to skip the elementary
proofs here.
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Let f: G — Z, X Z, be given by f(e) = (0, 0), f{a) = (1, 0), f(b) = (0, 1), and
fle)=(1, 1). Show that fis an isomorphism by comparing the operation
tables of the two groups. B

THEOREM 7.37 Every nonabelian group G of order 6 is isomorphic to S;.

Proof The group G cannot contain an element of order 6 because if it did, it
would be cyclic and hence abelian. By Corollary 7.34 every nonidentity
element of G has order 2 or 3, but every nonidentity element of G cannot
have order 2 since this would imply that G is abelian by Exercise 21 of
Section 7.2. Therefore G must contain an element a of order 3. Let N be the
cyclic subgroup (a) = {e, a, a®} and let b be any element of G thatisnotin N.
The cosets Ne = {e, a, a®} and Nb = (b, ab, a®b)} are not identical since
b ¢ N = Ne and hence must be disjoint (Theorem 7.32). Therefore G con-
sists of the six elements e, a, a2, b, ab, a?b.

We now show that there is only one possible operation table for G.
What are the possibilities for b>? We claim that b? cannot be any of @, a2, b,
ab, or a?b. For instance, if b? = a, then b* = a2. However, b either has order
2 (in which case a? = b* = b%b® = ee = ¢, a contradiction) or order 3 (in
which case a®2 = b* = b3b = eb = b, another contradictionsince b ¢ N). Sim-
ilar arguments show that the only possibility is b2 = e. Next, it is easy to see
that ba cannot be any of b, ¢, a, or a® (for instance, ba = aimplies b = ¢). Nor
can ba = ab since this would imply that G is abelian (why?). Therefore we
must have ba = a?b. Using these two facts:

b2 =e¢e and ba = a?b,
we can now compute every product in G. For example, ba? = (ba)a =
(a?b)a = a*(ba) = a%a*b = a*b = ab.
Verify that the operation table for G must look like this:

e a a? b ab a’b
e e a a? b ab a®b
a a a? e ab a?b b
a’ a2 e a a%b b ab
b b a%b ab e a? a
ab ab b a®b a e a?
a%b a%b ab b a? a e

By comparing tables, show that G is isomorphic to S; under the correspon-
dence

e a a? b ab a®b
l l ! l l
(123)(123)(123)(123)(123)(123).
1 2 3/\2 3 1/J\38 1 2/\2 1 3/\3 2 1/\1 3 2/
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The two preceding proofs illustrate a method of describing or defining
groups in terms of their generators and relations. For example, S, is the
unique group G with generators a and b satisfying the relations

ad=e b2=e ba = a?b.

Similarly, Z, X Z, is the unique group G with generators a and b satisfying
the relations

a?=e¢ b =e  ba=ab.

Note that it isn’t necessary to mention the element ¢ that appeared in the
proof of Theorem 7.36 since ¢ = ab.

As noted above, the converse of Lagrange’s Theorem may be false:
The fact that k divides the order of a group G does not guarantee that Ghasa
subgroup of order k. But the key to the proof of Theorem 7.37 was precisely
this fact: 3 divided the order of G, and G contained an element of order 3
and hence a subgroup of order 3. This suggests that the converse of La-
grange’s Theorem may be true for prime divisors.

THEOREM 7.38 (CAUCHY’S THEOREM FOR ABELIAN GROUPS) IfGisa
finite abelian group and if p is a prime that divides the order of G, then G
contains an element of order p.

The theorem is actually true for all finite groups (see Corollary 10.14).

Proof of Theorem 7.38 The proof is by induction on the order of G, using
the Principle of Complete Induction.* To do this, we must first show that
the theorem is true when |G| = 2. In this case, if p divides |G|, then p = 2.
The nonidentity element of G must have order 2 by part (1) of Corollary
7.34, and so the theorem is true.

Now assume that the theorem is true for all abelian groups of order less
than n and suppose |G| = n. Let a be any nonidentity element of G. Then the
order of a is a positive integer and is therefore divisible by some prime g
(Theorem 1.11), say |a|= gt. The element b = a* has order g by Theorem
7.5. If g = p, the theorem is proved. If g # p, let N be the cyclic subgroup
(b). Nis normal since G is abelian and N has order g by Theorem 7.10. By
Corollary 7.34 the quotient group G/N has order|G|/|N|= n/g < n. Conse-
quently, by the induction hypothesis, the theorem is true for G/N. The prime
p divides |G|, and |G| =|N||G/N|= g|G/N|. Since q is a prime other than p, p
must divide |G/N|by Theorem 1.8. Therefore G/N contains an element of
order p, say Nc. Since Nc has order p in G/N, we have Ne¢? = (Nc)P = Ne and
hence c? € N. Since N has order g, ¢?? = (c?)? = e by part (2) of Corollary

*See Appendix C.
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7.34. Therefore ¢ must have order dividing pq by Theorem 7.5. However, ¢
cannot have order 1 because then Nc would have order 1 instead of p in G/N.
Nor can ¢ have order g because then (Nc)? = N¢? = Ne in G/N, so that p (the
order of Nc) would divide gby Theorem 7.5. The only possibility is that c has
order p or pg; in the latter case, ¢? has order p by Theorem 7.5. In either
case, G contains an element of order p. Therefore the theorem is true for
abelian groups of order n and hence by induction for all finite abelian
groups. i

COROLLARY 7.39 Let p and q be distinct positive primes. Every abelian
group of order pq is isomorphic to Z,,.

Proof If G has order pq, then G contains an element a of order p and an
element b of order g by Cauchy’s Theorem. Since G is abelian, the element
ab has order pq by Exercise 29 of Section 7.2. Therefore the cyclic sub-
group (ab) has order pq (Theorem 7.10) and thusis all of G. Hence G = Z,,,
by Theorem 7.13.

COROLLARY 7.40 Every group of order 6 is isomorphic to Zg or S;.

Proof 1f G is abelian, then Corollary 7.39 (with p = 2, g = 3) shows that
G = Z. If G is nonabelian, then G = S; by Theorem 7.37. B

We have now classified all groups of order =7. Although we shall not
prove it here, there are five different groups (up to isomorphism) of order 8.
The three abelian ones are Zg, Z, X Z,, and Z, X Zy X Z,. The nonabelian
ones are D, and the quaternion group (Exercise 14 of Section 7.1).

We have barely scratched the surface of the classification problem
here. A bit more will be done in Chapter 10 where, for example, all finite
abelian groups will be classified up to isomorphism.

Even this brief coverage would not be complete without mentioning
the groups that appear to be the keyv to solving the classification problem. A
group G is said to be simple if its only normal subgroups are (¢) and G itself.
The only simple abelian groups are the groups Z, with p prime by Exercise

.11. In the next section, a number of simple nonabelian groups are intro-
duced, the alternating groups. As we see now, simple groups are the basic
building blocks for all groups.

If G is a finite group and if G, is a normal subgroup of largest possible
order, then there are no normal subgroups between G, and G. Conse-
quently, the quotient group G/G, is simple by Theorem 7.31. Similarly, if
G, is anormal subgroup of G, of largest possible order, then G, /G, is simple.
Continuing in this fashion, we can obtain a sequence of groups G = G, G,,
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Gy, . . ., G,u1, G, = {e) such that each is a normal subgroup of its pre-
decessor and each quotient group G,/G,., is simple. It can be shown that
the list of simple groups obtained in this way is independent of the way the
subgroups G, are chosen. In other words, these simple groups (called the
composition factors of G) are completely determined by the group G. This
suggests a strategy for solving the classification problem. If all simple
groups were classified up to isomorphism and if one could show how the
composition factors determine the structure of G, it would be possible to
classify all finite groups up to isomorphism.

The good news is that the first half of this plan has already succeeded.
Over a 25-year period ending in 1981, a number of group theorists around
the world worked on various aspects of the problem and eventually ob-
tained a classification of all simple groups up to isomorphism. The complete
proof of this spectacular result runs some 10,000 pages!

The last theorem in this section will not be used until Section 9.5. You
can omit it until that time if you wish. It is included here because it is a useful
structure theorem and its proof is a nice application of some elementary
concepts of group theory. For a more sophisticated proof, see Corollary
10.11.

THEOREM 7.41 Let Fbea field and G a finite subgroup of the multiplicative
group F* of nonzero elements. Then G is cyclic.

The proof of the theorem requires a lemma and a definition.

LEMMA 7.42 Let G be a group, b an element of G of order d, and k a positive
integer. Then b* has order d if and only if (k, d) = 1.

Proof (=) Let|b¥|= d. Suppose, on the contrary, that (k,d) =r > 1. Then
k=rk’andd = rd’, with d’ < d. Since (b¥)¥ = b*¢ = p¥d = (b?)¥ = ¥ = ¢,
Theorem 7.5 implies that d|d’. This is a contradication since both are
positive and d’ < d. Therefore (k, d) = 1.

(<) Let |b*| = t. Since (b*)? = (b?)* = &k = ¢, Theorem 7.5 implies that
t| d. Similarly, since (b*)* = e and |b|= d, Theorem 7.5 implies that d | kt.
If (k, d) =1, thend | tby Theorem 1.5. Thus t| d and d | t (with both £ and d
positive), so that d =t = |b*. B

The Euler ¢-function is defined by the following rule: ¢(1) = 1 and,
for each positive integer n > 1, ¢p(n) = the number of positive integers k
such that k = n and (k, n) = 1. For example, ¢(6) = 2 since 1 and 5 are the
only integers between 1 and 6 that are relatively prime to 6. This function
appears in various places in mathematics, including here:
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Proof of Theorem 7.41 If |G|= n, then every element of G has order
dividing n by Corollary 7.34. Let 1 =d,, d,, . . . , d,=n be all the posi-
tive divisors of n. Then n =|G|=n; + - - - + n,, where n, is the number of
elements in G of order d,. Let K be any cyclic group of order n. A similar
argument shows that n =|K|=m, + - - - +m,, where m, is the number of
elements in K of order d,. We claim that 0 = n, = m, for every i; assume this
fact for now. If G is not cyclic, then G has no element of order d, = n and
hence n, = 0. However, K certainly has an element of ordern, and som, = 1.
Hence n, < m,. Since each n; = m,fori =t — 1, we have

n=n+ - +n<m+ - +m=n,

which leads to the contradication n < n. Therefore G must contain an ele-
ment of order n and hence is a cyclic group.

To complete the proof, we must verify the claim used above and show
that for each positive divisor d of n, G has either as many as or fewer
elements of order d than does K. We begin by counting the elements of
order d in the cyclic group K. If a is a generator of K, then a has order n and
b = a"4 has order d by part (3) of Theorem 7.5. The elements b, b2 . . . |
b? = e are all distinct. By Lemma 7.42 the number of them with order d is
the same as the number of integers k with 1 = k = d and (d, k) = 1, namely
&(d). Therefore K has at least ¢p(d) elements of order d.

Now we need only show that G has at most ¢(d) elements of order d.
This is certainly true if G has no elements of order d, and so assume G has an
element c of order d. By Corollary 4.13 the d distinct elements

c,ctc ..., =1,

are all the roots of x? — 1 since (¢')? = (c?)' = 1; for every i. But every
element of order d in G is a root of x? — 1z and hence must be on the list
above. Lemma 7.42 (with b = ¢) shows that there are exactly ¢p(d) elements
on this list with order d. In every case, then, G has at most ¢p(d) elements of
orderd.

EXERCISES

A. 1. Find the index [G: H] when
(a) H={ry, rs}and G= D,
(b) H=(3)and G=12Z,,
(¢) H={(3) and G =1Z,
(d) H is the subgroup generated by 12 and 20 and G=1
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10.

B. 11.

12.

13.

14.

15

1234

2341)andG=S4

(e) H is the subgroup generated by (

(a) Give examples, other than those in the text, of infinite groups G
and H such that

(a) |G:H] is finite (b) |G: H] is infinite

. What are the possible orders of the subgroups of G when G is

(a) Zy4 (b) S, (¢) Dy X Zyy

. A group G has fewer than 100 elements and subgroups of orders 10

and 25. What is the order of G?

. Let G be a finite group that has elements of every order from 1

through 12. What is the smallest possible value of |G|?

. If H and K are subgroups of a finite group G, prove that|H N Klisa

common divisor of [H| and [K].

. Let H and K, each of prime order p, be subgroups of a group G. If

H +# K, prove that HN K = (e).

. If His a subgroup of a group G such that [G: H] = 2, prove that His

normal.

. Each of the following multiplicative groups is cyclic by Theorem

7.40. Find a generator:
(a) Z7 (b) Z (c) 27y

Let Fbe afield and n a positive integer. Prove that the set of roots of
x" — 1gin Fis a cyclic group under multiplication.

If G is a group that has no proper subgroups, prove that G is isomor-
phic to Z,, for some prime p.

If Gis a group of order 25, prove that either G'is cyclic or else every
nonidentity element of G has order 5.

Let a be an element of order 30 in a group G. What is the index of
(a*) in the group (a)?

Let H and K be subgroups of a finite group G such that [G:H] =p
and |G : H] = g, with p and g distinct primes. Prove that pg divides
[G:HNK].

(a) Let p be prime and let ¢ be a nonzero element of Z,. Show that
¢! =1.[Hint: Z,, is a field.]
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16.

17.

18.

19.

20.

21.

22,

23.

24,

25.

26.
27.

28.

29.

(b) Prove Fermat’s Little Theorem: If p is a prime and a is any
integer, then a? = a (mod p). Furthermore, if (a, p) =1, then
a?~!' =1 (mod p). [Hint: Let ¢ be the congruence class of ain Z,
and use part (a).]

If f: G — H is a surjective homomorphism of finite groups, prove
that [H| divides |G]|.

If f:G — H is a homomorphism of groups and if a € G has finite
order, prove that f(a) has finite order in H and |f(a)||a].

Let H and K be subgroups of a group G such that K C H and [G : H]
and [H:K] are finite. Prove that [G:K] is finite and [G:K] =
|G:H][H:K].

If p and q are primes, show that every proper subgroup of a group of
order pq is cyclic.

(a) If G is an abelian group of order 2n, with n odd, prove that G
contains exactly one element of order 2.

(b) Show by example that part (a) may be false if G is nonabelian.

Let G be an abelian group of order n and let k be a positive integer.
Prove that the function f: G — G given by f(a) = &* is an isomor-
phism if and only if (k, n) = 1.

If G is a group of order n and G has 2"~! subgroups, prove that
G=(edorG=1Z,.

Let G be a group of order pq, with p and g primes {not necessarily
distinct). Prove that the center of G must have order 1 or pq.

Let a and b be elements of a group G such that a® = e, aba™! = b?
and b # e. What is the order of b?

Prove that anonabelian group of order 10 has five elements of order
2. [Hint: See Exercise 7 and the proof of Theorem 7.37.]

Prove that a group of order 33 contains an element of order 3.

Let G be a group of order p?, with p prime, whose center is not the
subgroup (e). Prove that G is abelian.

If N is a finite normal subgroup of a group G and if G/N contains an
element of order n, prove that G contains an element of order n.
|Hint: Exercise 17 may be helpful.]

If a prime p divides the order of a finite group G, prove that the
number of elements of order p in G is a multiple of p — 1.
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30.

31.

32.

33.

C. 34.

35.

36.

37.

Let n be a product of distinct positive primes. Prove that every
abelian group of order n is isomorphic to Z,,. [Corollary 7.39 is a
special case.|

Let G be a finite abelian group and p a positive prime. If H is the set
consisting of e and all the elements of order p, prove that H is a
subgroup of order p* for some k.

Prove Cauchy’s Theorem for the case p = 2: If G is a group whose
order is divisible by 2, then G contains an element of order 2. [Hint:
If G has no element of order 2, show that the set of nonidentity
elements is the union of mutually disjoint two-element sets of the
form {a, a='} and hence has an even number of elements, which is a
contradiction.]

Let m, n, and p be positive integers, with p prime. Prove that the
Euler ¢-function has these properties:

(a) ¢(p)=p—1
(b) ¢(p”) =p"' (p—1)
(c) If (m, n) = 1, then ¢p(mn) = d(m)P(n)

Let G be a group generated by elements a and b such that |a| = 4,
|b|= 2, and ba = a®b. Show that G is a group of order 8 and that G is
isomorphic to D,.

Let G be a group generated by elements a and b such that ja| = 4,
b? = a2, and ba = a3b. Show that G is a group of order 8 and that G is
isomorphic to the quaternion group of Exercise 14 in Section 7.1.

Prove Euler’s Theorem: If n is a positive integer and a is an integer
such that (@, n) = 1, then a®™ = 1 (mod n). [Hint: Note that Exercise
15(b) is a special case.]

Prove that the converse of Lagrange’s Theorem holds for abelian
groups: If G is a finite abelian group and if k divides the order of G,
then G has a subgroup of order k. [Hint: Use induction on|G|; if the
theorem is true for groups of order less than n and |G| = n and k | n,
let p be a prime divisor of k. Then G has an element a of order p
(why?), and G/Nis agroup whose order is less than n and divisible by
k/p, where N = (a). Use induction and Theorem 7.31 and Corollary
7.34.]
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7.9 The Symmetric Group

The finite symmetric groups S, are important because, as we saw in
Corollary 7.16, every finite group is isomorphic to a subgroup of some §,,.
Certain subgroups of the S, to be introduced here are also of interest since
they are nonabelian simple groups. As we saw in Section 7.8, such groups
are the basic building blocks for all groups.

The notation used up to now for elements of the symmetric groups is
rather awkward and obscures some useful facts that are quite apparent in
another notation. For this reason, we first develop this new notation.
123456
143625
to 4, 4ismapped to 6, 6 is mapped to 5, 5 is mapped back to 2, and the other
two elements, 1 and 3, are mapped to themselves. All the essential informa-
tion can be summarized by this diagram:

Consider the permutation in Sg. Note that 2 is mapped

2———>4———>6———>5
AN 7

~ -
\\ //

It isn’t necessary to include the arrows here as long as we keep things in the
same order. A complete description of this permutation is given by the
symbol (2465), with the understanding that
each element is mapped to the element listed immediately to the
right;
the last element in the string is mapped to the first;
elements not listed are mapped to themselves.

This an example of cycle notation. Here is a formal definition.

DEFINITION Leta,, ay, a;, . . . . a; (with k = 1) be distinct elements of
theset{1,2,3, . . . ,n}). Then (ayaa; * - * a) denotes the permutationin S,
that maps a, to ag, ay to as, . . . . ay_, to a, and a; to a, and maps every
other element of (1, 2,3, . . . ,n}toitself. (ayazas * - - a) is called a cycle
of length k or a k-cycle.

EXAMPLE InS,, (143)is the 3-cycle that maps 1 to 4,4t03,3to 1,
1234
4213
(143) may also be denoted by (431) or (314) since each of these
indicates the function that maps 1 to 4, 4 to 3, 3 to 1, and 2 to 2.

and 2 to itself; it was written ) in the old notation. Note that
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EXAMPLE According to the definition abave, the 1-cycle (3) in S, is
the permutation that maps 3 to 3 and maps every other element of
(1,2, . . ., n} to itself; in other words, (3) is the identity permuta-
tion. Similarly, for any kin {1, 2, . . . , n), the 1-cycle (k) is the
identity permutation.

Strictly speaking, cycle notation is ambiguous since, for example,
(163) might denote a permutation in Sg, in S;, or in any S, withn = 6. In
context, however, this won’t cause any problems because it will always be
made clear which group S, is under discussion.

Products in cycle notation can be visually calculated just as in the old
notation. For example, we know that

12 3 4)y (1 2 3 4)_(1 2 3 4
1 4 2 3 2 4 1 3 4 3 1 2/
(Remember that the product in S, is composition of functions, and so the

right-hand permutation is performed first.) In cycle notation, this product*
becomes

R Ve

2 4 3)(1 2 4 3)=(1 4 2 3).
\__’/

The arrows indicate the process: 1 is mapped to 2 and 2 is mapped to 4, so
that the product maps 1 to 4. Similarly, 4 is mapped to 3 and 3 is mapped to
2, so that the product maps 4 to 2.

Two cycles are said to be disjoint if they have no elements in common.
Forinstance, (13) and (2546) are disjoint cyclesin Sg, but (13) and (345) are
not since 3 appears in both cycles.

It is not true that every permutation is a cycle, but every permutation
can be expressed as the product of disjoint cycles. Consider, for example,
1234567
5172463
to itself, say 1, and trace where it is sent by the permutation:

the permutation in S;. Find an element that is not mapped

1 is mapped to 5, 5 is mapped to 4, 4 is mapped to 2, and
2 is mapped to 1 (the element with which we started).

Thus the given permutation has the same action as the cycle (1542) on these
four elements. Now look at any element other than 1, 5, 4, 2 that is not
mapped onto itself, say 3. Note that

3 is mapped to 7, and 7 is mapped to 3.

* Hereafter we shall omit the composition symbol ° and write the group operation in §, multi-
plicatively.
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Thus the 2-cycle (37) has the same action on 7 and 3 as the given permuta-
tion. The only element now unaccounted for is 6, which is mapped to itself.
You can now easily verify that the original permutation is the product of the
two cycles we have found, that is,

1 2 3456 7)_
(5 L7 5 4 3>—(1542>(37).

Although some care must be used and the notation is more cumber-
some, essentially the same procedure works in the general case and proves

THEOREM 7.43 Every permutation in S,, is the product of disjoint cycles.*
Proof Adapt the procedure in the preceding example; see Exercise 35. i

Note that the identity permutation can be written as (1) = (12)(12).
Similarly, the cycle (1234) is also a product of (nondisjoint) 2-cycles since
(1234) = (14)(13)(12). A 2-cycle is usually called a transposition. You can
easily verify that any cycle (aya, - - - @) is a product of transpositions:

(may * - @) = (@1ap)(a1a5_y) * * * (@1a3)(ayay).

Consequently, Theorem 7.43 implies
COROLLARY 7.44 Every permutation in S,, is a product of transpositions.

This corollary can also be proved directly by induction, without using
Theorem 7.43 (Exercise 21).

The decomposition of a permutation as a product of disjoint cycles is
unique except for the order of the cycles (Exercise 20), but the decomposi-
tion as a product of transpositions is far from unique. For example,

(15)(13)(12) = (1235) = (13)(24)(35)(14)(24).

In fact, since any transposition is its own inverse (for instance, (12)(12) =
(1)), you can always insert a pair (ab)(ab) into any decomposition of a
permutation as a product of transpositions without affecting the outcome.

A permutation in S, is said to be even if it can be written as the product
of an even number of transpositions and odd if it can be written as the
product of an odd number of transpositions. For example, (123) and
(12)(2543) are even since

(123)=(13)(12) and  (12)(2543) = (12)(23)(24)(25),

and (1234) is odd since (1234) = (14)(13)(12). The identity permutation is
even since (1) = (12)(12).

* As usual, we allow the possibility of a product with just one cycle in it.
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Corollary 7.44 shows that every permutation is even or odd. Since a
given permutation can be expressed in so many ways as a product of trans-
positions, however, it is not clear yet whether a permutation can be hoth
even and odd. We show below that this is impossible, but first we present
some basic facts about even permutations.

The set of all even permutations in S, is denoted A, and is called the
alternating group of degree n; the word “group’ here is justified by

THEOREM 7.45 A, is a normal subgroup of S,

Proof If a € A, is a product of s transpositions and if # € A, is a product of
transpositions, with s and t even, then aff is a product of s + ¢ transpositions.
Since s + tis even, aff € A,,. Therefore A, is a subgroup by Theorem 7.8.

If 7is any element of S,,, then 7 = 7,75 - - - 7,, with each 7, a transposi-
tion by Corollary 7.44. Since every transposition is its own inverse, Corol-
lary 7.3 shows that

T—l = Tr—l et 12—1‘[1—1 =T, 000 TeTy.

If o € A, is the product of an even number k of transpositions, then g7 is a

product of r + k + r = k + 2r transpositions. Since k + 2r is even, 107 €
A,. Hence A, is normal by Theorem 7.21. B

The alternating groups A, with n = 5 are important because they are
the first examples of nonabelian simple groups.* This fact is proved in
Chapter 10. At present, however, we must deal with a more basic problem.

It is easy to find elements of the group A,,, but how do you know when
you have them all? The cycle (12}, for instance, is odd, but could it possibly
be even as well? In order to settle this question and determine the order of
A,, we must first show that a permutation cannot be both even and odd. The
remainder of this section is devoted to proving this fact and to using it to
show that A, has order n!/2 and index 2 in S,,. This material will be used only
in Section 10.5.

LEMMA 7.46 The identity permutation in S, is not odd.

Proof Suppose, on the contrary, that (1) =1; - - - 1,7, with each 7; a
transposition and k odd. Let ¢ be a symbol that appears in at least one of
these transpositions. Let 7, be the first transposition (reading from right to
left) in which ¢ appears, say 7, = (cd). Then ¢ does not appear in
7,_1, - - * T, and is therefore left fixed by these transpositions. If r = k, then
c is left fixed by all the 7’s except 74, so that the product —the identity
permutation —maps c to d, a contradiction. Hence r < k, and we can con-

* See page 213 for the definition of simple.
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sider the transposition 7, . It must have one of the following forms (where

x, y, ¢, d denote distinct elements of {1, 2, - -+ n}):

L (xy) II. (xd) III. (cy) IV. (cd).
Consequently, there are four possibilities for the product 7,7,
I (xy)(cd) II. (xd)(cd) II1. (cy)(cd) IV. (cd)(cd).

In case I, verify that (xy)(cd) = (cd)(zy). Replace (xy)(cd) by (cd)(xy) in the
product; this moves the first appearance of c one transposition to the left. In
case II, verify that (xd)(cd) = (xc)(xd); if we replace (xd)(cd) by (xc)(xd),
then once again the first appearance of ¢ is one transposition farther left.
Show that a similar conclusion holds in case III by verifying that (cy)(cd) =
(cd)(dy).

Each repetition of the procedure in cases I-III moves the first appear-
ance of ¢ one transposition farther left. Eventually case IV must occur,
otherwise we could keep moving c until it first appears in the last permuta-
tion at the left, 7;, which is impossible, as we saw in the first paragraph. In
case IV, however, we have 7,47, = (cd)(cd) = (1). So we can delete these
two transpositions and write (1) as a product of two fewer transpositions
than before. Obviously, we can carry out the same argument for any symbol
that appears in a transposition in the product. If the original product con-
tains an odd number of transpositions, eliminating two at a time eventually
reduces it to a single transposition (1) = (ab), which is a contradiction.
Therefore (1) cannot be written as the product of an odd number of transpo-
sitions. W

THEOREM 7.47 No permutation in S, is both odd and even.

Proof Supposea € S, canbe writtenaso,6, * + + g andast;7, * + * 7, with
each g;, 7, a transposition, k odd. and r even. As in the proof of Theorem
7.45, we have:

D=aat=(oy -+ o)ty -+ - 7,)7"
=g, - oa e )
=0, O, Ty

Since k is odd and r is even, k + r is odd, and we have written (1) as the
product of an odd number of transpositions. This contradicts Lemma 7.46,
and so « cannot be both even and odd. B

We can now determine the order of 4, and in the process provide a
second proof that A, is a normal subgroup of S,; for a more elementary

proof, see Exercise 26.

THEOREM 7.48 A, is a normal subgroup of order n!/2 and index 2 in §,,.
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Proof Define afunction f:S, — Z, by f(6) = 0 ifgiseven and f(0) = 1 if ¢
is odd. Since no permutation is both even and odd, f is a well-defined func-
tion. It is easy to see that the product of two even or two odd permutations is
even and that the product of an odd and an even permutation is odd. Use
these facts to verify that fis a surjective group homomorphism with kernel
A, . Therefore A, is a normal subgroup by Theorem 7.26 and S,/A,, = Z, by
the First Isomorphism Theorem. Theorem 7.33 and Corollary 7.34 show
that A, has index 2 in S, and order|S,|/2 =n!/2. R

EXERCISES

A. 1. Write each permutation in cycle notation:

()123456789 (b)123456789
P¥\721456389 243576891
(0)123456789 (d)123456789
481752639 125476938
. Compute each product:
(a) (12)(23)(34) (b) (246)(147)(135)
(¢) (12)(53214)(23) (d) (1234)(2345)
. Express as a product of disjoint cycles:
()123456789 (b)123456789
Y\213547986 351246897
123456789
(c) (3 5124987 6) (d) (14)(27)(523)(34)(1472)
(e) (7236)(85)(571)(1537)(486)

4. Write each permutation in Exercise 3 as a product of transpositions.

. Which of these permutations are even:

(a) (2468)  (b) (246)(134)  (c) (12)(123)(1234)

. List the elements in each group:

(a) A, (b) A, (c) Ay

. What is the order of each group:

(a) As (b) A, (c) As (d) Ay

. Let 0 = (a,a.a;a4a5a¢). Find o' fori=1,2, . . . , 6.
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10.
11.
12.

13.

14.

15.

16.
17.

18.

19.

20.

21.

22,

23.

Prove that a k-cycle in the group S, has order k.
Show that the inverse of (a,ay * * - @) in S, is (qyaxay_, * - * asa,).
Prove that the cycle (a,as * - - @) is even if and only if k is odd.

Leto= (a,ay - * * apandt= (b;b, - - - b,)bedisjoint cyclesin§,.
Prove that ot = 70. [Hint: You must show that o7 and 76 agree as
functionsoneachiin{1,2, . . . ,n}. Consider three cases: i is one
of the a@’s; i is one of the b’s; i is neither.]

If7 € S,, prove that the order of 7 is the least common multiple of the
lengths of the disjoint cycles whose product is 7. [Hint: Exercises 9
and 12 may be helpful |

Find the order of ¢'%%° where o is the permutation
123456789
378945216/

Show that the subgroup G of S, generated by the elements ¢ =
(1432) and 7 = (24) is isomorphic to D,.

Prove that the center of S, (n > 2) is the identity subgroup.

If 6 is a k-cycle with k odd, prove that there is a cycle 7 such that
2 =g.

Let o be a k-cycle in §,.
(a) Prove that ¢? is a cycle if and only if k is odd.
(b) If k = 2¢, prove that there are t-cycles 7 and S such that 6% = 7.

Let o be a product of disjoint cvcles of the same length. Prove that o
is a power of a cycle.

Prove that the decomposition of a permutation as a product of
disjoint cycles is unique except for the order in which the cycles are
listed.

Use induction on n to give an alternate proof of Corollary 7.44:
Every element of S, is a product of transpositions. [Hint: If the
statement is true for n = k — 1 and if 7 € S;, consider the transposi-
tion (kr), where r = 7(k). Note that (kr)7 fixes k and hence may be
considered as a permutation of {1, 2, . . . , k—1}]

If n = 3; prove that every element of S, is a product of at most n — 1
transpositions.

Let tbhe atransposition and let o € S,,. Prove that o™} is atransposi-
tion.
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24,

25.

26.

27.

28.

29.

30.

C. 31.
32.

33.
34.

35.

If 7 is the k-cycle (aya, - * + @) and if €S, prove that gto™! =
(a(ay)olag) « - - olay)).
Let G be a subgroup of S, that contains at least one odd permutation.

Prove that the number of even permutations in G is the same as the
number of odd permutations in G (that is, G N A, is a subgroup of
index 2 in G).

Without using Theorem 7.48, prove that A, has index 2 in S,,. [Hint:
Show that A, and A,(12) are distinct cosets whose union is S, ]

Prove that {(1), (12)(34), (13)(24), (14)(23)} is a normal subgroup
of A,.

Prove that A, is a group of order 12 that has no subgroup of order 6.
Conclude that the converse of Lagrange’s Theorem is false.

Let ¢ and 7 be transpositions in S, with n = 3. Prove that o7 is a
product of (not necessarily disjoint) 3-cycles.

Prove that every element of A, is a product of 3-cycles.

Prove that every element of A, is a product of n-cycles.

Prove that the transpositions (12), (13), (14), . . . , (1n) generate
S,

Prove that (12) and (123 - - - n) generate S,,.

If fis an automorphism of S;, prove that there exists o € S5 such
that f(1) = gt ™! for every T € S;.

Use the following steps to prove Theorem 7.43: Every permutation
7in S, is a product of disjoint cycles.

(a) Let a; be any element of {1, 2, . . . , n} such that 7(a,) # a;.
Let a, = 1(a,), a; = 1{a,), a, = 1(a3), and so on. Let k be the first
index such that z(a;) is one of a,, . . . , a,_,. Prove that
7{a;) = a;. Conclude that 7 has the same effect ona,, . . . , a;
as the cycle (a;ay * + * ap).

(b) Letb, beany elementof{1,2, . . . ,n}otherthana,, . . . , a
that is not mapped to itself by 7. Let by, = ©(b,), b; = 1(b,), and
so on. Show that 7(b)) is never one of a;, . . . , ;. Repeat the

argument in part (a) to find a b, such that 7(b,) = b, and 7 agrees
with the cycle (b;b, * - - b,) on the b’s.

(¢) Letc, beany elementof{1,2, . . . ,n}otherthanthea’sorb’s
above such that t(c,) # c, . Let ¢, = 1(c;), and so on. As above,
find c, such that 7 agrees with the cycle (¢,cp * * - ¢,) onthec’s.
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(d) Continue in this fashion until the only elements unaccounted
for are those that are mapped to themselves by 7. Verify that 7 is
the product of the cycles

(@ - a)by - - b)ey -+ ¢) -

and that these cycles are disjoint.
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CHAPTER 8
ARITHMETIC IN
INTEGRAL DOMAINS

In this chapter we consider integral domains that have arithmetical proper-
ties similar to those in Z, with particular emphasis on unique factorization.

Unique factorization of elements turns out to be closely related to the
ideals of a domain. On one hand, unique factorization is not possible unless
the principal ideals of the domain satisfy certain conditions (Section 8.2).
On the other hand, ideals can be used to restore a kind of unique factoriza-
tion to some domains that lack it. Indeed, ideals were originally invented
just for this purpose, as we shall see in Section 8.3.

The interdependence of the sections of this chapter is as follows:

/78.2
8.1
N-s.3

8.4 —> 8.5

Section 8.4 (The Field of Quotients of an Integral Domain) is independent
of the rest of the chapter and may be read at any time. Section 8.2 and the
last half of Section 8.3 depend on Chapter 6, but the rest of this chapter
may be read after Chapter 4.
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8.1 Unique Factorization Domains _

We begin by carrying over the basic arithmetic concepts and termi-
nology from Z and Fx] to arbitrary integral domains. Then we examine
those domains in which there is some form of unique factorization.
Throughout this section, R is an integral domain.

The following class of rings will often be used as examples. Let d be a
fixed integer and let Z[Vd] = {r + sVd | r, s € Z). It is not hard to verify that
Z|[Vd] is an integral domain contained in the complex numbers; if d >0,
then Z[Vd] is a subring of the real numbers (Exercise 1). Whend = — 1, then
Z[V—1] is often denoted Z[i] and is called the ring of Gaussian integers.

Leta, b, € R, with a nonzero. We say that a divides b (or a is a factor of
b) and write a | b if b = ac for some c € R. Recall that an element u in R is a
unit provided that uv = 1 for some v € R. Thus the units in R are precisely
the divisors of 1.

EXAMPLE The unitsin Z are 1 and — 1. If Fis a field, then the units in
the polynomial ring F[x] are the nonzero constant polynomials
(Theorem 4.7). The element 1+ V2 is a unit in Z[V2] because
(1+V2) (—1+V2)=1.

Remark Let u € R be a unit with inverse v, so that uv = 1. For any
b € R we have u(vb) = (uv)b = 13b = b. Therefore

a unit divides every element of R.
An element a € R is an associate of b € R provided a = bu for some unit
u. Now, u has an inverse, say ut = 15, and v is also a unit. Multiplying both

sides of a = buby vshows that av = but = b1z = b. Use these facts to verify
that

a is an associate of b if and only if b is an associate of a
and

a nonzero element of R is divisible by each of its associates.

EXAMPLE Every nonzero integer n has exactly two associates in Z, n
and —n. If Fis a field, the associates of f(x) € F[x] are the constant
multiples of f(x). In the ring Z[V2], the elements V2 and 2 — V2 are
associates because V2 = (2 — V2)(1 + v2) and 1 + V2 is a unit.

A nonzero element p € Ris said to be irreducible provided that pis not
a unit and the only divisors of p are its associates and the units of R.
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EXAMPLE The irreducible elements in Z are just the prime inte
because the only divisors of a prime p are *p (its associates) anr
(the units in Z). The definition of irreducible given above is ider
to the definition of an irreducible polynomial in the integral do
Flx], when Fis a field (page 89). In Section 8.3 we shall see that 1
irreducible in the ring Z][i].

The next theorem is usually the easiest way to prove that an eleme
irreducible and is sometimes used as a definition. Theorem 4.8 is the sp
case when R = Flx].

THEOREM 8.1 Let p be anonzero, nonunit element in an integral doma
Then p is irreducible if and only if

whenever p = rs, then r or s is a unit.

Proof If p is irreducible and p = rs, then r is a divisor of p. So r mu
either a unit or an associate of p. If ris a unit, there is nothing to prove. .
an associate of p, say r = pv, thenp = rs = pvs. Cancelling p on the two
(Theorem 3.7) shows that 15 = vs. Therefore s is a unit.

To prove the converse, suppose p has the stated property. Let ¢ be
divisor of p, say p = cd. Then by hypothesis either ¢ or d is a unit. If «
unit, then so is d7!. Multiplying both sides of p = c¢d by d~! shows
¢ = d p. Thusin every case cis either a unit or an associate of p. There
p is irreducible. B

The integers are ordered by =, and polynomials are partially ord
by their degrees. This made it natural to define greatest common divisc
Z and Flx] in terms of size or degree. Unfortunately, there may be no sit
way to measure “‘size”” in an arbitrary integral domain, so greatest com
divisors must be defined in terms of divisibility properties alone:

DEFINITION Leta,,a,, . . . ,a, be elements (not all zero) of an int:
domain R. A greatest common divisor of a,, . . . , a, is an element d
such that

(i) d divides each of the a;
(ii) if c € R and c divides each of the a,, then c|d.

This definition is consistent with what was done in Z and F{x], bu
not identical with the earlier definitions of ged’s. If d is the ged of intege
and a, as defined in Chapter 1 (that is, d is the largest of the com
divisors), then d has properties (i) and (ii) of this definition by Corollary
Similarly, if Fis a field, then the ged of two polynomials in Fix] (as defin
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Chapter 4) has properties (i) and (ii) by Corollary 4.5. The difference here is
that ged’s are no longer unique.

§ EXAMPLE According to this definition, both 2 and —2 are greatest
common divisors of 10 and 18 in Z. Note that 2 and — 2 are associates.

THEOREM 8.2 Let d be a greatest common divisor of a;, a,, . . . ,a,inan
integral domain R. Then

(1) Every associate of d is also a ged of ay, . . . , a,.

(2) Any two greatest common divisors of a,, . . . , a, are associates.

Proof (1) Exercise 9.

(2) Suppose both d and tare ged’sof a;, . . . , a,. Then tdivides each
a,, and therefore t | d by (ii) in the definition of the greatest common divisor
d. But d also divides each a;, and hence d | t by (ii) in the definition of the ged
t. Since t|d and d | t, we know that d and ¢ are associates by Exercise 4. il

Warning In some integral domains a finite set of elements may not
have a greatest common divisor (see Exercise 13 in Section 8.3).

Unique factorization in Z and F[x] is closely related to the properties of
irreducibles, the existence of gcd’s, and various facts about divisibility. So
the chief candidates for domains that share these “nice” arithmetical prop-
erties of Z and Flx] are those in which unique factorization holds, in the
following sense:

DEFINITION An integral domain R is a unique factorization domain
(UFD) provided that every nonzero, nonunit element in R is the product
of irreducible elements* and this factorization is unique up to associates;

that is, if

PP " "P-=q1G2° " "G,
with each p, and q, irreducible, then r = s and, after reordering and relabel-
ing if necessary,

p, is an associate of g, (fori=1,2,...,r).

EXAMPLE Theorems 1.11 and 4.10 show that Z and F[x] (with F a
field) are unique factorization domains. In Section 8.2 we shall see
that the domain of Gaussian integers Z[i] is also a UFD. But many of the

* We allow the possibility of a product with just one factor in case the original element is itself
irreducible.
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domains Z[Vd] are not UFD’s, as we shall see in Section 8.3. A proof
that Z[x] is a UFD is given in Section 8.5.

In Z you can always arrange to have the same primes appear in the
factorizations of two elements; for instance, —18 = (—2) (—3)2 and 40 =
235 can be written as —18 = (—1)2325% and 40 = (1)233°5!. The same
thing is true in any UFD:

THEOREM 8.3 If c and d are nonzero elements in a unique factorization
domain R, then there exist units u and v and irreducibles p,,ps, . . . ,py.no
two of which are associates, such that

c=upy™Mpy™ec o op™  and  d=up,Mpgtt
where each m, and n, is a nonnegative integer. Furthermore,

c|difand only if m,<n, foreachi=1,2, . . . k.

Proof First, if elements g, and g5 are associates of an element q,, then
gs = Usq, and g5 = u5q, for some units u, and u,. Thus the product g,g,95
can be written (uyu5)q,°. Second, the product of units is a unit (Exercise 7 of
Section 3.2). S0 q,q,q; = ug;® withuaunit. Third, ¢° = 1z for any nonzero g.
So for any nonzero elements g, and gs, the product g,g,9; = ug,%q,°gs°. Use
these three facts to collect all the irreducible associates in the factorizations
of cand d, to combine the various units, and then to prove the first statement
of the theorem.

To prove the last statement, note that ¢ | d means that ¢t = d. Since the
irreducible p, appears exactly n, times in the factorization of d, it must also
appear exactly n, times in the factorization of ct. But p, already appears m;
times in the factorization of ¢, and so we must have m; =n,. B

Every element in a domain is divisible by all its associates. We say that
b is a proper divisor of a if b|a and b is not an associate of a. Thus p is
irreducible if and only if its only proper divisors are units. The usual method
of expressing an element as a product of irreducibles is to factor the element
repeatedly by nonunit proper divisors until you reach a point at which all
the factors are units or irreducible. This technique will work provided that
no element has an infinite sequence of proper divisors, so that the factoring
process cannot go on forever. Fortunately this is the case in a UFD:

COROLLARY 8.4 In a unique factorization domain R, there is no infinite
sequence ay, ay, a3, . . . such that each a; (i > 1) is a proper divisor of the
preceding element.
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Proof Suppose such a sequence does exist. Since R is a UFD, a, =
op,™pa™ . . . p™, with v a unit and the p, irreducible and no two of them
associates. Each a, (i > 1) is a divisor of a, and hence, by Theorem 8.3, is of
the formup,™p,™ . . . p™, withuaunitand O =< m, < n,for eachj. Verify
that a,,, is aproper divisor of g;if and only if each of the exponents m; for a,,,
is less than or equal to the corresponding exponent for g, and at least one of
them is strictly less. After a finite number of steps there must be an g, of the
form a, = up,°p,® . . . p® = u. Thus g, is a unit and hence has no proper
divisors (Exercise 13). This contradicts the fact that a,, , is a proper divisor
of q,. I

In order to understand the full import of Corollary 8.4, it may be
instructive to consider a domain in which the corollary is false.

EXAMPLE Let Q,[x] denote the subdomain of Q[x] consisting of every
polynomial whose constant term is an integer. Then the only units in
Q;|x] are £ 1 (Exercise 28) and every prime integer (considered as a
constant polynomial) is irreducible in @g[x] (Exercise 29). Hence each

element in the infinite sequence x, 3x, ix, 3x, . . . ,2x, . . . is a

proper divisor of the preceding one. For instance, x = 2(3x), x =

2(Lx), and so on. So @y[x] is not a UFD.

COROLLARY 8.5 Leta,,ay, . . . ,a,(notall zero) be elements in a unique
factorization domain R. Then a,, . . . , a, have a greatest common divisor
in R.

Proof The gcd of any set of elements is the ged of the nonzero members of
the set, so we may assume that each g, is nonzero. By Theorem 8.3 there are
irreducibles p;, . . . , p, (no two of which are associates), units u;, . . .,
u,,, and nonnegative integers m such that

ay = uprrpgepse s o pp

Gy = ugpT2pgapgs - - - i

Ay = U,pTOpTepT= - - P
Let k, be the smallest exponent that appears on py; that is, k, is the minimum
of my,,my;, msy, . . . ,m,; . Similarly, let k, be the smallest exponent that

appears on p,, and so on. Use Theorem 8.3 to verify that d = p,*ip k2 - - - p,*
isagedofa,, ..., a, I
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Warning It may not be possible to write the ged of elementsaand bin
a UFD as g linear combination of a and b, as it was in Z and F[x] (see Exercise
25 for aniexample).

Finally we note that irreducibles in a unique factorization domain R

have a property that we have used frequently in the special cases R = Z and
R = Flx]:

THEOREM 8.6 Let p be an irreducible element in a unique factorization
domain R. If p| bc, thenp|borp|ec.

Proof If b or cis Og, then there is nothing to prove because p| 0. If cis a
unit and p | be, then pt = be for some t € R and ptc™! = b. Hence p | b; simi-
larly, if b is a unit, then p|c. If both b and ¢ are nonzero nonunits, then
b=gq,- " -gq,andc=gq,.," * - q, with the g, (not necessarily distinct) irre-
ducibles. Since p | bc, we have pr = bc = q, - - - g, for some r € R. The irre-
ducible p must be an associate of some g, by unique factorization. Therefore
p divides g; and hence divides bor ¢. i

EXERCISES

NOTE: Unless stated otherwise, R denotes an integral domain.

A. 1. Show that Z[Vd] is a subring of C. If d = 0, show that Z[Vd] is a
subring of R.

2. Let d # £ 1 be a square-free integer (that is, d has no integer divi-
sors of the form c2 except (£1)2). Prove that in Z[Vd), r + svVd =
r1 + s,¥d if and only if r = r; and s = s, . Give an example to show
that this result may be false if d is not square-free.

3. Ifthe statement is true, prove it; if it is false, give a counterexample:
(a) Ifalb and c|d in R, then ac| bd.
(b) Ifa|b and c|d in R, then (a + ¢) | (b + d).

4. Prove that ¢ and d are associates in R if and only if ¢|d and d | c.

. If a = bc with a # 0 and b and ¢ nonunits, show that a is not an
associate of b.

Ut

6. Denote the statement “a is an associate of b’ by a ~ b. Prove that ~
is an equivalence relation; that is, for all r, s, t € R: (i) r ~ r. (ii) If
r~s, thens~r. (iii) If r ~ s and s ~ ¢, then r ~ ¢.
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10.

11.

12.
13.

. 14,

15.

16.

17.

18.

19.

20.

(a) Prove that every associate of an irreducible element is irreduc-

ible.

(b) If u and v are units, prove that u and v are associates.

. Is 2x + 2 irreducible in Z[x]? Why not?

. Letdbeagcdofa,, . . . ,a Prove that every associate of d is also

agedofa,, ..., a

Let p be an irreducible element. Prove that 15 is a ged of p and a if
and only if p | a.

Give an example to show that a subdomain of a unique factorization
domain need not be a UFD.

Is a field a UFD?

Prove that u is a unit in R if and only if u has no proper divisors.

If any two nonzero elements of R are associates, prove that R is a

field.

If every nonzero element of R is either irreducible or a unit, prove

that R is a field.

(a) Show that 1 + iisnot a unit in Z[i]. (Hint: What is the inverse of
1+iinC?)

(b) Show that 2 is not irreducible in Z[i].

Let p be anonzero, nonunit element of R such that whenever p | cd,
then p | c or p|d. Prove that p is irreducible.

If £: R — S is a surjective homomorphism of integral domains, p is
irreducible in R, and f(p) # O, is f(p) irreducible in S?

Let (r,s) denote any ged of r and s. Use ~ to denote associates as in
Exercise 6. Prove that for all r, s, t € R:

(a) If s ~t, then rs ~ rt.

(b) If s ~ t, then (r,s) ~ (r,t).

(e) r(s,t) ~ (rs,rt).

(d) (r,(s,t)) ~ ((r,s),t). [Hint: Show that both are ged’s of 1, s, t.]

With the notation as in Exercise 19, prove that if (b,c) ~ 1 and
(b,d) ~ 1y, then (b,cd) ~ 1g. [Hint: By Exercise 19(a) and (c),
d ~ (bd,cd), so that 13 ~ (b,d) ~ (b,(bd,cd)). Apply (d), (c), and (a)
of Exercise 19 to show (b,(bd,cd)) ~ (b,cd).]
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21.

22,

23.
24.

25.

26.

27.

28.

29.

30.

C. 31.

32.

Let R be an integral domain in which any two elements (not both
zero) have a ged. Let p be an irreducible element of R. Prove that
whenever p | cd, then p | c or p|d. [Hint: Exercises 10 and 20.]

IfRisa UFD, if a, b, and c are elements such thata | cand b | ¢, and if
1z is a ged of @ and b, prove that ab|c.

Let Rbe aUFD. If ¢ | be and if 15 is a ged of @ and b, prove thata|c.

If a,,a,, . . . are elements of R such that each q,,, is a proper
divisor of a,, prove that every one of the g, (with i > 1) is a nonunit
proper divisor of a, . [Hint: See Exercises 4 and 13.]

Show that 1 is not a linear combination of the polynomials 2 and x in
Z|[x]. But Section 8.5 shows that 1 is a ged of x and 2 in Z[x].

A least common multiple (1cm) of the nonzero elementsa,, . . .,
a; is an element b such that (i) each g, divides b and (ii) if each g,
divides an element c, then b | c. Prove that any finite set of nonzero
elements in a UFD has a least common multiple.

Prove that nonzero elements a and b in R have a least common
multiple if and only if the intersection of the principal ideals (@) and
(b) is also a principal ideal.

Prove that the only units in Qz[x] are 1 and — 1. [See the example on
page 233.]

(a) If pis prime in Z, prove that the constant polynomial p is irre-
ducible in Q;[x]. (Hint: Since Qz[x) C Q|x], Theorem 4.1 is ap-
plicable; also, see Exercise 28).

(b) If g # p and p, g are positive primes in Z, prove that p and g are
not associates in Qyjx].

(a) Show that the only divisors of x in Qz]x] are the integers and the
first-degree polynomials of the form rx with r=1/nand n € Z.

(b) Show that x cannot be written as a finite product of irreducible
elements in Qg[x].

Prove that p(x) is irreducible in @,[x] if and only if p(x) is either a
prime integer or an irreducible polynomial in @[x] with constant
term *1. Conclude that every irreducible p(x) in Qy[x] has the
property that whenever p(x) | c(x)d(x), then p(x) | ¢(x) or p(x) | d(x).

Show that every nonzero f(x) in Q|x] can be written in the form
cx"py(x) - + - pilx), with c € @, n = 0, and each p,(x) nonconstant irre-
ducible in Qz[x] and that this factorization is unique in the following
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sense: If f(x) = dx™q,(x) - - - q(x) with d € Q, m = 0, and each q,(x)
nonconstant irreducible in Qg[x|, then c=*d, m =n, k=1, and,
after relabeling if necessary, each p,(x) = = g,(x).

33. Prove that any two nonzero polynomials in Q,[x] have a ged.

34. (a) Prove that f(x) is irreducible in Z|x] if and only if f(x) is either a
prime integer or an irreducible polynomial in Q[x] such that the
ged in Z of the coefficients of f(x) is 1.

(b) Prove that Z[x] is a UFD. [Hint: See Theorems 4.10 and 4.18.]

8.2 Unique Factorization and Principal Ideals

In this section we show that an integral domain R that satisfies these
two conditions is necessarily a UFD:

1. There are no infinite sequencesa,,ay, . . .suchthateacha,,,isa
proper divisor of a,.
II. If p is irreducible and p | bc, then p|b or p|c.

We then present several classes of domains that satisfy these conditions and
hence are UFD’s.

In choosing these two conditions for consideration, we are operating
with the benefit of hindsight, but you can easily see why they are reasonable
candidates. When you try to factor a positive integer a, for instance, you
take a proper divisor of a, then take a proper divisor of that, and continue
until you reach a prime or 1. The same idea will work in general, provided
condition I holds, so the process can’t go on forever. Condition II was the
key property used to prove uniqueness of factorization in Z and F|x] (see the
proof of Theorem 1.11). It can be used in the same way in the general case,
once you know every element has at least one factorization.

We begin by developing the connection between divisibility and
principal ideals in a domain. This will allow us to rephrase condition Iin a
more useful form. The principal ideal (b) in an integral domain R consists of
all multiples of b, that is, of all elements divisible by b. Hence

ae€(b) ifand only if  b|a.

Furthermore, when a € (b), then every multiple of a is also in the ideal b, so
that (a) C (b). Conversely when (a) C (b), then a is in the ideal (b), so that
b|a. Therefore

(a) C (b) ifand only if  b]a.
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Applying this fact with the roles of a and b reversed shows that
(@)=(b) ifandonlyif a|bandb|a.

Exercise 4 in Section 8.1 shows that a | b and b|a if and only if b is an
associate of a. Thus (a) C (b) if and only if b | a and b is not an associate of a,
that is,

(a) C (b) if and only if b is a proper divisor of a.
Consequently, condition I is equivalent to

Y. There is no infinite chain of principal ideals

(@) S (@) Glas) G- - -

This condition is usually phrased in an equivalent form without negatives:

DEFINITION The integral domain R has the ascending chain condition
(ACC) on principal ideals provided that whenever (a,) C (ay) C (a3) C . . .,
then there exists a positive integer n such that (a;) = (a,) for alli=n.

THEOREM 8.7 Anintegral domain R is a unique factorization domainif and
only if

(1) R has the ascending chain condition on principal ideals; and

(2) whenever p is irreducible in R and p|cd, then p|c or p|d.

Proof If Ris a UFD, then R satisfies (2) by Theorem 8.6. The discussion
above shows that (1) is equivalent to condition I. Every UFD satisfies condi-
tion I by Corollary 8.4.

Conversely, assume that R satisfies (1) and (2). Let a be a nonzero,
nonunit element in R. We must show that a has at least one factorization.
Suppose on the contrary that a is not a product of irreducibles. Then a is not
itself irreducible. So a = a,b, for some nonunits a, and b, (otherwise every
factorization of a would include a unit and a would be irreducible by
Theorem 8.1). If both a, and b, are products of irreducibles, then so is a.
Thus at least one of them, say a,, is not a product of irreducibles. Since b, is
not a unit, @, is not an associate of a (Exercise 5 in Section 8.1), Hence a; is a
proper divisor of a, so that

(@) C (a) with a; a nonzero nonunit that is not a product of irreducibles.

Now repeat the preceding argument with a, in place of a. This leads to a
nonzero nonunit a, such that (a,) C (a,) and a; is not a product of irreduc-
ibles. Continuing this process indefinitely would lead to a strictly ascending
chain of principal ideals (a;) C (az) C (a5) C - - -, contradicting (1). There-
fore a must have at least one factorization as a product of irreducibles. To
show that this factorization is unique up to associates, adapt the proof of
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Theorem 4.10 (the case when R = Flx]) to the general situation, replacing
the word ““constant” by “‘unit’”” and using (2) and Exercise 2 in place of
Corollary 4.9. |

Since principal ideals play a central role in Theorem 8.7, there is an
obvious class of domains to which the theorem might be applied:

DEFINITION A principal ideal domain (PID) is an integral domain in
which every ideal is principal.

EXAMPLE IfFis a field, then the polynomial domain F[x] is a PID. To
prove this, suppose I is a nonzero ideal in F|x|. Then I must contain a
polynomial g(x) of smallest degree (by the Well-Ordering Axiom,
since the set of degrees of nonzero polynomials in I is a nonempty set
of nonnegative integers). We claim that I is the principal ideal (g(x)).
Since g(x) € I and I is an ideal, t(x)g(x) € I for every t(x) € F|x]. Hence
(g(x)) C I. Conversely, if f(x) € I, then by the Division Algorithm there
are g(x), r(x) € Fx] such that f(x) = g(x)g(x) + r(x) and either r(x) = O
or deg r(x) < deg g(x). But r(x) = f(x) — g(x)g(x) and f(x), g(x) €1, so
that r(x) is in the ideal I. If r(x) # Op, then deg r(x) < deg g(x), contra-
dicting the fact that g(x) is a polynomial of smallest degree in I. There-
fore r(x) =0pand hence f(x)= g(x)q(x) + r(x) = g(x)q(x) € (g(x)).
Thus I C (g(x)), and hence I = (g(x)). Therefore F|x] is a PID.

EXAMPLE The ring Z of integers is a PID. You can prove this by
adapting the proof for F[x] to Z (Exercise 1). In particular if I is a
nonzero ideal in Z, then I = (c), where cis the smallest positive integer
in L

EXAMPLE In Corollary 8.12 below we shall see that the ring of Gaus-
sian integers Z[i] is a PID.

EXAMPLE In the ring Z[x], the ideal I of all polynomials with even
constant terms is not principal, as we saw on page 128. So Z[x] is not a
PID.

LEMMA 8.8 Every principal ideal domain R satisfies the ascending chain
condition on principal ideals.

Proof If (a,) C (a;) C- - - is an ascending chain of ideals in R, let A be the
set-theoretic union U (g,). We claim that A is an ideal. Suppose a, b, € A;
t=1

then a € (a;) and b € (a;) for some j, k= 1. Either j=<k or k<j, say j <k.
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Then (a;) C (ay), so that a, b € (). Since (ay) is an ideal we know thata — b €

(ax) C A and ra € (a;) C A for any r € R. Therefore A is an ideal by Theorem

6.1. Since Ris aPID, A = (c) for some c € R. Since A = U (a,) we know that
=1

c € (a,) for some n. Consequently, (c) C (a,) and for eachi=n

(@)@ C U (@) =A= (0 C @),
Therefore (a;) = (a,) for eachi=n. &

LEMMA 8.9 Let R be a principal ideal domain. If p is irreducible in R and
plbc, thenp|borp|c

Proof* If p|bc, then bc is in the ideal (p). If (p) were known to be a prime
ideal, we could conclude that b € (p) or ¢ € (p), thatis, thatp|borp|c. Since
every maximal ideal is prime by Corollary 6.14, we need only show that (p)
is a maximal ideal. Suppose I is any ideal with (p) C I C R. Since R is a PID,
I = (d) for some d € R. Then (p) C (d) = I implies that d | p. Since p is irre-
ducible d must be either a unit or an associate of p. If d is a unit, then
I=(d) = RbyExercise 11 of Section 6.1. If d is an associate of p, say d = pu,
then p|d and hence (d) C (p). In this case (p) C (d) C (p), so that (p) =
(d) = L. Therefore (p) is maximal and the proof is complete. B

Lemmas 8.8 and 8.9, together with Theorem 8.7, prove

THEOREM 8.10 Every principal ideal domain is a unique factorization
domain.

Warning The converse of Theorem 8.10 is false. In Section 8.5 we
shall see that the polynomial ring Z|[x] is a unique factorization domain. But
Z|x] is not a PID.

Both Z and F|x] have certain computational advantages not shared by
arbitrary PID’s. For instance, gcd’s can be readily computed by repeated
use of the Division Algorithm. So it might be worthwhile to consider other
domains in which there is some analogue of the Division Algorithm.** To
see how to describe such an analogue, note that the degree of a polynomial
in Fx] can be thought of as defining a function from the nonzero polyno-
mials in Flx] to the nonnegative integers. By identifying the key properties
of this function we obtain this

* For an alternate proof that does not use Corollary 6.14, see Exercise 20.
** The remainder of this section is not used in the sequel.
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DEFINITION An integral domain R is a Euclidean domain if there is a
function J from the nonzero elements of R to the nonnegative integers with
these properties:

B R P e P

(i) If a and b are nonzero elements of R, then 8(a) < 6(ab).
(ii) Ifa,b € Rand b # O, then there exist q, v € Rsuchthata=bq +r
and either r = 0g or d(r) < d(b).

EXAMPLE IfFis afield, then the polynomial domain F[x] is a Euclid-
ean domain with the function J given by d(f(x)) = degree of f(x).
Property (i) follows from Theorem 4.1 because

J(f(x)g(x)) = deg f(x)g(x) = deg f(x) + deg g(x)
= deg f(x) = 6(f(x)),

and property (ii) is just the Division Algorithm (Theorem 4.3).

EXAMPLE Z is a Euclidean domain with the function & given by
d(a) = |a|. Property (i) holds because |ab| = |a||b] = |b|for alla # 0.The
Division Algorithm, as stated in Corollary 1.2, shows that property (ii)
holds.

EXAMPLE We shall prove that the ring of Gaussian integers Z[i] =
{s+ti|s, te€Z} is a Euclidean domain with the function J given by
&(s + ti) = s2 + 2. Since s + ti = 0 if and only if both s and t are 0, we
see that d(s + ti) = 1 when s + ti # 0. Verify that for any a=s + ti
and b = u + viin Z[i], 6(ab) = d(a)d(b) (Exercise 5). Then whenb # 0
we have

d(a) = d(a)- 1 =< &(a)d(b) = d(ab),

so that property (i) holds. If 5 # 0, verify that a/b is a complex number
that can be written in the form ¢ + di, where ¢, d € Q (Exercise 6).
Since ¢ € Q, it lies between two consecutive integers; and similarly for
d. Hence there are integers m and n such that |m —¢|=1/2 and
|n—d|=1/2. Since a/b = ¢ + di,
a=b|c+ di] = bl(c —m +m) + (d — n + n)i]

= b[(m + ni) + ((c — m) + (d — n)i)]

= blm + ni] + b[(c — m) + (d — n)i]

=bqg+r,

where g =m + ni € Z[i] and r = b[(c — m) + (d — n)i]. Since r=a — bq
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and a, b, q € Z[i], we see that r € Z[i]. Property (ii) holds because
o(r) = 3(b)dl(c — m) + (d — n)i] = d(b)[(c — m)? + (d — n)?]
=48(b)[(1/2)* + (1/2)*] = (1/2)-6(b) < &(b).

THEOREM 8.11 Every Euclidean domain is a principal ideal domain and
therefore a unique factorization domain.

Proof The proof that Flx] is a PID, given in the example on page 239,
carries over to an arbitrary Euclidean domain R. Just replace polynomials
by elements of R and degree by the function §. Unique factorization then
follows from Theorem 8.10. |

Theorem 8.11 and the example preceding it prove:

COROLLARY 8.12 The domain Z|i] of Gaussian integers is a principal ideal
domain and a unique factorization domain.

The converse of Theorem 8.11 is false: There are principal ideal do-
mains that are not Euclidean (see Wilson [23]). Thus the class of Euclidean
domains is strictly contained in the class of all PID’s. Nevertheless, it should
be noted that unique factorization in Euclidean domains can be proved
directly (without mentioning principal ideals) simply by adapting the proof
given for F|x] to the general case. Indeed, all of the results for Z and F[x] that
depended primarily on the Division Algorithm (such as the Euclidean Algo-
rithm) can be carried over to Euclidean domains with only minor modifica-
tions (Exercise 29).

EXERCISES

A. 1. Prove that Z is a PID. [Adapt the proof for Flx] on page 239.]

2. Ifpisanirreducible elementinaPID andp | g;a, - - a,, use Lemma
8.9 to prove that p divides at least one a,.

3. Ifa, b are nonzero elements of an integral domain and a is a nonunit,
prove that (ab) C (b).

4. Let Fbe afield. Prove that Fis a Euclidean domain with the function
d given by d(a) = 0 for each nonzero a € F.

5. If a=s+ ti and b = u + vi are elements of Z[i], show that é(ab) =
d(a)d(b), where &(r + si) = r? + s2.
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10.

11.

12.

13.

14.

15.

.Hfa=s+tiand b=wu+ viare in Z[i] and b # 0, show that a/b =

su+ to tu — sv
¢+ di, where c=——— and d = )
u? + 2 u? + v?

. Show that the elements g and r in the definition of a Euclidean

domain are not necessarily unique. [Hint: In Z[i] let a=—4 + i,
b=75+ 3i; considerg=—1+iand g=—1.]

. Let Rbe aPID.If (¢) isanonzero ideal in R, then show that there are

only a finite number of ideals in R that contain (¢). [Hint: Consider
the divisors of c.]

. Let p be a fixed prime integer and let R be the set of all rational

numbers that can be written in the form a/b with b not divisible by p.
Prove that

(a) R is an integral domain containing Z. [Note n = n/1].
(b) Ifa/b € R and p | a, then a/b is a unit in R.

(c¢) IfIisanonzeroidealinRandI # R, then I contains p* for some
t>0.

(d) Ris a PID. (If I is an ideal, show that I = (p*), where p* is the
smallest power of p in I.)

Prove that an ideal (p) in a PID is maximal if and only if p is irreduc-

ible.

Prove that every ideal in a principal ideal domain R (except R itself)
is contained in a maximal ideal. [See Exercise 10.]

Prove that an ideal in a PID is prime if and only if it is maximal. [See
Exercise 10.]

Let f: R—S be a surjective homomorphism of rings with identity.
(a) IfRis a PID, prove that every ideal in S is principal.
(b) Show by example that S need not be an integral domain.

Let R be a commutative ring with identity and a,,a,, . . . ,a,€R.
ProvethatI = {rja; + - + - + r,a,|r, € R}isanidealin R. Theideal I
is said to be finitely generated and is called the ideal generated by
ay, . . . 5 a,. A principal ideal is just an ideal generated by one
element.

Show that the ring Q4[x] does not satisfy the ACC on principal ideals
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16.

17.

18.
19.

20.

21.

22.

23.

24,

25.

and hence is not a PID. [Consider the principal ideals (3x), (3x),
(3x), . . (—1— x) oo
8 50 A 27[ >

A ring R is said to satisfy the ascending chain condition (ACC) on
ideals if whenever I; C I, C I; C - - - is a chain of ideals in R, then
there is an integer n such that I; = I, for all j = n. Prove that if every
ideal of a commutative ring R is finitely generated, then R satisfies
the ACC. [See Exercise 14 and Lemma 8.8].

Let R be a PID and a, b € R, not both zero. Prove that a, b have a
greatest common divisor that can be written as a linear combination
of aand b. [Hint: Let Ibe the ideal generated by a and b (see Exercise
14); then I = (d) for some d € R. Show that d is a gcd of a and b.]

Extend Exercise 17 to any finite number of elements.

Let R be a PID and S an integral domain that contains R. Let a, b,
deR.MdisagedofaandbinR, prove thatdisagcd ofaand bin S.
[See Exercise 17.]

Give an alternative proof of Lemma 8.9 as follows. If p | b, there is
nothing to prove. If p/b, then 1 is aged of p and b by Exercise 10 in
Section 8.1. Now show that p| ¢ by copying the proof of Theorem
1.5 with p in place of a and Exercise 17 in place of Theorem 1.3.

Let R be an integral domain. Prove that R is a PID if and only if (i)
every ideal of R is finitely generated (Exercise 14) and (ii) whenever
a, b e R, the sum ideal (a) + (b) is principal. [Sum is defined in
Exercise 17 of Section 6.1.]

Let R be a Euclidean domain. Prove that

(a) d(1g) = d(a) for all nonzero a € R.

(b) d(u) = &(1g) if and only if u is a unit in R.

(c¢) ¥ a and b are associates, then d(a) = 6(b).

(d) If a|b and 8(a) = 6(b), then a and b are associates.

Show that Z[V—2] is a Euclidean domain with é(r + sv—2) =12 +

252,

Let w =(—1+v—3)/2 and Z{w] = {r +sw|r, s € Z}. Prove that
Z[w] is a Euclidean domain with (r + sw) = (r + sw)(r + sw?) =
r? — rs + s [Note that ¥ =1 and @2 + © + 1 = 0 (why?).]

Let Rbe a Euclidean domain. If the function J is a constant function,
prove that R is a field.
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26. Prove or disprove: Let R be a Euclidean domain; then I=
{a € R|d(a) > d(1g)} is an ideal in R.

27. Let I be a nonzero ideal in Z[i]. Show that the quotient ring Z[i]/I is
finite.

28. (a) Prove that 1 —i is irreducible in Z[i]. [Hint: If a| (1 — i), then
1 — i = ab; see Exercises 5 and 22.]

(b) Write 2 as a product of irreducibles in Z[i]. [Hint: Try 1 —ias a
factor.|

C. 29. State and prove the Euclidean Algorithm for finding the ged of two
elements of a Euclidean domain.

30. Let Rbe a Euclidean domain such that 8(a + b) < max{d(a), d(b)} for
all nonzero a, b € R. Prove that g and r in the definition of Euclidean
domain are unique.

31. Prove that every ideal I in Z|Vd] is finitely generated (as defined in
Exercise 14) as follows. Let Iy=INZ and let I, ={beZ|a+
bVd € I for some a € Z).

(a) Prove that I, and I, are ideals in Z. Therefore I, = (ry) and
I, = (r,) for some r, € Z.

(b) Prove that I, C I,.

(c) By the definition of I, there exists a; € Z such thata, + r;Vdisin
I. Prove that I'is the ideal generated by roand a, + r,Vd. [Hint: If
r+sVd € I, then s € I, so that s =r;s,. Show that (r + sVd) —
sy(a; + rVd) € I, use this to write r + sVd as a linear combina-
tion of ry and a; + r;vd |

8.3 Factorization of Quadratic Integers

In this section we take a closer look at the domains Z[Vd]. Because
unique factorization frequently fails in these domains, they provide a sim-
plified model of the kinds of difficulties that played a crucial role in the
historical origin of the concept of an ideal. These domains also illustrate
how ideals can be used to “‘restore” unique factorization in some domains
that lack it. We begin with a brief sketch of the relevant history.

Early in the last century Gauss proved that ““Law of Biquadratic Reci-
procity,” which provides a fast way of determining whether or not a con-
gruence of the form x* = ¢ (mod n) has a solution. Although the statement of
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this theorem involves only integers, Gauss’s proof was set in the larger
domain Z[i]. He proved and used the fact that Z[] is a unique factorization
domain.

Since Gauss’s proofinvolved Z|i] and i is a complex fourth root of 1, the
German mathematician E. Kummer thought that analogous theorems for
congruences of degree p might involve unique factorization in the domain.

Ziw]) ={ap + a0 + az0® + - - - +a, 0 q, €T},

where o = cos(27/p) + isin(27/p) is a complex pth root of 1. He was unable
to develop higher-order reciprocity theorems because he discovered that
Z|w] may not be a UFD.*

Later in the century questions about unique factorization arose in
connection with the following problem. It is easy to find many nonzero
integer solutions of the equation 2% + y* = 22, such as 3, 4, 5, or 5, 12, 13.
But no one has ever found nonzero integer solutions for x® + y = z3 or
x* + y* = z*, which suggests that

a2 + y™ = z" has no nonzero integer solutions when n > 2.

This conjecture has fascinated mathematicians for centuries but has never
been proved. It is usually called Fermat’s Last Theorem because in the late
1630s Fermat wrote the conjecture in the margin of his copy of Dio-
phantus’ Arithmetica and added “I have discovered a truly remarkable
proof, but the margin is too small to contain it.”” Unfortunately Fermat’s
“proof”” has never been found. Most mathematicians today doubt that he
actually had a valid one.

In 1847 the French mathematician G. Lame thought he had found a
proof of Fermat’s Last Theorem in the case when n is prime.** His proof
used the fact that for any odd positive prime p, 2? + y? can be factored in the
domain Z|w] described above:

PP =t o)+ oty) - @+ o)

Lame’s purported proof depended on the assumption that Z[w] is a unique
factorization domain. When he became aware of Kummer’s work, he real-
ized that his proof could not be carried through.

Kummer had already found a way to avoid the difficulty. He invented
what he called “ideal numbers” and proved that unique factorization does
hold for these ideal numbers. This work eventually led to a proof that
Fermat’s Theorem is true for a large class of primes, including almost all of
the primes less than 100. This was a remarkable breakthrough and deeply

* The domain Z[w] is a UFD for every prime p less than 23 and fails to be a UFD for every
larger prime.
** If the theorem is true for prime exponents, then it is true for all exponents; see Exercise 1.
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influenced almost all later work on the problem.* But it had even greater
significance in the development of modern algebra. For Kummer’s “ideal
numbers” were what we now call ideals.

We shall return to ideals at the end of the section. Now we consider
factorization in the domains Z[Vd]. These domains are similar to the ones
that Kummer used and illustrate in simplified form the problems he faced
and his method of solution. We shall assume that the integer d is square-
free, meaning that d has no integer factors of the form ¢? (except, of course,
(£ 1)2). The following function is the key to factorization in Z[Vd].

DEFINITION The function N:Z|Vd] — Z given by
N(s + tVd) = (s + tVd)(s — tVd) = s — d¢*

is called the norm.

For example, in Z[V3],
N(B+2V3)=52—3-22=13 and N(2 —4V3) =22 —3(—4)2 = —44.
Note that
when d < 0, the norm of every element is nonnegative.
For instance, in Z[V—35],
N(s+tV—5) =2 — (=5)2 =52+ 512 = 0.

In the last section we saw that the norm makes Z}i] = Z|v— 1] into a Euclid-
ean domain. This is not true in general, but we do have

THEOREM 8.13 If d is a square-free integer, then for all a, b € Z|Vd|

(1) N(a) = 0ifand only if a = 0.
(2) N(ab) = N(a)N(b).

Proof (1)Ifa=s+ tVd, then N(a) = s* — dt*so that N(a) = 0 if and only if
s2 = dt?in Z. Every prime in the factorization of s? and 2 must occur an even
number of times. But the prime factors of d do not repeat because d is
square-free. So if p is a prime factor of d, it must occur an odd number of
times in the factorization of dt?. By unique factorization in Z the equation
s? = dt? is impossible unless s = 0 = ¢, that is, unless a = 0.

(2) Let a = r + sVd and b = m + nVd. The proof is a straightforward
computation (Exercise 3). il

* Modern computer techniques have shown that Fermat’s Theorem is true whenever n has a
prime factor less than 100,000, and in 1983, G. Faltings proved that there are at most a finite
number of nonzero integer solutions for any n.
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THEOREM 8.14 Let d be a square-free integer. Then u € Z[Vd) is a unitif and
only if N(u) =% 1.

Proof If u is a unit, then uv =1 for some v € Z[Vd]. By Theorem 8.13,
N(u)N(v) = N(uv) = N(1) = 12 — d- 02 = 1. Since N(u) and N(v) are integers,
the only possibilities are N(u) = £ 1 and N(v) = = 1. Conversely, ifu = s +
tvd and N(u) = £ 1, let u= s — tVd € Z[Vd]. Then by the definition of the
norm, uu = N(u) =+ 1. Hence u(xu) =1 and u is a unit. B

EXAMPLE In Z[V2] the element 3+ 2V2 is a unit because
N(3 + 2V2) = 32 — 2-22 = 1. As noted in the proof above, the inverse
of 3+ 2v2 is 3 — 2v2. Every power of a unit is also a unit, so Z\P/E]
has infinitely many units, including (3 +2v2), (3+ 2V2)?%
(3+2V2)3, .. ..

According to Theorem 8.14 we can determine every unit s + tVd in
Z[Vd] by finding all the integer solutions (for s and ) of the equations
s2 — dt? = £ 1. When d > 1, these equations have infinitely many solutions
(see the example above and Burton [14, page 336]). When d = —1, the
equations reduce to s + 2= 1.* The only integer solutions are s==+1,
t=0ands=0,t==+1.So the only unitsin Z[i] = Z|v—1] are = 1 and +i. If
d <—1,say d = —kwithk > 1, then the equations reduce to s> + k2 = 1.*
Since k > 1, the only integer solutions are s = =1, t = 0. Thus we have

COROLLARY 8.15 Let d be a square-free integer. If d > 1, then Z[Vd] has
infinitely many units. The unitsinZ[Vv— 1] are £ 1 and +i. If d < — 1, then the
units in Z|Vd] are £ 1.

COROLLARY 8.16 Let d be a square-free integer. If p € Z[Vd] and N(p) is
a prime integer in Z, then p is irreducible in Z|Vd).

Proof Since N(p) is prime, N(p) # *1, so p is not a unit in Z[Vd] by
Theorem 8.14. If p = ab in Z|Vd], then by Theorem 8.11, N(p) = N(a)N(b)
in Z. Since N(a), N(b), N(p) are integers and N(p) is prime, we must have
N(a) = =1 or N(b) = *x1.So a or bisaunitby Theorem 8.14. Therefore p is
irreducible by theorem 8.1. B

EXAMPLE The element 1 —i is irreducible in ZJi] because
N(1 — v=1) = 2. Similarly, 1 + i is also irreducible. Therefore a fac-
torization of 2 as a product of irreducibles in Z[i] is given by 2 =
(1491 —i).

* The solution — 1 is impossible since the left side of the equation is always nonnegative.
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The converse of Corollary 8.16 is false. For instance, in Z[v—5] the
norm of 1 + V=5 is 6, which is not prime. But the next example shows that
1 +v—5 is irreducible.

EXAMPLE To show that 1 + V=35 is irreducible in Z[V—>5], suppose
1 + V=5 = ab. By Theorem 8.1 we need only show that a or b is a unit.
By Theorem 8.13, N(a)N(b) = N(ab) = N(1 + V—5) = 6. Since N(a)
and N(b) are nonnegative integers, the only possibilities are N(a) = 1,
2,3,0r6.Ifa=s5+tV—5and N(a) = 2, then s> + 52 = 2. Itis easy to
see that this equation has no integer solutions for s and ¢; so N(a) = 2 is
impossible. A similar argument shows that N(a) = 3 is impossible. If
N(a) = 1, then a is a unit by Theorem 8.14. If N(a) = 6, then N(b) = 1
and b is a unit. Therefore 1 + V=35 is irreducible.

We have seen an example of an integral domain in which a nonzero,
nonunit element could not be factored as a product of irreducibles (Exercise
30 in Section 8.1). We shall now see that Z[Vd] may fail to be a UFD for a
different reason: Although factorization as a product of irreducibles is
always possible in Z|Vd], it may not be unique.

THEOREM 8.17 Let d be a square-free integer. Then every nonzero, nonunit
element in Z[Vd] is a product of irreducible elements. *

Proof Let S be the set of all nonzero, nonunits in Z[Vd] that are not the
product of irreducibles. We must show that S is empty. So suppose, on the
contrary, that S is nonempty. Then the set W = { | N(t) || t € S} is a nonempty
set of positive integers. By the Well-Ordering Axiom W contains a smallest
integer. Thus there is an element a € S such that | N(a) | =| N(t) | for every
t€S. Since a € S we know that a is not itself irreducible. So there exist
nonunits b, ¢ € Z[Vd] such that a = bc. At least one of b, ¢ must be in §
(otherwise a would be a product of irreducibles and hence not in S), say
b €S. Since b and ¢ are nonunits. ,N(b)|> 1 and | N(c) |> 1 by Theorem
8.14. But |N(a)|=|N(b)||N(c) by Theorem 8.13, so we must have
1 <|N(b)|<|N(a)|.Butb €S, so| N{a) | =| N(b) | by the choice of a. Thisisa
contradiction. Therefore § is empty and the theorem is proved. B

EXAMPLE The domain Z|v— 53] is not a unique factorization domain.
The element 6 in Z[v— 5] has two factorizations:
6=2-3 and 6= (1+Y=5)1—v=5)

The proof that 1 + v—35 is irreducible was given in the example pre-

* As usual, we allow a “‘product” with just one factor.
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’§‘ ceding Theorem 8.17. The proofs that 2, 3,and 1 — V=5 are irreduc-
§ ible are similar. For instance, if 2 = ab, then N(a)N(b) = N(ab) =
i N(2)=4sothat N(a) =1, 2, or 4. But N(a) = 2 is impossible because
| the equation s + 5¢2 = 2 has no integer solutions. So either N(a) = 1
% and a is a unit, or N(a) = 4. In the latter case N(b) = 1 and b is a unit.
fﬁ Therefore 2 is irreducible by Theorem 8.1. Since the only units in
% Z|V=5] are £ 1, it is clear that neither 2 nor 3 is an associate of 1 +
: —5 or 1 — v—5. Thus the factorization of 6 as a product of irreduc-
.\ ibles is not unique up to associates and Z[v—5] is not a UFD.

The precedmg example shows that the irreducible 2 divides
(1 +V=5)(1 —v=35) in Z[\F_] but does not divide either 1+ V=5 or

1—J=5.80 when umque factorization fails, an irreducible element p may
not have the property that when p|cd, then p|c or p|d.* Another conse-
quence of the failure of unique factorization is the possible absence of
greatest common divisors (Exercise 13).

We are now in the position that Kummer was in a century and a half
ago and the question is: How can some kind of unique factorization be
restored in domains such as Z[V—5]? Kummer’s answer was to change the
focus from elements to ideals. ** The product IJ of ideals I and J is defined to
be the set of all sums of elements of the form ab, witha € I and b € J; that is,

I]={a1bl+agb2+ st +a,,b,,|n2 1, akel, bké]}.

Exercise 20 in Section 6.1 shows that IJ is an ideal. Instead of factoring an
element a as a product of irreducibles, Kummer factored the principal ideal
(a) as a product of prime ideals.

EXAMPLE We shall express the principal ideal (6) in Z[V—>5] as a
product of prime ideals. The irreducible factorization of elements
6 = 2-3 seems a natural place to start, and it is easy to prove that the
ideal (6) is the product ideal (2)(3) (Exercise 16). But (2) is not a prime
ideal (for instance, the product (1 + v=>5)(1 — v=5) = 6 is in (2) but
neither of the factorsisin (2)). So we must look elsewhere. Let Pbe the

ideal in Z[V—>5] generated by 2 and 1 + V=5, that is,
P={(2a+ (1+V=5)b|a, beZ|V—5]).

Then Pis an ideal by Exercise 14 of Section 8.2. Exercise 17 shows that
r+ sv—>5 € P if and only if r and s are both even or both odd. This

* This is not particularly surprising in view of Theorem 8.7.

** Kummer used different terminology, but the ideas here are essentially his. We use the
modern terminology of ideals that was introduced by R. Dedekind, who generalized Kum-
mer’s theory.
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implies that the only distinct cosets in Z[V—5]/Pare 0 + Pand 1 + P;
for if m +nv=>5 has m odd and n even, then (m +nV=>5)— 1=
(m—1)+n/—5€P because m—1 and n are even. Hence
(m + nV—>5) + P=1 + P. Similarly, if m is even and n is odd, then
(m — 1) + n/—5 € P because m — 1 and n are odd. It follows that the
quotlent ring Z[V—>5]/P is isomorphic to Z,. Therefore P is a prime
ideal in Z[V—>5] by Theorem 6.12. A similar argument (Exercise 19)
shows that Q; and Q, are prime ideals, where

Q,={3a+ (1 +V=5)b|a, beZ|V=5]),
Q.={3a+ (1 —V=5)b|a, beZ|V-5]).

Exercises 18 and 19 show that the product ideal P2 = PP is precisely
the ideal (2) and that Q,Q, = (3). Therefore the ideal (6) is a product of
four prime ideals: (6) =(2)(3) = P2Q,Q,.

Kummer went on to show that in the domains he was considering, the
factorization of an ideal as a product of prime ideals is unique except for the
order of the factors. This result was later generalized by R. Dedekind. In
order to state this generalization precisely, we need to fill in some back-
ground.

An algebraic number is a complex number that is the root of some
monic polynomial with rational coeficients. If ¢ is an algebraic number and
t is the root of a polynomial degree n in Q|x], then Q(¢) = {a, + a,t +
a, >+ - -+ +a,_1t""!|a, € Q}isasubfield of C and every element in Q(t) is
an algebraic number.* An algebraic integer is a complex number that is the
root of some monic polynomial with integer coeflicients. It can be shown
that the set of all algebraic integers in Q(¢) is an integral domain (see Birk-
hoff and MacLane [1; page 445]). If @ is a complex root of x* — 1, then the
domain Z[w] that Kummer used is in fact the domain of all algebraic integers
in Q(w) (see Ireland and Rosen [16; page 199]). So Kummer’s results are a
special case of

THEOREM 8.18 Let t be an algebraic number and R the domain of all
algebraic integers in Q(t). Then ecery ideal in R (except 0 and R) is the
product of prime ideals, and this factorization is unique up to the order of the
factors.

For a proof see Ireland and Rosen [16; page 174].

Most of the rings Z|Vd] are also special cases of Theorem 8.18. For if d
is a square-free integer then t = Vd is an algebraic number (because it is a
root of 22 — d) and Q(Vd) = (g, + a,Vd | 4, € Q). The algebraic integers in

* For a proof, see Theorems 9.7 and 9.9.
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the field Q(Vd) are called quadratic integers. Every element r + sVd of
Z[Vd] is a quadratic integer in Q(vd) because it is a root of this monic
polynomial in Z[x]:

x2—2rx+ (P —ds?) = (x — (r + sVd))(x — (r — sVd)).

When d =2 or 3 (mod 4), then Z|Vd] is the domain R of all quadratic
integers in Q(vd), but when d = 1 (mod 4), there are quadratic integersin R
that are not in Z[Vd] (see Exercise 21).* An elementary proof of Theorem
8.18 for the case of quadratic integers is given in Robinson [21].

Theorem 8.18 has proved very useful in algebraic number theory. But
it does not answer many questions about unique factorization of elements,
such as: If R is the domain of all quadratic integers in @(d), for what values
ofdisRaUFD? Whend < 0,RisaUFDifandonlyifd=—1,-2,—-3,—7,
—11,—19,—43,—67, or — 163 (see Stark [22]). When d > 0, R is known to
beaUFDford=2,3,5,6,7,11,13,17,19, 21, 22,23, 29, and many other
values. But there is no complete list as there is when d is negative. It is
conjectured that R is a UFD for infinitely many values of d.

EXERCISES

A. 1. If x¥* + y* = z¥ has no nonzero integer solutions and k | n, then show
that 2™ + y" = z" has no nonzero integer solutions.

2. Let w be a complex number such that w? = 1. Show that Z]w] =
{ag + a0 + ay*+ - -+ +a, ;" !|a, € Z}is an integral domain.
[Hint: w? = 1 implies w?*! = w, wP*? = w?, etc.]

3.If a=r+s/d and b=m+nVd in Z|Vd], show that N(ab)=
N(a)N(b).

4. Explain why Z[V—>5] is not a Euclidean domain for any function J.

5. If a € Q is an algebraic integer, as defined on page 251, show that
a € Z. [Hint: Theorem 4.16.]

B. 6. In which of these domains is 5 an irreducible element?
(@ Z (b) Z[i] (c) Z|V-2]

7. In Z[v—"7] factor 8 as a product of two irreducible elements and
as a product of three irreducible elements. [Hint: Consider

1+V=7)1 —V=17)]

* Since d is square-free, d # 0 (mod 4).
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10.

11.
12.
13.

14.

15.

16.

17.

18.
19.

. Factor each of the elements below as a product of irreducibles in

Z[i]. [Hint: Any factor of @ must have norm dividing N(a).]
(@3 (b)7 (c)4+3i (d)11+7i

. (a) Verify that each of 5+ V2, 2—v2, 11 — 7v2, and 2 + V2 is

irreducible in Z[V2].
(b) Explain why the fact that
(5+V2)(2 —V2) = (11 — 7V2)(2 + V2)
does not contradict unique factorization in Z[V2].

Find two different factorizations of 9 as a product of irreducibles in

Z|v-5].
Show that Z]v—6] is not a UFD. [Hint: Factor 10 in two ways.]
Show that Z[V10] is not a UFD. [Hint: Factor 6 in two ways.]

Show that 6 and 2 + 2V—>5 have no greatest common divisor in
Z[V—5]. [Hint: A common divisor a of 6 and 2 + 2V—>5 must have
norm dividing both N(6) = 36 and N(2 + 2V—5) = 24; hence a =
r+ sy—=5 with 12 + 552 = N(a) = 1, 2, 3, 4, 6, or 12. Use this to find
the common divisors. Verify that none of them is divisible by all the
others, as required of a gcd. Also see the last example on page 249.|

Show that 1 is a ged of 2 and 1 + v—>5 in Z[v—>5], but 1 cannot be
written in the form 2a + (1 + V—5)b with a, b € Z[V—5|.

Prove that every principal ideal in a UFD is a product of prime
ideals uniquely except for the order of the factors.

Show that (6) = (2)(3) in Z|v— 3]. (The product of ideals is defined
on page 250.)

Let P be the ideal {2a + (1 + V=5)b|a, b € Z[V=5|} in Z|V—5].
Prove that r + sv—5 € P if and only if r = s (mod 2) (that is, r and s
are both even or both odd).

Let P be as in Exercise 17. Prove that P2 is the principal ideal (2).

Let Q, be the ideal {3a+ (1 + V=5)bla, b jZL‘/__S]} and Q, the
ideal {3a + (1 —Vv~5)b|a, b € Z[V—>5]} in Z|V—35].
(a) Prove that r + sv—>5 € Q, if and only if r = s (mod 3).

(b) Show that Z[V—>5]/Q, has exactly three distinct cosets.
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20.

C. 21.

(c) Prove that Z[V—>5]/Q, is isomorphic to Z; conclude that Q, is a

prime ideal.
(d) Prove that Q, is a prime ideal. [Hint: adapt (a)-(c).]
(e) Prove that Q,Q, = (3).

If r + sv—>5 € Z|V—5] with s # 0, then prove that 2 is not in the
principal ideal (r + sv—35).

Let d be a square-free integer and let @(Vd) be as defined on page
251. We know that Z[Vd] C Q(Vd) and every element of Z[\/:ipis a

quadratic integer. Determine all the quadratic integers in Q(Vd) as
follows.

(a) Show that every element of Q(Vd) is of the form (r + sVd)/t,
where r, s, t € Z and the ged (r, s, t) of r, s, t is 1. Hereafter let
a = (r + sV/d)/t denote such an arbitrary element of Q(Vd).

(b) Show that a is a root of

p(x) = 22 — (%) x+ <r2 _tzdsz) € Qlx].

[Hint: Show that p(x) = (x — a)(x — a), where a@ = (r — sVd)/t.]
(c) If s # 0, show that p(x) is irreducible in Q[x].

(d) Prove that a is a quadratic integer if and only if p(x) has integer
coeflicients. [Hint: If s = 0, use Exercise 5;if s # O and aisaroot
of amonic polynomial f{x) € Z[x], use Theorem 4.18 to show that
aisaroot of some monic g(x) € Z[x], with g(x) irreducible in Q[x].
Apply (c) and Theorem 4.10 to show g(x) = p(x).]

(e) If a is a quadratic integer, show that ¢ | 2r and #2 | 4ds?. Use this
fact to prove that ¢ must be 1 or 2. [Hint: d is square-free,
(r, s, £) = 1; use (b) and (d).]

(f) If d = 2 or 3 (mod 4), show that a is a quadratic integer if and
only if t = 1. [Hint: If t = 2, then r2 = ds? (mod 4) by (b) and (d).
If sis even, reach a contradiction to the fact that (r, s, t) = 1, if sis
odd, use Exercise 5 of Section 2.1 to get a contradiction.]

(g) Ifd = 1 (mod 4) and a € Q(Vd), show that ais a quadratic integer
ifand only if t = 1, or = 2 and both r and s are odd. [Hint: Use

(d).]
(h) Use (f) and (g) to show that the set of all quadratic integers in
Q(/d)is ZVd]ifd = 2 or 3 (mod 4) and {’"—M

3 | m,n € Zand
m=n (mod 2) ¢ if d =1 (mod 4).
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8.4 The Field of Quotients of an Integral Domain*

For any integral domain R we shall construct a field F that contains R
and consists of “‘quotients” of elements of R. When the domain RisZ, then F
will be the field @ of rational numbers. So you may view these proceed-
ings either as a rigorous formalization of the construction of @ fromZ orasa
generalization of this construction to arbitrary integral domains. The field F
will be the essential tool for studying factorization in R[x] in Section 8.5.

Our past experience with rational numbers will serve as a guide for the
formal development. But all the proofs will be independent of any prior
knowledge of the rationals.

A rational number a/b is determined by the pair of integers a, b (with
b # 0). But different pairs may determine the same rational number; for
instance, $ = ¢ = 4, and in general

ifand only if  ad = bc.

This suggests that the rationals come from some kind of equivalence rela-
tion on pairs of integers (equivalent pairs determine the same rational
number). We now formalize this idea.

Let R be an integral domain and let S be this set of pairs:

S={(a,b)|a, b e Rand b # 0Og).
Define a relation ~ on the set S by

(a,b) ~ (c,d) means  ad =bcinR.

THEOREM 8.19 The relation ~ is an equivalence relation of S.

Proof Reflexive: Since R is commutative ab = ba, so that (a,b) ~ (a,b) for
every pair (a,b) in S. Symmetric: If (a,b) ~ (c,d), then ad = bc. By commuta-
tivity ¢b = da, so that (c,d) ~ (a.b). Transitive: Suppose that (a,b) ~ (c.d)
and (c,d) ~ (r,s). Then ad = bc and ¢s = dr. Multiplying ad = bc by s and
using ¢s = dr we have ads = (bc)s = b(cs) = bdr. Since d # Og by the defi-
nition of S and R is an integral domain we can cancel d from ads = bdr and
conclude that as = br. Therefore (a,b) ~ (r,s). 1

The equivalence relation ~ partitions S into disjoint equivalence
classes by Corollary D.2 in Appendix D. For convenience we shall denote
the equivalence class of (a,b) by [a,b] rather than the more cumbersome

* This section is independent of the rest of Chapter 8. Its prerequisites are Chapter 3 and
Appendix D.
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[(a,b)]. Let F denote the set of all equivalence classes under ~. Note that by
Theorem D.1,

la,b] =lc,d]in F  ifand only if  (a,b) — (c,d) in S.
Therefore, by the definition of ~,
l[a,b}=[c,d]in F  ifand onlyif  ad=bcinR.

We want to make the set Finto a field. Addition and multiplication of
equivalence classes are defined by*

[a,b] + [c,d] = [ad + be,bd]
[a,b]c,d] = [ac,bd].

In order for this definition to make sense, we must first show that the
quantities on the right side of the equal sign are actually elements of the set
F. Now {a,b] is the equivalence class of the pair (a,b) in S. By the definition of
Swehaveb # Og; similarly, d # 0g. Since Ris an integral domain, bd # 0g.
Thus (ad + be,bd) and (ac,bd) are in the set S, so that the equivalence classes
lad + be,bd) and |ac,bd] are elements of F. But more is required in order to
guarantee that addition and multiplication in F are well defined.

In ordinary arithmatic, 32 = {4 and replacing } by ¢4 produces the
same answer because 42 = 12 = &. The answer doesn’t depend on how the
fractions are represented. Similarly, in F we must show that arithmetic does
not depend on the way the equivalence classes are written:

LEMMA 8.20 Addition and multiplication in F are independent of the choice
of equivalence class representatives. In other words, if |a,b]l = |a’,b’] and

[c,d] = [¢’,d’], then
lad + be,bd) = [a’d’ + b/’ b’ d')
and

lachd] = [a'c b d].

Proof As noted above [ad + be,bd] = [a'd’ + b'c’,b’d’] in F if and only if
(ad + be)b’d’ = bd(a’d’ + b’c’) in R. So we shall prove this last statement.
Since [a,b] = |a’,b’] and [c,d] = [¢’d’] we know that

(*) ab’=ba’ and cd =dc'.

* These definitions are motivated by the arithmetical rules for rational numbers (just replace
the fraction r/s by the equivalence class {r,s]):

=ad+bc

(4
t T Thd

g8

£
d

Sl e
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Multiplying the first equation by dd’ and the second by b’ and adding the
results show that

ab’'dd’ = ba'dd’
cd’bb’ = dc’'bb’
ab’dd’ + cd’bb’ = ba’dd’ + dc’'bb’
(ad + bo)b’d’ = bd(a’d’ + b'c’).
Therefore [ad + be, bd) = {a’d’ + b'c’, b'd'].

For the second part of the proof multiply the first equation in (*) by cd’
and the second by ba’ so that

ab’cd’ = ba’cd’ and cd’ba’ = dc'ba’.

By commutativity the right side of the first equation is the same as the left
side of the second equation so that the other sides of the two equations are
equal: ab’cd’ = dc’ba’. Consequently,

(ac)(b'd’) = ab’cd’ = dc’ba’ = (bd)(a’c’).
The two ends of this equation show that [ac, bd]| = [a’c’, b’d’]. B

LEMMA 8.21 If R is an integral domain and F is as above, then for all
nonzeroa, b, ¢, d, k € R:

(1) [Og,b] = [0a,d];
(2) la,b] = |ak,bk];
(3) |a.a] = |c,cl.

Proof Exercisel. B

LEMMA 8.22 With the addition and multiplication defined above, F is a
Sfreld.

Proof Closure of addition and multiplication follows from Lemma 8.20
and the remarks preceding it. Addition is commutative in F because addi-
tion and multiplication in R are commutative:

[@.b] + [e.d] = [ad + be,bd] = [cb + da,db] = [¢,d] + [a,b].

Let Oybe the equivalence class {0g,b] for any nonzero b € R (by (1) in Lemma
8.21 all pairs of the form (0g,b) with b # Op are in the same equivalence
class). If [a,b] € F, then by (2) in Lemma 8.21 (with k = b):

[a,b] + 05 = [a,b] + [0g,b] = [ab + b0g,bb] = [ab,bb] = [a,b].

Therefore O is the zero element of F. The negative of [a,b] in F is [~ a.b]
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because
la,b] + |—a,b] = (ab — ba,b?| = [0g,b?*] = OF.

The proofs that addition is associative and that multiplication is associative
and commutative are left to the reader (Exercise 2), as is the verification
that [1,,15] is the multiplicative identity element in F. If [a,b] is a nonzero
element of F, then a # 0g. Hence |b,a] is a well-defined element of Fand by
(3) in Lemma 8.21

[a.b][b,a] = [ab,ba] = [1gab,1gab] = [1g,14).

Therefore [b,a] is the multiplicative inverse of [a,b]. To see that the distrib-
utive law holds in F, note that

[a,b]([c,d] + [r,s]) = |a,b][cs + dr.ds]
= |a(cs + dr), b(ds)]
= |acs + adr,bds].
On the other hand, by (2) in Lemma 8.21 (with k = b)
la,bl[c,d] + |a,b][r,s] = |ac,bd] + [ar,bs]
= [(ac)(bs) + (bd)(ar), (bd)(bs)]
= [(acs + adr)b,(bds)b]
= |acs + adr,bds].
Therefore [a,b]([c,d] + [r,s]) = [a,b][c,d] + [a,b]]r.s]. B

We usually identify the integers with rational numbers of the forma/1.
The same idea works in the general case:

LEMMA 8.23 Let R be an integral domain and F the field constructed above.
Then the subset R* = {[a,1g] | a € R} of F is an integral domain that is isomor-
phic to R.

Proof Verify that R* is a subring of F (Exercise 3). Clearly [14,15], the
identity element of F, is in R*, so R* is an integral domain. Define a map
f:R— R*by f(a) = [a,15]. Then fis a homomorphism:
fla) + f(c) = [a,1a] + [c,1a] = lalg + 1gc, 1814l
=la+clgl=f(a+¢)
Ha)f(c) = [a,1zllc,1a] = [ac,1a] = flac).

If f(a) = f(c), then [a,15] = [c,1g], which implies that alg = 1zc. Thusa=c¢
and fis injective. Since fis obviously surjective, fis an isomorphism. B
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The equivalence class notation for elements of F is awkward and
doesn’t convey the promised idea of “quotients.” This is easily remedied by
a change of notation. Instead of denoting the equivalence class of (a,b) by

[a,b],
denote the equivalence class of (a,b) by a/b.

If we translate various statements above from the brackets notation to the
new quotient notation, things begin to look quite familiar:

THEOREM 8.24 Let R be an integral domain. Then there exists a field F
whose elements are of the form a/b with a, b € R and b # 0g, subject to the
equality condition

%=§inF ifand only if  ad =bcin R.
Addition and multiplication in F are given by
GG G, Qe 0o
b d bd b d bd

The set of elements in F of the form a/lg (a € R) is an integral domain
isomorphic to R.

Proof Lemmas 8.22 and 8.23 and the notation change* preceding the
theorem. B

It isnow clear that if R = Z, then the field Fis precisely Q. So Theorem
8.24 may be taken as a formal construction of @ from Z. In the general case,
we shall follow the same custom we use with @Q: The ring R will be identified
with its isomorphic copy in F. Then we can say that R is the subset of F
consisting of elements of the form a/1;. The field F is called the field of
quotients of R.

EXAMPLE Let K be a field. The field of quotients of the polynomial
domain K[x] is denoted by K(x) and consists of all f(x)/g(x), where f(x),
g(x) € K|x] and g(x) # O. The field K(x) is called the field of rational
functions over K.

* At this point you may well ask, “Why didn’t we adopt the quotient notation sooner?”” The
reason is psychological rather than mathematical. The quotient notation makes things look so
much like the familiar rationals that there is a tendency to assume everything works like it
always did, instead of actually carrying out the formal (and tiresome) details of the rigorous
development.
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The field of quotients of an integral domain R is the smallest field that
contains R in the following sense.*

THEOREM 8.25 Let R be an integral domain and Fits field of quotients. [fK
is a field containing R, then K contains a subfield E suchthat R C E C Kand E
is isomorphic to F.

Proof If a/b € F, then a, b € R and b is nonzero. Since R C K, b™! exists.
Define a map f:F— K by f(a/b) = ab™!. Exercise 9 shows that fis well
defined, that is, a/b = c¢/d in F implies f(a/b) = f(c/d)) in K. Exercise 10
shows that f'is an injective homomorphism. If E is the image of F under f,
then F=E. Foreachae R, a=alg ' =f(a/lz) €E,soRCECK

EXERCISES

NOTE: Unless noted otherwise, R is an integral domain and F its field of
quotients.

A. 1. Prove Lemma 8.21.
2. Complete the proof of Lemma 8.2 by showing that
(a) Addition of equivalence classes is associative,
(b) Multiplication of equivalence classes is associative.
(¢) Multiplication of equivalence classes is commutative.

Show that R* = {[a,14] |a € R} is a subring of F.

If R is itself a field, show that R =F.
If R = Z[i], then show that F= {r + si|r, s € Q)}.
If R = Z|Vd], then show that F= {r +sVd |r, s € @}.

Show that there are infinitely many integral domains R such that
Z C R C Q, each of which has @ as its field of quotients. [Hint: Exer-
cise 23 in Section 3.1.]

R N S

8. Let f: R — R, be an isomorphism of integral domains. Let F be the
field of quotients of R and F, the field of quotients of R,. Prove that
the map f*:F — F, given by f*(a/b) = f(a)/f(b) is an isomorphism.

9. If R is contained in a field K and a/b = ¢/d in F, show that ab™! =
c¢d™' in K. [Hint: a/b = c/d implies ad = bc in K.]

* Theorem 8.25 is not used in the sequel.
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10. (a) Prove that the map fin the proof of Theorem 8.25 is injective.
[Hint: f(a/b) = f(c/d) implies ab~! = cd™!; show that ad = bc]

(b) Use a straightforward calculation to show that fis a homomor-
phism.

11. Let a, b € R. Assume there are positive integers m, n such that
a™=b™, a" = b", and (m,n) =1. Prove that a = b. [Remember that
negative powers of a and b are not necessarily defined in R, but they
do make sense in the field F; for instance, a=2 = 1g/a2.]

12. Let R be an integral domain of characteristic 0 (see Exercise 28 in
Section 3.2).

(a) Prove that R has a subring isomorphic to Z. [Hint: Consider
{nlglneZ}]

(b) Prove that a field of characteristic 0 contains a subfield isomor-
phic to Q. [Hint: Theorem 8.25.]

13. Prove that Theorem 8.24 is valid when R is a commutative ring with
no zero divisors (not necessarily an integral domain). [Hint: Show
that for any nonzero a € R, the class [a,a] acts as a multiplicative
identity for F and the set {[ra,a] [r € R} is a subring of F that is
isomorphic to R. The even integers are a good model of this situa-
tion.]

8.5 Unique Factorization in Polynomial Domains

Throughout this section R is a unique factorization domain. We shall
prove that the polynomial ring R[x] is also a UFD. The basic idea of the proof
is quite simple: Given a polynomial f(x), factor it repeatedly as a product of
polynomials of lower degree until f(x) is written as a product of irreduc-
ibles. To prove uniqueness, consider f(x) as a polynomial in F[x], where Fis
the field of quotients of R. Use the fact that F[x] is a UFD (Theorem 4.10) to
show that factorization in R[x] is unique. There are some difficulties, how-
ever, in carrying out this program.

EXAMPLE The polynomial 3x2 + 6 cannot be factored as a product of
two polynomials of lower degree in Z|x] and is irreducible in Q[x]. But
3x% + 6 is reducible in Z|x] because 3x% + 6 = 3(x? + 2) and neither 3
nor x% + 2 is a unit in Z[x].
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So the first step is to examine the role of constant polynomials in R|x].
Use Theorem 4.1 and Exercises 1 and 3 to verify that

the units in R[x] are the units in R
and
the irreducible constant polynomials in R[x] are
the irreducible elements of R,

For example, the units of Z|x] are 1. The constant polynomial 3 is irre-
ducible in Z|x] even though it is a unit in Q{x].

The constant irreducible factors of a polynomial in R[x] may be found
by factoring out any constants and expressing them as products of irreduc-
ible elements in R.

EXAMPLE In Z[x],
632+ 18x + 12 =6(x2 + 3x + 2) = 2-3(x® + 3x + 2).

Note that x2 + 3x + 2 is a polynomial whose only constant divisors in
Z|x] are the units = 1. This example suggests a strategy for the general
case.

Let R be a unique factorization domain. A nonzero polynomial in R[]
is said to be primitive if the only constants that divide it are the units in R.
Forinstance, x> + 3x + 2 and 3x* — 5x% + 2x are primitive in Z[x]. Primitive
polynomials of degree 0 are units. Every primitive polynomial of degree 1
must be irreducible by Theorem 8.1 (because every factorization includes a
constant (Theorem 4.1) and every such constant must be a unit). However,
primitive polynomials of higher degree need not be irreducible (for in-
stance, x* + 3x + 2 = (x + 1)(x + 2) in Z]x]). On the other hand, an irreduc-
ible polynomial of positive degree has no constant divisors except units by
Theorems 4.1 and 8.1. So

an irreducible polynomial of positive degree is primitive.
Furthermore, as the example above illustrates,
every nonzero polynomial f(x) € R[x] factors
as f(x) = cg(x) with g(x) primitive.

To prove this claim, let ¢ be a greatest common divisor of the coefficients of
f(x).* Then f(x) = cg(x) for some g(x). If d € R divides g(x), then g(x) = dh(x)
so that f(x) = cdh(x). Since cd is a constant divisor of f(x), it must divide the
coefficients of f(x) and hence must divide the ged ¢. Thus cdu = ¢ for some

* The ged ¢ exists by Corollary 8.5.
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u € R. Since ¢ # 0g we see that du = 1z and d is a unit. Therefore g(x) is
primitive.

Using these facts about primitive polynomials we can now modify the
argument given at the beginning of the section and prove the first of the two
conditions necessary for R[x] to be a UFD.

THEOREM 8.26 Let R be a unique factorization domain. Then every non-
zero, nonunit f(x) in R|x] is a product of irreducible polynomials.*

Proof Letf(x) = cg(x) with g(x) primitive. Since Ris a UFD cis either a unit
or a product of irreducible elements in R (and hence in R|x]). So we need
prove only that g(x) is either a unit or a product of irreducibles in R[x]. If g(x)
is a unit or is itself irreducible, there is nothing to prove. If not, then by
Theorem 8.1 g(x) = h(x)k(x) with neither h(x) or k(x) a unit. Since g(x) is
primitive its only divisors of degree 0 are units, so we must have 0 <
deg h(x) < deg g(x) and 0 < deg k(x) < deg g(x). Furthermore, h(x) and k(x)
are primitive (any constant that divides one of them must divide g(x) and
hence be a unit). If they are irreducible, we’re done. If not, we can repeat
the preceding argument and factor them as products of primitive polyno-
mials of lower degree, and so on. This process must stop after a finite
number of steps because the degrees of the factors get smaller at each stage
and every primitive polynomial of degree 1 is irreducible. So g(x) is a
product of irreducibles in Rx|. B

The proof that factorization in R[x] is unique depends on several tech-
nical facts that will be developed next. But to get an idea of how all the
pieces fit together, you may want to read the proof of Theorem 8.32 now,
referring to the intermediate results as needed and accepting them without
proof. Then you can return to this point and read the proofs, knowing where
the argument is headed.

LEMMA 8.27 Let R be aunique factorization domain and g(x), h(x) € R[x]. If
p is an irreducible element of R that divides g(x)h(x), then p divides g(x) orp
divides h(x).

Proof Copy the proof of Lemma 1.17. which is the special case R = Z. Just
replace Z by R, “prime” by “irreducible,” and use Theorem 8.6 in place of
Theorem 1.8. B

COROLLARY 8.28 (GAUSS'S LEMMA) Let R be a unique factorization
domain. Then the product of primitive polynomials in R[x] is primitive.

* As usual we allow a “product” with just one factor.
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Proof If g(x) and h(x) are primitive and g(x)h(x) is not, then g(x)h(x) is
divisible by some nonunit ¢ € R. Consequently, each irreducible factor p of ¢
divides g{x}h(x). By Lemma 8.27 p divides g(x) or h(x), contradicting the fact
that they are primitive. Therefore g(x)h(x) is primitive. B

THEOREM 8.29 Let R be a unique factorization domain and r, s nonzero
elements of R. Let f(x) and g(x) be primitive polynomials in R|x] such that

rf(x) = sg(x). Thenr and s are associates in R and f (x) and g(x) are associates
in Rlx].

Proof If ris a unit, then f(x) = r~1sg(x). Since r~!s divides the primitive
polynomial f(x) it must be a unit, say (r"!s)u = 1. Hence f(x) and g(x) are
associates in R|x]. Furthermore, u is a unit in R and su = r so that rand s are .
associatesin R. If risanonunit thenr = p;p, - - - p, with each p,irreducible.
Then pypy - * - prf(x) = sg(x), so p; divides sg(x). By Lemma 8.27 p, divides
s or g(x). Since p,; is a nonunit and g(x) is primitive p, must divide s, say
s =pit. Then pyp,y - - - puf(x) = sg(x) = pytg(x). Cancelling p, shows that
pe- - puf(x) = tg(x). Repeating the argument with p, shows that
ps° * pef(x) = 2g(x), where py,z = tand hence p,pyz = p,t = s. After ksuch
steps we have f(x) = wg(x) and s = pypy - * - ppw for some w € R. Since w
divides the primitive polynomial f(x), w is a unit. Therefore f(x) and g(x) are
associates in R[x]. Since s = p, * * - paw = rw, r and s are associates in R. il

COROLLARY 8.30 Let R be a unique factorization domain and F its field of
quotients. Let f(x), g(x) be primitive polynomials in Rx]. If f (x) and g(x) are
associates in F|x|, then they are associates in Rlx].

Proof If f(x) and g(x) are associates in F|x|, then g(x) = g f(x) for some

nONZero — e Fby Theorem 4.7. Consequently, sg(x) = rf{x) in R|x]. There-
s

fore f(x) and g(x) are associates in R[x] by Theorem 8.28. i

COROLLARY 8.31 Let R be a unique factorization domain and F its field of

quotients. If f(x) € R|x] has positive degree and is irreducible in Rlx], then
f(x) is irreducible in Flx].

Proof If f(x) is not irreducible in Flx], then f(x) = g(x)h(x) for some g(x),
h(x) € Flx] with positive degree. Let b be aleast common denominator of the
coeflicients of g(x). Then bg(x) has coeflicients in R. So bg(x) = ag;(x) with

a € R and g,(x) primitive of positive degree in R[x]. Hence g(x) = %gl(x).
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Similarly h(x) = ghl(x) with ¢, d € R and h,(x) primitive of positive degree

in R[x]. Therefore f(x) = g(x)h(x) = %gl(x)g hi(x)= i%gl(x)hl(x), so that

bdf{x) = acg,(x)h,(x) in R[x]. Now f{(x) is primitive because it is irreducible
and g, (x)h,(x) is primitive by Corollary 8.28. So bd is an associate of ac by
Theorem 8.29, say bdu=ac for some unit ue€R. Therefore f(x)=
Z—Zgl(x)hl(x) = ug,(x)h,(x). Since ug,(x) and h,(x) are polynomials of posi-
tive degree in R|x], this contradicts the irreducibility of f(x). Therefore f(x)

must be irreducible in Flx]. B
THEOREM 8.32 IfR is a unique factorization domain, then so is R[x]|.

Proof Every nonzero nonunit f(x) in R[x| is a product of irreducibles by
Theorem 8.26. Any such factorization consists of irreducible constants (that
is, irreducibles in R) and irreducible polynomials of positive degree. Sup-
pose

et Cupi(x) o pr(x) =dy v daga(x) ¢ - - gilx)

with each ¢, d; irreducible in R and each p,(x), g,(x) irreducible of positive
degree in R[x] (and hence primitive).* Then p,(x)- - - pu(x) and
q:1(x) - - - g,(x) are primitive by Corollary 8.28. So Theorem 8.29 shows that
¢ * * *cpisanassociateofd; - + - d,in Randp,(x) - - - pi(x) is an associate of
g1(x) * + - g(x) in R[x]. Hence ¢, * * " ¢,,=ud,dy - - - d, for some unit u € R.
Associates of irreducibles are irreducible (Exercise 7 of Section 8.1), so ud,
is irreducible. Since R is a UFD we must have m = n and (after relabeling if
necessary) ¢; is an associate of ud; (and hence of d;), and ¢, is an associate of
d, for i = 3. Let F be the field of quotients of R. Each of the p,(x), g,(x) is
irreducible\n Fx] by Corollary 8.31. Unique factorization in F|x] (Theorem
4.10) and an'argument similar to the one just given for R show that k = t and
(after relabeling if necessary) each p,(x) is an associate of g{(x) in F[x]. Con-
sequently, p,(x) and g,(x) are associates in R[x] by Corollary 8.30. Therefore
Rl[x] isa UFD. 1

An immediate consequence of Theorems 1.11 and 8.32 and the exam-
ple on page 128 is

* It may be that neither factorization contains constants, but this doesn’t affect the argument.
It is not possible to have irreducible constants in one factorization but not in the other (Exer-
cise 5).
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COROLLARY 8.33 Z[x] is a unique factorization domain that is not a princi-
pal ideal domain.

As illustrated in the preceding discussion, theorems about Z[x] and
Q[x| are quite likely to carry over to an arbitrary UFD and its field of
quotients. Among such results are the Rational Root Test and Eisenstein’s
Criterion (Exercises 11 -13).

EXERCISES

NOTE: Unless stated otherwise R is a UFD and F its field of quotients.

A. 1. IfRis any integral domain, prove that the units in R[x| are precisely
the constant polynomials that are units in R. [Hint: Theorem 4.1.]

2. Show that Exercise 1 may be false if R is a commutative ring with
identity that is not an integral domain.

3. Let Rbe any integral domain and p € R. Prove thatpisirreducible in
R if and only if the constant polynomial p is irreducible in R]x].
[Exercise 1 may be helpful.]

4. Give an example of polynomials f(x), g(x) € R[x] such that f(x) and
g(x) are associates in F[x] but not in R|x]. Does this contradict Corol-
lary 8.30?

5. If ¢;* - ¢, f(x) = g(x) with ¢, € R and g(x) primitive in R[x], prove
that each ¢; is a unit.

6. If g(x) is primitive in R[x], prove that every nonconstant polynomial
in R|x] that divides g(x) is also primitive.

B. 7. Prove that a polynomial is primitive if and only if 15 is a greatest
common divisor of its coefficients. This property is often taken as
the definition of primitive.

8. If f(x) is primitive in R[x] and irreducible in Flx], prove that f(x) is
irreducible in R]x].

9. If R is a ring such that R|x] is a UFD, prove that R is a UFD.

10. If Ris aring such that R|x] is a principal ideal domain, prove that R is
a field.

11. Verify that the Rational Root Test (Theorem 4.16) is valid with Z
and Q replaced by R and F.
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12.
13.

14.

Verify that Theorem 4.18 is valid with Z and Qreplaced by Rand F.

Verify that Eisenstein’s Criterion (Theorem 4.19) is valid with Z
and Q replaced by R and F and ““irreducible” in place of “prime.”

Show that x® — 6x% + 4ix + 1 + 3i is irreducible in (Z[i])[x]. [Hint:
Exercise 13.]
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CHAPTER 9
FIELD EXTENSIONS

High-school algebra deals primarily with the three fields Q, R, and C and
plane geometry with the set R X R. Calculus is concerned with functions
from R to R. Indeed, most classical mathematics is set in the field C and its
subfields. Other fields play an equally important role in more recent mathe-
matics. They are used in analysis, algebraic geometry, and parts of number
theory, for example, and have numerous applications, including coding
theory and algebraic crvptography.

In this chapter we develop the basic facts about fields that are needed
to prove some famous results in the theory of equations (Chapter 11) and to
study some of the topics listed above. The principal theme is the relation-
ship of a field with its various subfields.

9.1 Bases and Dimension

If F and K are fields with F C K, we say that K is an extension field of
F. Throughout this section K will always denote an extension field of F.
Our main concern is how the field Fand certain subsets of K determine all of
the elements in the extension field K. A simple example of this idea is
the extension field C of the field R. Every element of C can be written in the
form al + bi, with a, b € R. Thus the elements of C are determined by the
field R and the subset {1, i} of C.
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More generally supposewandv,, . . . ,v,are elements of K. If w € K
can be written in the form w = a0, + av, + - -+ +a,v, with each q, € F,
we say that wis alinear combination ofv,, . . . ,v,.Ifevery element of Kis
a linear combination of v,, . . . , v,, we say that the set {v,, . . . , v,)
spans K over F.*

EXAMPLE The remarks in the first paragraph show that the set {1, i}
spans C over R. The set {1 + i, 5i, 2 + 3i} also spans C because any
element a + bi in C is a linear combination of these three elements
with coeflicients in R:

a+bi=3a(l +i)+ % (5i) + (—a)(2 + 3i).

EXAMPLE The four-element field Z,|x]/(x2 + x + 1) whose tables are
given on page 119 is an extension field of Z,. It is spanned by the set

{1, [x]}) because each of its elements can be written in the form
al + blx], with a, b € Z,.

The set {1, i} not only spans the extension field C of R, but it also has
this property: If al + bi = 0, then a = 0 and b = 0. In other words, when a
linear combination of 1 and i is 0, then all the coefficients are 0. On the other
hand the set {1 + 4, 5i, 2 + 3i} does not have this property because some
linear combinations of these elements are 0 even though the coefficients are
not; for instance

21 +4) + 4(51) — 1(2 + 3i) = 0.

The distinction between these two situations will be crucial in our study of
field extensions.

A subset {v;, . . . ,v,} of Kis said to be linearly independent over F
provided that whenever

vy ety + 0 v, = 0p**

with each ¢, € F, then ¢, = O for every i. A set that is not linearly indepen-
dent is said to be linearly dependent. So a set {u,, . . . , u,,} is linearly
dependent over Fifthere exist elementsb;, . . . , b, inF, notall zero, such
that bju, + - - - +b,,u,, = 0.

* If you have had a linear algebra course you will recognize this term, as well as several others
below. All we are doing in this section is developing standard facts about bases and dimension
in the special case when the extension field K is considered as a vector space over the field F.
** Since Fis a subfield of K, 0 = Og and 1 = 1, by Exercise 18 of Section 3.2. We shall usually
write Oy and 1; but occasionally may use Oy, 1. or even 0, 1 if no confusion is likely.
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EXAMPLE The remarks in the paragraph before last show that the
subset {1, i} of Cis linearly independent over R and that the set {1 + i,
5i, 2 + 3i} is linearly dependent. Note, however, that both of these
sets span C, '

EXAMPLE To show that the subset {1, V2} of Rislinearly independent
over Q, suppose r1 + sV2 = 0 withr, s e Q. If s # 0, then \/J)= —1/s,
contradicting the fact that V2 is irrational (Exercise 2 in Section 4.5).
So we must have s = 0, and hence r = 0. But {1, v2) does not span R
because, for example, V3 is not a linear combination of 1 and v2
(Exercise 14).

The preceding examples show that linear independence and spanning
do not imply each other; a subset of K may have one, both, or neither of
these properties. A subset that does have both properties is given a special
name. A subset {v;, . . . ,v,} of Kissaid to be abasis of K over Fif it spans K
and is linearly independent over F. For instance, {1, i} is a basis of C over R.

EXAMPLE We claim that the set {1 + i, 2i} is also a basis of C over R. If
cr(l +14) + ¢y(2i) = 0, with ¢;, ¢, € R, then ¢;1 + (¢, + 2¢,)i = 0. This
can happen only if ¢; = 0 and ¢; + 2¢, = 0. But this implies that 2¢, =
0 and hence ¢, = 0. Therefore {1 + i, 24} is linearly independent. In
order to see that {1 + i, 2i} spans C, note that the element a + bi € C
b—a
2,

can be written as a(1 + i) +

There is one situation that always leads to linear dependence. Suppose
v, Uy, . . ., u,are some of the elements of a subset S of K and that v is a
linear combination of u,, . . . , u,, say v =ayu; + - - - + a,u,, with each
a, € F.ffw,, . . ., w,are the rest of the elements of S, then

v=au; + - +au+ 0w+ 0w, + - - - + 0pw,
and hence
_1FU+a1u1+ e +a¢ut+0le+0Fw2+ M +0er=0[.‘.

Since at least one of the coefficients is nonzero (namely —1;), S is linear
dependent. We have proved

if v € K is a linear combination of u,, . . . , u, € K, then
any set containing v and all the v is linearly dependent.

In fact, somewhat more is true:
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LEMMA 9.1 Let K be an extension field of F. The subset {u;,uy, . . . ,u,}of
K is linearly dependent if and only if some u, is a linear combination of the
preceding ones, uy, . . . , Up_y.

Proof If some u,is alinear combination of the preceding ones, then the set
is linearly dependent by the remarks preceding the theorem. Conversely

suppose {u;, . . . , u,} is linearly dependent. Then there must exist ele-
mentsc,, . . . , ¢, € F, not all zero, such that c;u, + cuy + - - - + c,u, =
Op. Let k be the largest index such that ¢, is nonzero. Then ¢; = O for i > k
and cju; + cug + - -+ + cpup = Op. Hence

Crllpy = T Cithy — Colig ™ ° * ° T CpUg—1-

Since Fis afield and ¢; # 0, ¢3! exists; multiplying the preceding equation
by ci! shows that u; is a linear combination of the preceding u’s:
= (e Yuy t (Toaciug + o0 (Tt ug—y . B

The next lemma gives an upper limit on the size of a linearly indepen-
dent set. It says, in effect, that if K can be spanned by n elements over F, then
every linearly independent subset of K contains at most n elements.

LEMMA 9.2 Let K be an extension field of F that is spanned by the set

{vy, . .., 0. If{uy, . .., u,} is any linearly independent subset of K,
thenm < n,

Proof By the definition of spanning, every element of K (in particular u,) is

a linear combination of v;, . . . ., v,. So the set {u;, v;, v;, . . . , 0,} is
linearly dependent. Therefore one of its elements is a linear combination of
the preceding ones by Lemma 9.1, say v, = au; + byo, + - - - + b,_,0,,.
If v, is deleted, then the remaining set

(*) {ul’vla R T2 3 ERE ,U"}

still spans K since every element of K is a linear combination of the v’s and
any appearance of v, can be replaced by a,u; + byv; + - - - +b,_yv,-,.In

particular, u, is a linear combination of the elements of the set (). Conse-
quently, the set

{ul’u2’vl’ N S LTS FIREEE ’vn}

is linearly dependent. By Lemma 9.1 one of its elements is a linear combina-
tion of the preceding ones. This element can’t be one of the u’s because this
would imply that the u’s were linearly dependent. So some v is a linear
combination of u, , uy, and the v’s that precede it. Deleting v; produces the
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set

{uy, ug, 01, . . . 01, O, o - . 0m1, Vgen, - o ., Up)e

This set still spans K since every element of K is a linear combination of the
v’s and v;, v; can be replaced by linear combinations of u, , u,, and the other
v’s. In particular, u; is a linear combination of the elements in this new set.
We can continue this process, at each stage adding a u, deleting a v, and
producing a set that spans K. If m > n, we will run out of v’sbefore all the u’s

are inserted, resulting in a set of the form {u,, u,, . . . , u,} that spans K.
But this would mean that u,, would be alinear combination ofu,, . . . ,u,,
contradicting the linear independence of {u,;, . .., u,}. Therefore
m=<n. 1

THEOREM 9.3 Let K be an extension field of F. Then any two finite bases of
K over F have the same number of elements.

Proof Suppose {u,, . . . ,u,}and {v,, . . . , v,} are bases of K over F.
Then the v’s span K and the u’s are linearly independent, so m < n by
Lemma 9.2. Now reverse the roles: The u’s span K and the v’s are linearly
independent, so n < m by Lemma 9.2 again. Therefore m =n. B

According to Theorem 9.3 the number of elements in a basis of K over
F does not depend on which basis is chosen. So this number is a property of
the extension.

DEFINITION If K is an extension field of F that has a finite basis, then K is
said to be finite dimensional over F. The dimension of K over F is the number
of elements in any basis of K and is denoted [K : F). If K does not have a finite
basis, then K is said to be infinite dimensional over F.

EXAMPLE [C:R]= 2 since {1, i} is a basis of C over R. On the other
hand, Ris an infinite dimensional extension field of Q. The proof of this
fact is omitted here because it requires some nontrivial facts about the
cardinality of infinite sets.

Remark If [K:F]=1 and {u} is a basis, then every element of K is of
the form cu for some c € F. In particular, 1;= cu and hence u = ¢ tisin F.
Thus K = F. On the other hand, if K = F, it is easy to see that {1 F} is a basis
and hence [K: F] = 1. Therefore

[K:F]=1 ifandonlyif K=F.

THEOREM 9.4 LetF, K, and L be fieldswith F C KC L. If [K:F] and [L:K]
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are finite, then L is a finite dimensional extension of F and [L:F}=
[L:K][K:F].

Proof Suppose [K:F]=mand[L:K]=n. Thenthereisabasis{u;, . . .,
u,) of Kover Fand abasis {v;, . . . ,v,) of L over K. All the products u,v,
are nonzero by Exercise 13. The set of all products {yuv,|1 <i=<m,
1 = j = n} has exactly mn elements (no two of them can be equal because
u,v; = u,v, implies that u,v; — v, = Og with u,, u; € K, contradicting the
linear independence of the v’s over K). We need only show that this set of
mn elements is a basis of L over F because in that case [L:K][K:F] = nm =
[L:F].

If w is any element of L, then w is a linear combination of the basis
elementsv,, . . . , v,, say

(%) w=Dbww, +byw,+ -+ +b,uv,, with each b, € K.
Each b; € K is a linear combination of the basis elements u,, . . . , u,; so
there are ay € F such that

bl = auul + a2IU2 + ct + amlum

b2 = alzul + 1122112 + roee + amgum

b,=a,u, + agus + -+ +a,,u,.

Substituting the right side of each of these expressions in (*) shows that wisa
sum of terms of the form a,u,v; with a;; € F. Therefore the set of all products
u,;v; spans L over F.

To show linear independence, suppose ¢, € F and

(%) E Cythyy = Cpthy ) F a1ty + * + ¢ + Cp 0, = Op.

i.j
By collecting all the terms involving v, then all those involving v,, and so
on, we can rewrite (#%*) as

(cnuy +cqqug + -+ - + Cm1pm)Cy
+ (croty T coaug + 0 F Coli)02
+ oo F{cguy Fegaugt 0 F cpatty), = Op.

The coeflicients of the v’s are elements of K, so the linear independence of
the v’s implies that for eachj=1,2, . . . |n

cyuy tCcguy + 0 0 F oty = Op.

Since each ¢, € F and the s are linearly independent over F we must have
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cy = Ogfor all 4, j. This completes the proof of linear independence, and the
theorem is proved. &

The following theorem will be needed for the proof of Theorem 9.15
in Section 9.4.

THEOREM 9.5 Let K and L be finite dimensional extension fields of F and let
f:K — L be an isomorphism such that f(c) = ¢ for every c € F. Then [K: F] =
[L:F].

Proof Suppose [K:F]=nand{u;, . . . ,u,}isabasisof K over F. In order
to prove that [L: F] = nalso, we need only show that { f(u,), . . . ,f(u,)}isa
basis of L over F. Let v € L; then since fis an isomorphism, v = f(u) for some
u € K. By the definition of basis, © = c,u; + - - - + ¢,u, with each ¢, e F.

Hence v=f(u)=flcyu;+ -« - +cuua) = fle)flu) + - - - + flc)fu,).
But f(c,) = ¢,foreveryi,sothatv = ¢, f(u;) + + - - + ¢, f(u,). Therefore the
set {f(u,), . . ., f(u,)} spans L. To show linear independence, suppose
that d; f(u,) + - - - +d, flu,) = Op with each d, € F. Then since f(d,) = d,
we have
fldwy + -+ +Hdau,) = fld)f(u) + - - -+ f(d)f(u,)
= dyflun) + -+ + dofla) = Op.

Since the isomorphism fis injective, dyu, + -+ - + d, u, = 0gby Theorem
6.9. But the u’s are linearly independent in K, and hence every d, = Op.
Thus { f(u,), . . ., f(u,)} is linearly independent and therefore a basis. #

EXERCISES

NOTE: K always denotes an extension field of F.
A. 1. Show that (i, 1 + 2i, 1 + 3i} spans C over R.

2. If {vy,vy, . . . ,v,) spans K over F and w is any element of K, show
that {w, vy, vy, . . . , v,} also spans K.

3. Show that {V2, V2 + i, V3 — i} is linearly dependent over R.

4. Ifvis anonzero element of K, prove that (v} is linearly independent
over F.

5. Prove that any subset of K that contains O is linearly dependent
over F.
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10.

11.

12.
13.

. 14,
15.

16.

17.
18.

19.

20.

. If the subset {u, v, w} of K is linearly independent over F, prove that

{u, u + v, u + v + w} is linearly independent.

. IfS={v;, . . . ,u}isalinearly dependent subset of K, then prove

that any subset of K that contains Sis also linearly dependent over F.

. Ifthesubset T={u,, . . . ,u,} of Kislinearly independent over F,

then prove that any nonempty subset of T is also linearly indepen-
dent.

. Let b and d be distinct nonzero real numbers and c any real number.

Prove that {b, ¢ + di} is a basis of C over R.

If K is an n-dimensional extension field of Z,,, what is the maximum
possible number of elements in K?

Let {v;, . . . , v,} be a basis of K over Fand let¢,, . . . , c, be
nonzero elements of F. Prove that {c,v;, ¢cvq, . . . , c,v,}is also a
basis of K over F.

Show that {1, [x]} is a basis of Z[x]/(x? + x + 1) over Z,.

LetF,K, L, and u;, v;be asin the proof of Theorem 9.4. Prove that all
the products u,v; are nonzero.

Prove that V3 is not a linear combination of 1 and v2 over Q.
(a) Show that (1, V2, V3) is linearly independent over Q.
(b) Show that {1, V2, V3, v6) is linearly independent over Q.

Letvbe anonzeroreal number. Prove that {1, v}islinearly indepen-
dent over Q if and only if ¢ is irrational.

Prove that K has exactly one basis over Fifand only if K=F=Z,.

Assume 15+ 15 # Op. If (u, ¢, w)}is abasis of K over F, prove that the
set {u+ v, v+ w, u+ w} is also a basis.

Prove that {v,, . . . , v,} is a basis of K over F if and only if every
element of K can be written in a unique way as alinear combination
ofvy, . . . ,v,(“unique”’ meansthatifw=cv, + - - - +¢,v,and
w=do,+ - +d,uv,, then ¢, = d, for every i).

Letp(x) =ay,+ a;x+ - - + + a,x"beirreducible in F[x] and let Lbe
the extension field Flx]/(p(x)) of F. Prove that L has dimension n over
F. [Corollary 5.5, Theorems 5.8 and 5.9, and Exercise 19 may be
helpful.]
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21.

22,

23.

24,

23.

26.

27.

9.2

If the subset {u,, . . . , u,} of Kis linearly independent over F and
w € Kis not alinear combination of the s, prove that {u,, . . . ,u,,
w} is linearly independent.

IfS={v,, . . . ,v,)} spans K over F, prove that some subset of Sis a
basis of K over F. [Hint: Use Lemma 9.1 repeatedly to eliminate v’s
until you reduce to a set that still spans K and is linearly indepen-
dent.| )

Assume that the subset {v,, . . . , v,} of Kis linearly independent
over Fand that w =c,v; + - - -+ + ¢,v,, with ¢, € F. Prove that the
set{w—v;,w—vy, ... ,w—v,}islinearly independent over Fif

and only if¢; + - - - + ¢, # 1z

Assume that K is finite dimensional over F and S is a linearly inde-
pendent subset of K. Prove that S is contained in a basis of K. [Hint:
Let[K:Fl=nandS={u,, . . . ,u,); thenm = nbyLemma9.2. If
S does not span K, then there must be some w that is not a linear
combination of the u’s. Apply Exercise 21 to obtain a larger inde-
pendent set; if it doesn’t span, repeat the argument. Use Lemma 9.2
to show that the process must end with a basis that contains §.]

Assume that [K: F] = n and prove that the following conditions are
equivalent:

(i) {vy, . . . ,v,)spans K over F.
@ii) {v;, . . . ,v,}is linearly independent over F.
(iii) {vy, . . . , v,) is a basis of K over F.

IfF, K, and L are fields such that F C K C L and [L: F] is finite, prove
that [K : F] is finite and [K: F] =< [L: F]. [Hint: Let [L: F] = n. The set
{1k} is linearly independent by Exercise 4; if it doesn’t span K,
proceed as in the hint to Exercise 24 to build larger and larger
linearly independent subsets of K. Use Lemma 9.2 and the fact that
[L: F] = n to show that the process must end with a basis of K con-
taining at most n elements.]

If |[K: F] = p, with p prime, prove that there is no field E such that
F ¢ EC K. [Hint: Exercise 26 and Theorem 9.4.]

Simple Extensions

Field extensions can be considered from two points of view. You can
look upward from a field to its extensions or downward to its subfields.
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Chapter 5 provided an example of the upward point of view. We took a field
F and an irreducible polynomial p(x) in Fjx] and formed the field of con-
gruence classes (that is, the quotient field) F[x]/(p(x)). Theorem 5.10 shows
that F[x]/(p(x)) is an extension field of F that contains a root of p(x).

In this section we take the downward view, starting with afield Kand a
subfield F. If u € K, what can be said about the subfields of K that contain
both u and F? Is there a smallest such subfield? If u is the root of some
irreducible p(x) in F[x], how is this smallest subfield related to the extension
field F[x]/(p(x)), which also contains a root of p(x)?

The theoretical answer to the first two questions is quite easy. Let K be
an extension field of F and u € K. Let F(u) denote the intersection of all
subfields of K that contain both F and u (this family of subfields is nonempty
since K at least is in it). Since the intersection of any family of subfields of K
is itself a field (Exercise 1), F(u) is a field. By its definition, F(u) is contained
in every subfield of K that contains F and u, and hence F(u) is the smallest
subfield of K containing F and u. F(u) is said to be a simple extension of F.

As a practical matter, this answer is not entirely satisfactory. A more
explicit description of the simple extension field F(u) is needed. It turns out
that the structure of F(u) depends on whether or not u is the root of some
polynomial in F[x]. So we pause to introduce some terminology.

An element u of an extension field K of F is said to be algebraic over F
if u is the root of some nonzero polynomial in F[x]. An element of K that is
not the root of any nonzero polynomial in Flx] is said to be transcendental
over F.

EXAMPLE In the extension field C of R, i is algebraic over R because i
istheroot of x2 + 1 € R[x]. You can easily verify that element 2 + i of C
is a root of x® —x2 — 7x + 15 € Q|x]. Thus 2 + i is algebraic over Q.
Similarly, ¥/3 is algebraic over Q since it is a root of x> — 3.

EXAMPLE Every element c in a field Fis algebraic over Fbecause c is
the root of x — ¢ € Flx].

EXAMPLE Thereal numbers 7 and e are transcendental over Q. These
results are decidedly nontrivial and were first proved in the last cen-
tury; see Niven [31] for a proof. Hereafter we shall concentrate on
algebraic elements. For more information on transcendental ele-
ments, see Exercises 10 and 24-26.

If uis an algebraic element of an extension field K of F, then there may
be many polynomials in F[x] that have u as a root. The next theorem shows
that all of them are multiples of a single polynomial; this polynomial will
enable us to give a precise description of the simple extension field F(u).
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THEOREM 9.6 Let K be an extension field of F and u € K an algebraic
element over F. Then there exists a unique monic irreducible polynomial p(x)
in F[x| that has u as a root. Furthermore, if uis a root of g(x) € Flx), then p(x)
divides g(x).

Proof Let S be the set of all nonzero polynomials in F[x| that have u as a
root. Then § is nonempty because u is algebraic over F. The degrees of
polynomials in S form a nonempty set of nonnegative integers, which must
contain a smallest element by the Well-Ordering Axiom. Let p(x) be a
polynomial of smallest degree in S. Every nonzero constant multiple of p(x)
is a polynomial of the same degree with u as a root. So we can choose p(x) to
be monic (if it isn’t, multiply by the inverse of its leading coefficient).

If p(x) were not irreducible in Flx], there would be polynomials k(x)
and t(x) such that p(x) = k(x)t(x), with deg k(x) < deg p(x) and deg t(x) <
deg p(x). Consequently, k(u)t(u) = p(u) = Op in K. Since K is a field either
k(u) = Of or t(u) = O, that is, either k(x) or #(x) is in S. This is impossible
since p(x) is a polynomial of smallest degree in S. Hence p(x) is irreducible.

Next we show that p(x) divides every g(x) in S. By the Division Algo-
rithm, g(x) = p(x)q(x) + r(x), where r(x) = Opor deg r(x) < deg p(x). Since u
is a root of both g(x) and p(x),

r(u) = g(u) — p(u)q(u) = Op + 0pq(u) = Op.

So u is a root of r(x). If r(x) were nonzero, then r(x) would be in S, contra-
dicting the fact that p(x) is a polynomial of smallest degree in S. Therefore
r(x) = Og, so that g(x) = p(x)g(x). Hence p(x) divides every polynomial in S.
To show that p(x) is unique, suppose t(x) is a monic irreducible polyno-
mial in S. Then p(x) | {(x). Since p(x) is irreducible (and hence nonconstant)
and #(x) is irreducible, we must have #(x) = cp(x) for some ¢ € F. But p(x) is
monic, so ¢ is the leading coefficient of cp(x) and hence of ¢(x). Since t(x) is
monic, we must have ¢ = 1;. Therefore p(x) = t(x) and p(x) is unique. @

If K is an extension field of F and u € K is algebraic over F, then the
monic, irreducible polynomial p(x) in Theorem 9.6 is called the minimal
polynomial of u over F. The uniqueness statement in Theorem 9.6 means
that once we have found any monic, irreducible polynomial in F[x] that has u
as a root, it must be the minimal polynomial of u over F.

EXAMPLE x?— 3 is a monic, irreducible polynomial in Q[x] that has
V3 € Rasaroot. Therefore x2 — 3 is the minimal polynomial of V3 over
Q. Note that x2—3 is reducible over R since it factors as
(x — V3)(x + V3) in R[x]. So the minimal polynomial of V3 over R is
x — v3, which is monic and irreducible in R[x].
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EXAMPLE Let u=vV3+V5€R. Then u>=3+2V3V5+5=8+
2V15. Hence u2 — 8 = 2V15 so that (u® — 8)2 = 60, or equivalently,
(u* — 8)2 — 60 = 0. Therefore u= V3 + V5 is a root of (x2 — 8)2 —
60 = x* — 16x2 + 4 € Q[x]. Verify that this polynomial is irreducible
in Q[af}(Exercise 14). Hence it must be the minimal polynomial of
V3 + V5 over Q.

The minimal polynomial of u provides the connection between the
upward and downward views of simple field extensions and allows us to give
a useful description of F(u).

THEOREM 9.7 Let K be an extension field of F and u € K an algebraic
element over F with minimal polynomial p(x) of degree n. Then

(1) F(u) = Flxl/(p(x)).
(2) {Ig,u, % . . . ,u"" 1) is a basis of F(u) over F.
(3) [F(u):F] =n.

Theorem 9.7 shows that when u is algebraic over F, then F(u) does not
depend on K but is completely determined by F[x] and the minimal polyno-
mial p(x). Consequently, we sometimes say that F(u) is the field obtained by
adjoining u to F.

Proof of Theorem 9.7 (1) Since F(u) is a field containing u, it must contain
every positive power of u. Since F(u) also contains F, F(u) must contain every
element of the form b, + byu + b,u® + - - - + b,u* with b, € F, that is, F(u)
contains the element f(u) for everv f(x)e€ F[x|]. Verify that the map
¢ : Flx] = F(u) given by ¢(f(x)) = f(u) is a homomorphism of rings. A poly-
nomial in F[x] is in the kernel of ¢ precisely when it has u as a root. By
Theorem 9.6 the kernel of ¢ is the principal ideal (p(x)). The First Isomor-
phism Theorem 6.11 shows that F[x]/(p(x)) is isomorphic to Im ¢ under the
map that sends congruence class (coset) [ f(x)] to f(u). Furthermore, since
p(x) is irreducible, the quotient ring F[x]/(p(x)), and hence Im ¢, are fields
by Theorem 5.9. Every constant polynomial is mapped to itself by ¢ and
@(x) = u. So Im ¢ is a subfield of F(u) that contains both F and u. Since F(u) is
the smallest subfield of K containing F and u, we must have Fu)=
Im ¢ = Flx}/(p(x)).

(2) and (3) Since F(u) = Im ¢, every nonzero element of F(u) is of the
form f(u) for some f(x) € F[x]. If deg p(x) = n, then by the Division Algo-
rithm f(x) = p(x)q(x) + r(x), where r{(x)=by+bx+ -+ +b,_jx" e
F|x]. Consequently, f(u) = p(u)g(u) + r(u) = Opq(u) + r(u) = r(u) = byl +
byu+ - -+ +b,_;u"" 1. Thereforetheset {1z, u,u?, . . . ,u" '}spans F(u).
To show that this set is linearly independent, suppose ¢y + c;u+ - - - +
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Co—1u" 1 =0 with each ¢, € F. Then u is a root of ¢+ cjx+ + -+ +
¢,-1x" "1, so this polynomial (which has degree = n — 1) must be divisible
by p(x) (which has degree n). This can happen only when ¢4+ ¢;x +
-+ +¢,_1x" ! is the zero polynomial; that is, each ¢, = 0z. Thus {1, u,
u?, . . . ,u" islinearly independent over F and therefore a basis of F(u).
Hence [F{u):F]=n.

EXAMPLE The minimal polynomial of V3 over @ is x2 ~ 3. Applying
Theorem 9.7 with n = 2 we see that {1, V3} is a basis of Q(V3) over Q,
whence [@Q(v3):Q] = 2. Similarly, v3 + V5 has minimal polynomial
x* — 16x2 + 4 over Q so that [Q(V3 + V5):Q] =4 and {1, V3 + V5,
(V3 + V3)2, (V3 + V5)3} is a basis.

fes e e

An immediate consequence of Theorem 9.7 is that

if u and v have the same minimal polynomial p(x)
in F[x], then F(u) is isomorphic to F(v).

The reason is that both F(:) and F(v) are isomorphic to Flx]/(p{(x)) and hence
to each other. Note that this result holds even when u and v are not in the
same extension field of F. The remainder of this section, which is not needed
until Section 9.4, deals with generalizations of this idea. We shall consider
not only simple extensions of the same field but also simple extensions of
two different, but isomorphic, fields.

Suppose Fand E are fields and that 6: F — E is an isomorphism. Verify
that the map from F{x] to E[x] that maps f(x) = a; + a;x + a,x?*+ - - - +
a,x" to the polynomial gf (x) = o(a,) + ola)x + o(ag)x® + -+ - + o(a,)x" is
an isomorphism of rings (Exercise 19 in Section 4.1). Note thatif f(x}) = cisa
constant polynomial in F|x] (that is, an element of F), then this isomorphism
maps it onto o(c) € E. Consequently, we say that the isomorphism
Flx] — Elx] extends the isomorphism ¢:F— E, and we denote the ex-
tended isomorphism by ¢ as well.

COROLLARY 9.8 Let 6:F— E be an isomorphism of fields. Let u be an
algebraic element in some extension field of F with minimal polynomial
p(x) € Flx]. Let v be an algebraic element in some extension field of E, with
minimal polynomial op(x) € E|x]. Then o extends to an isomorphism of fields
o:F(u) — E(v) such that a(u) = v and o(c) = o(c) for every c€ F.

The special case when o is the identity map F — F states whenever u
and v have the same minimal polynomial, then F(u) = F(v) under a function
that maps u to v and every element of F to itself.

Proof of Corollary 9.8 The isomorphism o extends to an isomorphism (also
denoted o) F[x] — E[x] by the remarks preceding the corollary. The proof of
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Theorem 9.7 shows that there is an isomorphism 7: E[x]/(op(x)) — E(v)
given by t|g(x)] = g(v). Let 7 be the surjective homomorphism

E[x] — E[x]/(op(x))

that maps g(x) to [g(x)] and consider the composition

Flx] == EJa] —— E[x]/(op(x)) —— E(v)
fx) ==>af(x) — — = [af (x)] — — > af (V).

Since all three. maps are surjective, so is the composite function. The kernel
of the composite function consists of all h(x) € Flx] such that ch(v) = 0.
Since 7 is an isomorphism, h(v) = O if and only if [oh(x)] is the zero class in
Elx]/(op(x)), that is, if and only if gh(x) is a multiple of op(x). But if oh(x) =
k(x) - op(x), then applying the inverse of the isomorphism ¢ shows that
h{(x) = 07 k(x)p(x). Thus the kernel of the composite function is the princi-
pal ideal (p(x)) in F|x]. Therefore F|x]/(p(x)) = E(v) by the First Isomor-
phism Theorem 6.11; the proof of that theorem shows that this isomor-
phism (call it 6) is given by ([ f(x)]) = af(v). Note that ([x]) = v and that for
each ¢ € F, 6([c]) = a(c). So we have the following situation, where ¢ is the
isomorphism of Theorem 9.7:

F(u) <—(ﬁ Flx]/(ptx)) L E(v)
flw) < == [fv]= — > af(v)

ce — —[c]— — = o) cePF.

The composite function 8 © ¢~ ! F(u) — E(v) is an isomorphism that extends
gand maps utov.

EXAMPLE The polynomial x3 — 2 is irreducible in Q|[x] by Eisen-
stein’s Criterion. It has a root in R, namely ¥2. Verify that ¥2wis also a

—1+V3i
root of x® — 2 in C, where ) = Tt is a complex cube root of 1.

Applying Corollary 9.8 to the identity map @ — Q we see that the real
subfield @(¥/2) is isom(\)/zphic to the complex subfield @(¥2) under a
map that sends V2 to ¥2w and each element of @ to itself.

EXERCISES

NOTE: Unless otherwise noted, K is an extension field of F.

A. 1. Let {E;|i €I} be a family of subfields of K. Prove that ME, is a
fel
subfield of K.

2. If u € K, prove that F(u?) C F(u).
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3. Ifu € K and c € F, prove that F(u + ¢) = F(u) = F(cu).

. Prove that Q(3 +i) = Q(1 —i).

5. Prove that the given element is algebraic over Q:

(a) 3+5i (b)Vi—v2 (c)1+32

. If u € K and u? is algebraic over F, prove that u is algebraic over F.

7. If Lis a field such that F C K C L and u € L is algebraic over F, show

11.
12.
13.

14.

B. 15.

16.

17.

18.

19.

20.

21.

22,

that u is algebraic over K.

. Ifu,v € Kand u + vis algebraic over F, prove that u is algebraic over

F(v).

. Prove that V7 is algebraic over Q(n).
10.

If u € K is transcendental over F and Oz # ¢ € F, prove that each of
u+ 1, cu, and u? is transcendental over F.

Find [Q%/2):Q].
Ifa+bieCand b # 0, prove that C = R(a + bi).

If [K:F] is prime and u € K is algebraic over F, show that either
F(u)=Kor Flu) =F.

Prove that x* — 16x2 + 4 is irreducible in Q[x].
Show that every element of C is algebraic over R. [See Lemma
4.24)

If u € K is algebraic over F and c € F, prove that u + 1 and cu are
algebraic over F.

Find the minimal polynomial of the given element over Q:
(@) VI++vV5  (b) V3i+ V2
Find the minimal polynomial of V2 + i over Q and over R.

Let ube an algebraic element of K whose minimal polynomial in F[x]
has prime degree. If E is a field such that F C E C F(u), show that
E=F or E = F(u).

Let ube an algebraic element of K whose minimal polynomial in F[x]
has odd degree. Prove that F(u) = F(u?).

Let F = @(n*) and K = Q(x). Show that nis algebraic over Fand find
a basis of K over F.

If r and s are nonzero, prove that @(Vr) = Q(s) if and only if r = #2s
for some t € Q.



9.3 Algebraic Extensions

283

23. If K is an extension field of Q such that [K:Q] = 2, prove that
K = Q(Vd) for some square-free integer d. [Square-free means d is
not divisible by p? for any prime p.]

24. Ifu € Kistranscendental over F, prove that F(u) = F(x), where F(x) is
the field of quotients of Flx], as constructed in Section 8.4. [Hint:
Consider the map from F(x) to F(u) that sends f(x)/g(x) to f(u)g(u)~'.]

25. If u € K is transcendental over F, prove that all elements of F(u),
except those in F, are transcendental over F.

X3

26. Let F(x) be as in Exercise 24. Show that 7
x

€ F(x) is transcenden-

tal over F.

9.3 Algebraic Extensiens

The emphasis in the last section was on a single algebraic element.
Now we consider extensions that consist entirely of algebraic elements.

An extension field K of a field Fis said to be an algebraic extension of F
if every element of K is algebraic over F.

EXAMPLE If g+ bie C, then a + bi is a root of
(x — (@ + bi))(x — (a — bi)) = x — 2ax + (a® + b?) € R[x].

Therefore a + bi is algebraic over R, and hence C is an algebraic
extension of R. On the other hand, neither C nor R is an algebraic
extension of @ since there are real numbers (such as 7 and ) that are
not algebraic over Q.

Every algebraic element u over F lies in some finite dimensional ex-
tension field of F, namely F(u), by Theorem 9.7. On the other hand, if we
begin with a finite dimensional extension of F we have

THEOREM 9.9 IfK is a finite dimensional extension field of F, then K is an
algebraic extension of F.

Proof By hypothesis K hasafinite basisover F,say {v;, vy, . . . ,0,}. Since
these n elements span K, Lemma 9.2 implies that every linearly inde-
pendent set in K must have n or fewer elements. If ue K and v = «/
with 0 =i<j, then u is a root of x'—x/ € Flx]. For any octher u €K,
{1z, u,u?, . .., u"}is aset of n+ 1 elements in K and must therefore be
linearly dependent over F. Consequently, there are elements ¢, in F, not all
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zero, such that colp+ cqu+ cou? + -+« + ¢,u” = 0p. Therefore u is the
root of the nonzero polynomial ¢y + ¢;x + cgx2+ - + - + ¢,x" in F|x] and
hence algebraic over F. il

If an extension field K of F contains a transcendental element u, then K
must be infinite dimensional over F (otherwise u would be algebraic by
Theorem 9.9). Nevertheless, the converse of Theorem 9.9 is false since
there do exist infinite dimensional algebraic extensions (Exercise 19).

Simple extensions have a nice property. You need only verify that the
single element u is algebraic over F to conclude that the entire field F(u) is
an algebraic extension (because F(u) is finite dimensional by Theorem 9.7
and hence algebraic by Theorem 9.9). This suggests that generalizing the
notion of simple extension might lead to fields whose algebraicity could be
determined by checking just a finite number of elements.

If u,, us, . . . , u, are elements of an extension field K of F, let
Flu,, uy, . . ., u,) denote the intersection of all the subfields of K that
contain Fand every u;. As in the case of simple extensions, F(u;, . . . ,u,)is
the smallest subfield of K that contains F and all the ;. F(u,, . . . ,u,)is
said to be a finitely generated extension of F, generated by u,, . . . , u,.

EXAMPLE The field Q(V3, i) is the smallest subfield of C that contains
both the field @ and the elements V3 and i.

EXAMPLE A finitely generated extension may actually be a simple
extension. For instance, the field Q(i) contains both i and —i, so

Q(, —i) = Q).

EXAMPLE Every finite-dimensional extension is also finitely gener-

ated. If {u,, . . . , u,)is a basis of K over F, then all linear combina-
tions of the u, (coefficients in F) are in F(u,, . . . , ,). Therefore
K=Fu,, . .., u,).

The key to dealing with finitely generated extensions is to note that
they can be obtained by taking successive simple extensions. For instance, if
K is an extension field of F and u, v € K, then F(u, v) is a subfield of K that
contains both F and u and hence must contain F(u). Since v is in F(u, v), this
latter field must contain F(u)(v), the smallest subfield containing both F(u)
and v. But F(u)(v) is a field containing F, u, and v and hence must contain
F(u, v). Therefore F(u, v) = F(u)(v). Thus the finitely generated extension
F(u, v) can be obtained from a chain of simple extensions:

F C F(u) C F(u)(v) = F(u, v).
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EXAMPLE The extension field Q(V3, i) can be obtained by this se-
quence of simple extensions:
Q C Q(Y3) CQ(V3)(i) = Q(Y3, 4).

On page 280 we saw that [Q(V3):Q] = 2. Furthermore i is a root of
x? + 1, whose coeflicients are in @(v3). Therefore i is algebraic over
Q(v3), and hence [Q(V3)(i) : Q(V3)] is finite by Theorem 9.7. Conse-
quently, by Theorem 9.4

[@(V3, i) : Q] = [Q(V3)(i) : Q(V3)][Q(V3) : Q]

is finite. Thus the finitely generated extension Q(V3, i) is finite dimen-
sional and hence algebraic over Q by Theorem 9.9.

Essentially the same argument works in the general case and provides
a useful way to determine that an extension is algebraic:

THEOREM 9.10 If K=F(u,, . . . , u,) is a finitely generated extension
field of F and each v, is algebraic over F, then K is a finite dimensional
algebraic extension of F.

Proof The field K can be obtained from this chain of extensions:

FC Flu,) CFluy, uy) CFuy, uy, us) C -+ -

gF(Ul, 86 o ,un_l)gF(ul, e ,u")=K.
Furthermore F(u, , u,) = F(u,)(uy). Flu, . uy, uz) = F(u,, u5)(us), and in gen-
eral Flu;, . . . ,u,)isthe simple extension Flu, . . . ,u_){t). Each uy;is
algebraic over Fand hence algebraic over Fu,, . . . ,u;_,) byExercise 7 of

Section 9.2. But every simple extension by an algebraic element is finite
dimensional by Theorem 9.7. Therefore

[Fluy, . . . cuw)iFluy, oo ., u-y)]

is finite for eachi= 2, . . . | n. Consequently, by repeated application of
Theorem 9.4, we see that [K: F] is the product

[K:F(uy, . . . up_0)]* *  [Fluy, uy. ug): Fluy, ug)|[Fluy, ug): F(uy)|[F(u,) : F].

Thus [K: F] is finite, and hence K is algebraic over F by Theorem 9.9. B

EXAMPLE Both V3 and V5 are algebraic over @, so Q(vV3, V5) is a finite
dimensional algebraic extension field of @ by Theorem 9.10. We can
calculate the dimension of Q(V3, V5) over Q by considering this chain
of simple extensions:

Qc Q(¥3) C Q(V3)(¥5) =Q(V3, V5).
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We know that [Q(V3):Q] = 2. To determine [5)1 3)(V5): Q(V3)] we
shall find the minimal polynomial of V5 over Q(v3). The obvious can-
didate is x2 — 5; it is irreducible in @Q[x], but we must show that it is
irreducible over Q(v3), in order to conclude that it is the minimal
polynomial. If V5 or —V5 is in Q(v3), then =v5 = a + bV3, with a,
b € Q. Squaring both sides shows that 5 = a2 + 2abV3 + 3b2, whence
. 5—a?~ 3b*?
2ab
lar contradiction results if a = 0 or b = 0. Therefore +V5 are not in
Q(\/é_), and hence x2 — 5 is irreducible over Q(v3) by Corollary 4.14.
So x2—5 is the minimal polynomial of V5 over O(JJ), and
[Q(V3)(¥5): Q(V3)] = 2 by Theorem 9.7. Consequently, by Theo-

rem 9.4
[Q(3,V5): Q] = [Q(V3)(v5): Q(V3)][Q(V3): Q] = 2 - 2 = 4.

The remainder of this section is not used in the sequel. Theorem 9.4
tells us that the top field in a chain of finite dimensional extensions is finite
dimensional over the ground field. Here is an analogous result for algebraic
extensions that may not be finite dimensional.

, contradicting the fact that J3 is irrational; a simi-

COROLLARY 9.11 If L is an algebraic extension field of K and K is an
algebraic extension field of F, then L is an algebraic extension of F.

Proof Let ue L. Since u is algebraic over K, there exist g, € K such that

ap+ ayu+ au®+ - - - + a,u™ = 0g. Since each of the g, is in the field
Fla,, . . . ,ay),uisactually algebraicover F(a,, . . . ,a,). Consequently,
in the extension chain
FCFlay, . .. ,a,) CFay, ...,a,)uw=Fa,, ...,a,,u

F(a,, . . . ,a,) (u) is finite dimensional over F(a;, . . . , a,) by Theorem
9.10 (with F(a,, . . . , a,) in place of F, n = 1, and u = u,). Furthermore,
[Flay, . . . ,a,):Flis finite by Theorem 9.10 since each g, is algebraic over
F. Therefore Fla,, . . . ,a,,u)isfinite dimensional over Fby Theorem 9.4

and hence is algebraic over F by Theorem 9.9. Thus u is algebraic over F.
Since u was an arbitrary element of L, L is an algebraic extension of F. B

COROLLARY 9.12 Let K be an extension field of F and let E be the set of all
elements of K that are algebraic over F. Then E is a subfield of K and an
algebraic extension field of F.

Proof Every element of Fis algebraicoverF,soF C E. Ifu,v € E, thenuand
v are algebraic over F by definition. The subfield F(x, v) is an algebraic

‘extension of F by Theorem 9.10, and hence F(u, v) C E. Since F(u, v) is a
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field, u + v, uv, —u, —v € F(u, v) C E. Similarly, if u is nonzero, then u~

Le

F(u, v) C E. Therefore E is closed under addition and multiplication; nega-
tives and inverses of elements of E are also in E. Hence E is a field. I

EXAMPLE If K=C and F= Q in Corollary 9.12, then the field E is
' called the field of algebraic numbers. The field E is an infinite dimen-
: sional algebraic extension of @ (Exercise 19). Algebraic numbers were
discussed in a somewhat different context on page 251.

EXERCISES

NOTE: Unless stated otherwise, K is an extension field of F.

A, L
2.
3.

I =2 T~ 1 BN

11.

If u, v € K, verify that F(u)(v) = F(v)(u).

If K is a finite field, show that K is an algebraic extension of F.
Find a basis of the given extension field of Q.

(a) Q(5, i) (b) Q(v3, V7)

(c) Q(W2,V3,V5) (d) @X72,V3)

. Find a basis of Q(V2 + \3) over Q(V3).

. Show that [Q(V3, i): Q] = 4.

. Verify that [Q(v2, V5, V10): Q] = 4.

. If [K: F] is finite and u is algebraic over K, prove that [K(u):K] <

[F(u) : F].

. If [K: F] is finite and u is algebraic over K, prove that [K(u) : F(u)] <

|K: F]. [Hint: Show that anv basis of K over F spans K(u) over F(u).]

. If[K:F]is finite and u is algebraic over K, prove that [F(u) : F] divides
[K(u): F].
. Prove that [K:F] is finite if and only if K= F(u,, . . . , u,), with

each u; algebraic over F. [This is a stronger version of Theorem
9.10.]

Assume that u, v € K are algebraic over F, with minimal polynomials
p(x) and g(x) respectively.

(a) If deg p(x) =m and deg g(x) =n and (m,n) =1, prove that
|F(u,0) : F] = mn.
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12,

13.

14.

15.

16.

17.

19.

9.4

(b) Show by example that the conclusion of part (a) may be false if
m and n are not relatively prime.

(¢) What is [Q(v2, ¥2):Q]?

Let Dbe aring such that FC D C K. If[K: F]is finite, prove that D is
a field. [Hint: To find the inverse of a nonzero u € D, use Theorems
9.9 and 9.7 to show that F(u) C D.]

Let p(x) and g(x) be irreducible in F[x}, and assume that deg p(x) is
relatively prime to deg g(x). Let ube aroot of p(x) and v aroot of g(x)
in some extension field of F. Prove that g(x) is irreducible over F(u).

(a) LetF, C F, CF;C - - -beachainoffields. Prove that the union
of all the F, is also a field.

(b) If each F;is algebraic over F; , show that the union of the F;is an
algebraic extension of F; .

Let E be the field of all elements of K that are algebraic over F, as in
Corollary 9.12. Prove that every element of the set K — E is tran-
scendental over E.

Assume that 1, + 1 # Op. If u € F, let Vu denote a root of x2 — u in
K. Prove that F(Vu + Vo) = F(Nu,vv). [Hint: 1, Nu + Vo), Nu + V)2,
(Vu + V)3, etc. must span F(Nu + Vv) by Theorem 9.7. Use this to
show that vu and Vv are inF(Vu + Vv).]

If n,,..., n, are distinct positive integers, show that
[@(ng, ..., Vn): Q=2
. If each n, is prime in Exercise 17, show that = may be replaced

by =.

Let E be the field of algebraic numbers (see the example after
Corollary 9.12). Prove that E is an infinite dimensional algebraic
extension of Q. [Hint: It suffices to show that [E: Q] = 2" for every

positive integer n. Let p;, . . . , p, be the first n positive primes;
show that E contains Q(Vp;, . . . , Vp,) and use Exercise 18.]

Splitting Fields

Let Fbe afield and f(x) a polynomial in F|x]. Previously we considered
extension fields of F that contained a root of f(x). Now we investigate
extension fields that contain all the roots of f(x).

The word ““all” in this context needs some clarification. Suppose f(x:
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has degree n. Then by Corollary 4.13, f(x) has at most nroots in any field. So
if an extension field K of F contains n distinct roots of f(x), one can reason-
ably say that K contains ““all”” the roots of f(x), even though there may be
another extension of F that also contains n roots of f(x). On the other hand,
suppose that K contains fewer than n roots of f(x). It might be possible to
find an extension field of K that contains additional roots of f(x). But if no
such extension of K exists, it is reasonable to say that K contains ““all”’ the
roots. We can express this condition in a usable form as follows.

Let K be an extension field of F and f(x) a nonconstant polynomial of
degree n in F|x]. If f(x) factors in K[x] as

S =clx—u)(x —ug) "+ (x —u,)

then we say that f(x) splits over the field K. In this case the (not necessarily

distinct) elements u;, . . . , u, are the only roots of f(x) in K or in any
extension field of K. For if v is in some extension of K and f(v) = O, then
clv—uy)(v—uy) * + * (v—u,) = 0p. Now c is nonzero since f(x) is noncon-

stant. Hence one of the v — 4, must be zero, that is, v = u,. So if f(x) splits
over K we can reasonably say that K contains all the roots of f(x).

The next step is to consider the smallest extension field that contains
all the roots of f(x). If Fis a field and f(x) € F[x], then an extension field K of F
is said to be a splitting field (or root field) of f(x) over F provided that

(i) f(x) splits over K, say f(x) = c(x —u)(x —uy) * + - (x — u,); and
(iiy K= Fluy, ug, . . ., u,).

EXAMPLE If x2+ 1 is considered as a polynomial in R[x], then C is
a splitting field since ¥+ 1 = (x +i)(x — i) in C|x] and C=R(i) =

* R(, —i). Similarly @(v2) is a splitting field of the polynomial x2 — 2
in Q[x] since x2 — 2= (x + 2 (x — J%) and Q(V2) = Q(v2, —V2).

EXAMPLE The polynomial f(x)=x%*—x2—2 in Q|x] factors as
(x2 — 2)(x2 + 1), soits roots in C are = V2 and +i. Therefore Q(vV2, i) is
a splitting field of f(x) over Q.

EXAMPLE Every first-degree polynomial cx + d in F|x] splits over F
since cx +d =c(x — (—c'd)) with —c !'d € F. Obviously F is the
smallest field containing both F and ¢~ 'd, that is, F= F(c"'d). So F
itself is the splitting field of cx + d over F.

EXAMPLE The concept of splitting field depends on the polynomial
and the base field. For instance Cis a splitting field of x + 1 over Rbut
not over Q@ because Cis not the extension Q(i, —i) = Q(i). See Exercise
1 for a proof.
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At this point we need to answer two major questions about splitting
fields: Does every polynomial in F[x| have a splitting field over F? If it has
more than one splitting field over F, how are they related?

The informal answer to the first question is easy. Given f(x) € Flx], we
can find an extension F(u) that contains aroot u of f(x) by Corollary 5.11. By
the Factor Theorem in F(u)[x], we know that f(x) = (x — u)g(x). By Corol-
lary 5.11 again there is an extension F(u)(v) of F(u) that contains a root v of
g(x). Continuing this we eventually get a splitting field of f(x). We can
formalize this argument via induction and prove slightly more:

THEOREM 9.13 Let F be a field and f(x) a nonconstant polynomial of
degree n in Flx]. Then there exists a splitting field K of f(x) aver F such that
[K:F] =nl.

Proof The proofis by induction on the degree of f(x). If f(x) has degree 1,
then F itself is a splitting field of f(x) and [F:F] =1 = 1!. Suppose the
theorem is true for all polynomials of degree n — 1 and that f(x) has degree
n. By Theorem 4.10 f(x) has an irreducible factor in Fix]. Multiplying this
polynomial by the inverse of its leading coefficient produces a monic irre-
ducible factor p(x) of f(x). By Theorem 5.10 there is an extension field that
contains a root u of p(x) (and hence of f(x)). Furthermore p(x) is necessarily
the minimal polynomial of u. Consequently, by Theorem 9.7 [F(u):F] =
deg p(x) = deg f(x) =n. The Factor Theorem 4.12 shows that f(x) =
(x — u)g(x) for some g(x) € F(u)[x]. Since g(x) has degree n — 1, the induction
hypothesis guarantees the existence of a splitting field K of g(x) over F(u)
such that [K:F(u)] = (n — 1)!. In K]x],

glx) = clx ~up)(x —ug) - - - (x — ttyy)
and hence f(x) = c(x ~ u}(x — u;) * * * (x — u,_,). Since
K=Fu)u,, ..., ,u,_)=Fu,uy, . ..,u,)

we see that K is a splitting field of f(x) over F such that [K:F]=
[K:F(w)][F(1): F] = ((n — 1))n = n!. This completes the inductive step and
the proof of the theorem. R

The relationship between two splitting fields of the same polynomial is
quite easy to state:

Any two splitting fields of a polynomial in F[x] are isomorphic.
Surprisingly, the easiest way to prove this fact is to prove a stronger result of

which this is a special case.

THEOREM 9.14 Let o:F — E be an isomorphism of fields, f(x) a noncon-
stant polynomial in F{x], and af (x) the corresponding polynomial in E|x]. IfK
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is a splitting field of f (x) over F and L is a splitting field of af (x) over E, then o
extends to an isomorphism K = L.

If F= E and o is the identity map F — F, then the theorem states that
any two splitting fields of f(x) are isomorphic.

Proof of Theorem 9.14 The proof is by induction on the degree of f(x). If
deg f(x) = 1, then by the definition of splitting field f(x) = c(x — u) in K[x]
and K = F(u). But f(x) = cx — cu is in F[x], so we must have ¢ and cu in F.
Hence u= ¢ lcu is also in F. Therefore K = F(u) = F. We have seen that ¢
induces an isomorphism F{x] = E[x|; hence af(x) also has degree 1, and a
similar argument shows that E = L. In this case o itself is an isomorphism
with the required properties.

Suppose the theorem is true for polynomials of degree n — 1 and that
f(x) has degree n. As in the proof of Theorem 9.13, f(x) has a monic irreduc-
ible factor p(x) in F[x] by Theorem 4.10. Since o F[x] = E[x], op(x) is a monic
irreducible factor of af (x) in E[x]. Every root of p(x) is also a root of f(x), so K
contains all the roots of p(x), and similarly L contains all the roots of op(x).
Let u be a root of p(x) in K and v a root of op(x) in L. Then ¢ extends to an
isomorphism F(u) — E(v) that maps u to v by Corollary 9.8, and the situation
looks like this:

K L

U U

Flu) —> E(v)

U Ut
g

F ——E

The Factor Theorem 4.12 shows that f(x) = (x — u)g(x) in F(u)[x], and hence
in E(v)[x]

af (x) = olx — u)ag(x) = (x — ou)og(x) = (x — v)og(x).

Now f(x) splits over K, say f(x)=c(x —u)(x —uy)- - - (x —u,). Since
f(x) = (x — u)g(x), we have g(x) = c(x — uy) - * * (x — u,). The smallest sub-
field containing all the roots of g(x) and the field F(u) is F(u, u,, . . . ,
u,) =K, so K is a splitting field of g(x) over F(u). Similarly, L is a splitting
field of gg(x) over E(v). Since g(x) has degree n — 1, the induction hypoth-
esis implies that the isomorphism F(u) = E(v) can be extended to an isomor-
phism K= L. This completes the inductive step and the proof of the
theorem. i

A splitting field of some polynomial over F contains all the roots of that
polynomial by definition. Surprisingly, however, splitting fields have a
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much stronger property, which we now define. An algebraic extension field
K of Fis normal provided that whenever an irreducible polynomial in Flx|
has one root in K, then it splits over K (that is, has all its roots in K).

THEOREM 9.15 The field K is a splitting field over the field F of some
polynomial in Flx] if and only if K is a finite-dimensional, normal extension

of F.

Proof IfKisasplitting field of f(x) € F[x], thenK = F(u,, . . . ,u,), where
the u, are all the roots of f(x). Consequently, [K:F] is finite by Theorem
9.10. Let p(x) be an irreducible polynomial in Flx] that has a root v in K.
Consider p(x) as a polynomial in K[x] and let L be a splitting field of p(x) over
K, sothat F C K C L. To prove that p(x) splits over K we need only show that
every root of p(x) in L is actually in K.

Let w € L be any root of p(x) other than v. By Corollary 9.8 (with E = F
and o identity map), there is an isomorphism F(v) = F(w) that maps v to w
and maps every element of F to itself. Consider the subfield K(w) of L; the
situation looks like this:

K K(w)
Ul Ul
F(v) = F(w)
] Ul
F = F
Since
Kw)=Flu,, . . ., u)w)=Fuy, . .. ,u,, w)=Fwlu,, ..., u,)

we see that K(w) is a splitting field of f(x) over F(w). Furthermore, since
v € K and K is a splitting field of f(x) over F, K is also a splitting field of f(x)
over the subfield F(v). Consequently, by Theorem 9.14 the isomorphism
F(v) = F(w) extends to an isomorphism K — K(w) that maps v tow and every
element of F to itself. Therefore [K: F] = [K(w) : F] by Theorem 9.5. In the
extension chain F C K C K(w), [K(w) : K] is finite by Theorem 9.7 and |[K : F]
is finite by the remarks in the first paragraph of the proof. So Theorem 9.4
implies that

[K:F] = [K(w):F] = [K(w) : K]|[K : F}.

Cancelling [K:F] on each end shows that [K(w):K] =1, and therefore
K(w) = K. But this means that w is in K. Thus every root of p(x) in Lis in K,
and p(x) splits over K. Therefore K is normal over F.

Conversely, assume K is a finite-dimensional, normal extension of F
with basis {¢;, . . . , u,}. Then K=F(u,, . . . , u,). Each u, is algebraic
over Kby Theorem 9.9 with minimal polynomial p,(x). Since each p,(x) splits
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over K by normality, f(x) = p,(x) - - - p,(x) also splits over K. Therefore K is
the splitting field of f(x). B

EXAMPLE The field Q(¥2) contains the real root ¥2 of the irreducible
polynomial x® — 2 € Q[x] but does not contain the complex root ¥2w
(as described in the example on page 281). Therefore Q(¥2) is not a
normal extension of Q and hence cannot be the splitting field of any
polynomial in Q[x].

At this point it is natural to ask if a field F has an extension field over
which every polynomial in Fx] splits. In other words, is there an extension
field that contains all the roots of all the polynomials in F[x]? The answer is
“yes,” but the proof is beyond the scope of this book. A field over which
every nonconstant polynomial splits is said to be algebraically closed. For
example, the Fundamental Theorem of Algebra and Corollary 4.23 show
that the field C of complex numbers is algebraically closed.

If K is an algebraic extension of F and K is algebraically closed, then K
is called the algebraic closure of F. The word “‘the” is justified by a theorem
analogous to Theorem 9.14 that savs any two algebraic closures of F are
isomorphic. For example, C s the algebraic closure of R since C = R(#) is an
algebraic extension of R that is algebraically closed. The field C is not the
algebraic closure of @, however, since C is not algebraic over Q. The sub-
field E of algebraic numbers (see the example on page 287) is the algebraic
closure of Q (Exercise 20).

EXERCISES
A. 1. Show that V2 is not in Q(i) and hence C # Q(i). [Hint: Show that
V2 = a + bi, with a, b € Q, leads to a contradiction. |

2. Show that 2 — 3 and x2 — 2x — 2 are irreducible in @Q[x] and have
the same splitting field, namely Q(V3).

3. Find a splitting field of x* — 4x2 — 5 over Q and show that it has
dimension 4 over Q.

4. If f(x) € R[x], prove that R or C is a splitting field of f(x) over R.

5. Let K be a splitting field of f(x) over F. If E is a field such that
F C E C K, show that K is a splitting field of f(x) over E.

6. Let K be a splitting field of f(x) over F. If [K: F] is prime, u € K is a
root of f(x), and u ¢ F, show that K = F(u).
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B. 10.

11.
12.

13.
14.
15.
16.
17.

18.

19.

20.

21.

If uis algebraic over Fand K = F(u) is a normal extension of F, prove
that K is a splitting field over F of the minimal polynomial of u.

. Which of the following are normal extensions of Q?

(a) Q(V3) (b) Q¥3)  (c) Q(SE, )

. Prove that no finite field is algebraically closed. [Hint: If the ele-

ments of the field F are a,, . . . , a,, with 4, nonzero, consider
a; + (x—a)(x—ay) - - - (x—a,) e Fla]]

By finding quadratic factors, show that Q(v2, V3) is a splitting field
of x* + 2x% — 8x2 — 6x — 1 over Q.

Find and describe a splitting field of x* + 1 over Q.

Find a splitting field of x* — 2

(a) over Q. (b) over R.

Find a splitting field of 6 + 23 + 1 over Q.

Show that Q(v2, i) is a splitting field of x* — 2v2x + 3 over Q(v2).
Find a splitting field of x2 + 1 over Zj.

Find a splitting field of x® + x + 1 over Z,.

If K is an extension field of F such that [K: F] = 2, prove that K is
normal.

Let F, E, K be fieldssuchthat FCECKand E=Flu,, . . . , u,),
where the u, are some of the roots of f(x) € Flx]. Prove that K is a
splitting field of f(x) over F if and only if K is a splitting field of f(x)
over E.

Prove that the following conditions on a field K are equivalent:

(i} Every nonconstant polynomial in K[x] has a root in K.
(ii) Every nonconstant polynomial in K|x] splits over K (that is, K is
algebraically closed).
(iii) Every irreducible polynomial in K[x] has degree 1.
(iv) There is no algebraic extension field of K except K itself.

Let K be an extension field of F and E the subfield of all elements of
K that are algebraic over F, as in Corollary 9.12. If K is algebraically
closed, prove that E is an algebraic closure of F. [The special case
when F = Q and K = C shows that the field E of algebraic numbers
is an algebraic closure of Q.]

Let K be an algebraic extension field of F such that every polynomial
in F(x) splits over K. Prove that K is an algebraic closure of F.
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C. 22. Prove that afinite-dimensional extension field K of Fis normal if and
only if it has this property: Whenever L is an extension field of K and
0:K — L an injective homomorphism such that a(c) = ¢ for every
ceF, then o(K) C K.

9.5 Separability

Every polynomial has a splitting field that contains all its roots. These
roots may all be distinct, or there may be repeated roots. * In this section we
consider the case when the roots are distinct and use the information ob-
tained to prove a very useful fact about finite-dimensional extensions.

Let F be a field. A polynomial f(x) € Fx] of degree n is said to be
separable if it has n distinct roots in some splitting field. ** Equivalently, f(x)
is separable if it has no repeated roots in any splitting field. An extension
field K of F is said to be a separable extension (or to be separable over F) if
every element of K is the root of a separable polynomial in F|x]. Thus every
separable extension is necessarily algebraic.

EXAMPLE The polynomial x2 + 1 € Q|x] is separable since it has dis-
tinct roots i and —i in C. But f(x) = x* —x3 — x + 1 is not separable
because it factors as (x — 1)?(x? + x + 1). Hence f(x) has one repeated
root and a total of three distinct roots in C,

There are several tests for separability that make use of the following
concept. The derivative of

fx)=co+cyx+cyx®+ - - - +c,x" € Flx]
is defined to be the polynomial
f(x)=cy+ 2cox + 3322+ - - - +nc,x"" ! € Flx].1

You should use Exercises 4 and 5 to verify that derivatives defined in this
algebraic fashion have these familiar properties:

(f+g'x) =Ff(x)+¢gk)
(fe)(x) = flx)g'(x) + f'(x)g(x).

* A repeated root occurs when f(x) = (x —u;) - - - (x —u,) in the splitting field and some
u,=u; withi # j.

** Since any two splitting fields are isomorphic this means that f(x) has n distinct roots in every
splitting field.

t When F = R, this is the usual derivative of elementary calculus. But our definition is purely
algebraic and applies to polynomials over any field, whereas the limits used in calculus may not

be defined in some fields.
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LEMMA 9.16 Let F be a field and f(x) € Flx|. If f(x) and f'(x) are relatively
prime in Flx|, then f(x) is separable.

Note that the lemma operates entirely in Fx] and does not require any
knowledge of the splitting field to determine separability. For other separa-
bility criteria, see Exercises 8—10.

Proof of Lemma 9.16 Let K be a splitting field of f(x) and suppose, on the
contrary, that f(x) is not separable. Then f(x) must have arepeated root uin
K. Hence f(x) = (x — u)?g(x) for some g(x) € K[x] and

fx) = (x — u)’g(x) + 2(x — u)g(x).

Therefore f'(u) = 0pg’(u) + 0pg(u) = Opand u is also aroot of f7(x). If p(x) €
Flx] is the minimal polynomial of u, then p(x) is nonconstant and divides both
f(x) and f7(x). Therefore f(x) and f”(x) are not relatively prime, a contradic-
tion. Hence f(x) is separable. B

Recall that for a positive integer n and ¢ € F, nc is the element ¢ + ¢ +
+ « + + ¢ (nsummands). A field Fis said to have characteristic 0 if nl; # 0p
for every positive n. For example, Q, R, and C all have characteristic 0, but
Z, does not (since 3 - 1 = 0 in Z3). Every field of characteristic 0 is infinite
(Exercise 3). If F has characteristic 0, then for every positive n and c € F,

nc=c+ - +c=1z+ -+ 1lpc=(nlpc with nlz # 0p.
So nc = Ogif and only if ¢ = 0. This fact is the key to separability in fields of

characteristic 0:

THEOREM 9.17 Let F be a field of characteristic 0. Then every irreducible
polynomial in F|x] is separable, and every algebraic extension field K of Fis a
separable extension.

The theorem may be false if F does not have characteristic 0 (Exercise
15).

Proof of Theorem 9.17 Anirreducible p(x) € F[x]is nonconstant and hence
p(x) = cx™ + (lower-degree terms), with ¢ # Opand n=1.
Then
p’(x) = (nc)x" ! + (lower-degree terms), with n¢ # Op.

Therefore p’(x) is a nonzero polynomial of lower degree than the irreduc-
ible p(x). So p(x) and p’(x) must be relatively prime. Hence p(x) is separable
by Lemma 9.16. In particular, the minimal polynomial of each u € K is
separable. So K is a separable extension. il
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Separable extensions are particularly nice because every finitely gen-
erated (in particular, every finite-dimensional) separable extension is actu-
ally simple:

THEOREM 9.18* If K is a finitely generated separable extension field of F,
then K = F(u) for some u € K.

Proof By hypothesis K= F(u,, . . . ,u,). The proof is by induction on n.
There is nothing to prove whenn = 1 and K = F(u,). In the next paragraph
we shall show that the theorem is true for n = 2. Assume inductively that it
is true for n =k — 1 and suppose n = k. By induction and the case n =2,
there exist £, u € K such that

K=F(ul’ 0o o ’uk)zF(ul’ oo ’uk—l)(uk)=F(t)(uk)=F(t’uk)=F(u)'

To complete the proof we assume K = F(v, w) and show that K is a
simple extension of F. Assume first that Fis infinite (which is always the case
in characteristic 0 by Exercise 3). Let p(x) € F[x] be the minimal polynomial
of v and g(x) € F|x] the minimal polynomial of w. Let L be a splitting field of
p(x)q(x) over F. Let w = w,, w,, . . . , w, be the roots of g(x) in L; By the
definition of separability w is the root of some f(x) € F|[x] with distinct roots
in some splitting field. Since g(x) | f(x) by Theorem 9.6, all the w; are roots of
f(x) and hence must be distinct. Letv = vy, v,, . . . ,v,, betheroots of p(x)
in L. Since F is infinite, there exists ¢ € F such that

v,V

(%) c# foralll=i=m,1<j=n.

w—wj

Let u = v + cw. We claim that K = F(u). To show that w € F(u), let h(x) =
p(u — cx) € F(u)[x] and note that w is a root of h(x):

h(w) = p(u — cw) = p(v) = Op.

Suppose some w; (with j #1) is also a root of h(x). Then p(u — cw;) = O, so
thatu — cw;is one of theroots of p(x), say u — cw; = v;. Since u = v + cw, we
would have

U,—‘U

v+ cw—cw, = v, or equivalently, ¢= T
This contradicts (*). Therefore w is the only common root of g(x) and h{x).

Let r(x) be the minimal polynomial of w over F(u). Then r(x) divides
the separable polynomial g(x), so that r(x) splits in L[x], and all its roots are
distinct. But r(x) also divides h(x), so all its roots are roots of h(x). By the
preceding paragraph, r(x) has a single root w in L. Therefore r(x) € F(u)[x]

* The theorem will be used only in Section 11.2.
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must have degree 1, and hence its root w is in F(u). Since v = u — cw, with u,
w € F(u), we see that v € Flu) and hence K= F(v, w) C F(u). But u=v +
cw € K, so F(u) C K, whence K = F(u). This completes the proof when F is
infinite. For the case of finite F, see Theorem 9.28 in the next section. il

EXAMPLE App ing th\/_proof of the theorem to Q(v3, V5), we have
v=V3, vy = = —+5, so we can choose ¢ = 1. Then

u=v3++5 and Q(\/_ \/_) is the simple extension Q(v3 + V5).

EXERCISES

NOTE: K is always an extension field of the field F.

A. 1. IfKisseparable over Fand Eisafield with F C E C K, show that K is
separable over E.

2. If F has characteristic 0, show that K has characteristic 0.

3. Prove that every field of characteristic 0 is infinite. [Hint: Consider
the elements nlzwithneZ,n > 0.]

B. 4. If f(x), g(x) € F[x], prove:

(a) (f+g)(x)=Ff(x)+g k).
(b) If c € F, then (c¢f Y (x) = cf'(x).

5. (a) If f(x) =cx"eF[x] and g(x) =by+byx+ - - - + bx* e Flx],
prove that (fg)'(x) = f(x)g’(x) + f'(x)g(x).
(b) If f(x), g(x) are any polynomials in F[x], prove that (fg)'(x) =
f(x)g'(x) + f(x)g(x). [Hint: If f(x)=ay,+ax+ - +a,x",
then (fg)(x) = apg(x) + a;xg(x) + - - - + a,x"g(x); use part (a)
and Exercise 4.]

6. If f(x) € F[x] and n is a positive integer, prove that the derivative of
flx)™ is nf(x)""1f"(x). [Hint: Use induction on n and Exercise 5.]
7. (a) If F has characteristic 0, f(x) € F[x], and f’(x) = Og, prove that
f(x) =cfor some ceF.

(b) Give an example in Z]x] to show that part (a) may be false if F
does not have characteristic 0.

8. Prove that u € K is a repeated root off(x) 6 Flx] if and only if u is a
root of both f{(x) and f’(x). [Hint: f(x) = (x — u)"g(x) with m = 1,
g(x) € K[x], and g(u) # Op; uisa repeated root of f(x) if and only if
m > 1. Use Exercises 5 and 6 to compute f'(x).]
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10.

11.

12.

13.
14.

15.

9.6

Prove that f(x) € Flx] is separable if and only if f(x) and f*(x) are
relatively prime. [See Lemma 9.16 and Exercise 8.]

Letp(x) beirreducible in F[x]. Prove that p(x) is separable if and only

Assume F has characteristic 0 and that K is a splitting field of f(x) €
Flx]. If d(x) is the greatest common divisor of f(x) and f’(x) and
h(x) = f(x)/d(x) € F|x], prove

(a) f(x) and h(x) have the same roots in K.
(b) h(x) is separable.

Use the proof of Theorem 9.18 to express each of these as simple
extensions of Q:

(a) QVZ,V3) (b) Q3.1 (¢) QWZ, V3, V5)
If p and q are distinct primes. prove that Q(Vp, Vq) = Q(Vp + Vq).

Assume that Fis infinite, that v w € K are algebraic over F, and that
wis the root of a separable polyvnomial in Flx]. Prove that F(v, w) is a
simple extension of F. |[Hint: Adapt the proof of Theorem 9.18 ]

Here is an example of an irreducible polynomial that is not separa-
ble. Let F = Z,(t) be the quotient field of Z,[t] (the ring of polyno-
mials in the indeterminate ¢ with coeflicients in Z,), as defined in
Section 8.4.

(a) Prove that x2 — ¢ is an irreducible polynomial in F[x]. |Hint: If
x2 — thasaroot in F. then there are polynomials g(t), h(t) in Z ,[t]
such that [g(t)/h(t']?> = t. this leads to a contradiction; apply
Corollary 4.14.]

(b) Prove that x2 —t € F[x| is not separable. [Hint: Show that its
derivative is zero and use Exercise 9.|

Finite Fields

Finite fields have applications in many areas, including projective
geometry, combinatorics, experimental design, and cryptography. In this
section finite fields are characterized in terms of field extensions and split-
ting fields, and their structure is completely determined up to isomorphism.

We begin with some definitions and results that apply to rings that
need not be fields or even finite. But our primary interest will be in their
implications for finite fields.
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Let R be a ring with identity. Recall that for a positive integer m and
c € R, mcis the element ¢ + ¢ + - - - + ¢ (m summands). The ring R is said
to have characteristic 0 if mlz # Oy for every positive m. On the other
hand, if m1z = O for some positive m, then there is a smallest such m by the
Well-Ordering Axiom. Then R is said to have characteristic n if n is the
smallest positive integer such that nly = 0.* For example, @ has charac-
teristic 0 and Z; has characteristic 3.

LEMMA 9.19 IfRis anintegral domain, then the characteristic of R is either
0 or a positive prime.

Proof If R has characteristic 0, there is nothing to prove. So assume R has
characteristic n > 0. If n were not prime, then there would exist positive
integers k, t such that n = kt, with k <n and ¢t < n. The distributive laws
show that

(k1g)(tlg) = £1R+ N IRJ)(JR-F e 4 IRJ)
k summands t summands
=1plzg+ - + 1glzg=1p+ - - - + 14 [kt summands]

= (kt)15=nly= Op

Since R is an integral domain either k1 = Og or t1z = Og, contradicting the
fact that n is the smallest positive integer such that nlg = Og. Therefore n is
prime. B

LEMMA 9.20 Let R be a ring with identity of characteristic n > 0. Then
klg = 0g if and only if n | k.**

Proof Xf n|k, say k= nd, then klz = ndlz= (nlg)(dlg) = Og(d1lg) = Og.
Conversely, suppose k1z = Og. By the Division Algorithm, k = nq + r with
0 =r <n. Now nlg = 0g, so that

TlR &= r].H + OH = rlﬂ + nqla = (T+ nq)lR £ klR = OH'

Since r < n and n is the smallest positive integer such that nlz = 04 by the
definition of characteristic, we must have r = 0. Therefore k =nqg and
nlk R

THEOREM 9.21 Let R be a ring with identity. Then

* If you have read Chapter 7, you will recognize that when the characteristic of R is positive, it
is simply the order of the element 1; in the additive group of R.

** This lemma is just a special case (in additive notation) of part (2) of Theorem 7.5, witha = 1,
and ¢ = 0.
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(1) The set P= {klg|k € Z} is a subring of R.
(2) If R has characteristic 0, then P =Z.
(3) If R has characteristicn > 0, then P=1,,.

Proof Define f:Z — R by f(k) = k1. Then
flk+1t)=(k+t)1g=klg+ tlz=f(k) + f(t).
The distributive laws (as in the proof of Lemma 9.19) show that

fkt) = (kt) 1z = (kLa)(tLp) = f () (2).

Therefore fis a homomorphism. The image of f'is precisely the set P, and
therefore P is a ring by Exercise 10 in Section 3.3. Consequently, f can be
considered as a surjective homomorphism from Z onto P. Then P = Z/Ker f
by the First Isomorphism Theorem 6.11. If R has characteristic 0, then the
only integer k such that k1 = Oy is k = 0. So the kernel of fis the ideal (0) in
Z,and P=Z/(0) = Z. If R has characteristic n > 0, then Lemma 9.20 shows
that the kernel of fis the principal ideal (n) consisting of all multiples of n.
Hence P=Z/(n)=1Z,.

According to Theorem 9.21 a field of characteristic 0 contains a copy
of Z and hence must be infinite. Therefore by Lemma 9.19 we have

COROLLARY 9.22 Every finite field has characteristic p for some prime p.

The converse of Corollary 9.22 is false, however, since there are
infinite fields of characteristic p (Exercise 8).

If K is a field of prime characteristic p (in particular, if K is finite), then
Theorem 9.21 shows that K contains a subfield Pisomorphic toZ,,. This field
P is called the prime subfield of K and is contained in every subfield of K
(because very subfield contains 1 and hence contains t1 for every integer
t).* See Exercise 4 for another description of P. We shall identify the prime
subfield P with its isomorphic copy Z,; then

every field of characteristic p contains Z,,.

The number of elements in a finite field K is called the order of K. To
determine the order of a finite field K of characteristic p, we consider K as
an extension field of its prime subfield Z,:

* If K has characteristic 0, then K contains an isomorphic copy P of Z. Since K contains the
multiplicative inverse of every nonzero element of P, it follows that K contains a copy of the
field @. As in the case of characteristic p, this field (called the prime subfield) is contained in
every subfield of K. See Theorem 8.25 (with R = P = Z and F = Q) for a more precise state-
ment and proof.
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THEOREM 9.23 A finite field K has order p*, where p is the characteristic of
Kandn=[K:Z)]

Proof Thereis certainly a finite set of elements that spans K over Z,, (the set
K itself, for example). Consequently, by Exercise 22 of Section 9.1, Khas a
finite basis {u,, uy, . . . , u,} over Z,. Every element of K can be written
uniquely in the form

(*) cuy T egug + - - - tcu,

with each ¢, € Z, by Exercise 19 of Section 9.1. Since there are exactly p
possibilities for each ¢, there are precisely p* distinct linear combinations of
the form (*). So K has order p*, with n = number of elements in the basis =

K:Z,). n

Theorem 9.23 limits the possible size of a finite field. For instance,
there cannot be a field of order 6 since 6 is not a power of any prime. It also
suggests several questions: Is there a field of order p” for every prime p and
every positive integer n? How are two fields of order p” related? The
answers to these questions are given in Theorem 9.25 and its corollaries. In
order to prove that theorem we need a technical lemma.

LEMMA 9.24 (THE FRESHMAN'S DREAM)® Let p be a prime and R a com-
mutative ring with identity of characteristic p. Then for every a, b € R and
every positive integer n,

{a + b)P" = a” + b7,

Proof The proofisby induction onn. If n = 1, then the Binomial Theorem
in Appendix E shows that

(a+b)”=a"+(§))a"“b+ e +(’r’)av—'b'+ et (pf_ l)abv-l + b,

!
Each of the middle coefficients | ? | = —2—— isan integer by Exercise 6
r ri(p—r)
in Appendix E. Since every term in the denominator is strictly less than the

prime p, the factor of p in the numerator does not cancel, and therefore (P)
r

is divisible by p, say (p

r) = ¢p. Since R has characteristic p,

(’:)a”"'b' =tplaga?~b" = t(plg)a?~"b" = t0ga"~"b" = Op.

* Terminology due to Vincent O. McBrien.
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Thus all the middle terms are zero and (@ + b)? = a? + b*. So the theorem is
true when n = 1. Assume the theorem is true when n = k. Using this as-
sumption and the case when n =1 shows that

(a+ by = ((a+ b))y
= (@™ + b = (@) + ()P = a? + b

Therefore the theorem is true when n = k + 1 and hence for all n by induc-
tion. W

THEOREM 9.25 Let K be an extension field of Z, and n a positive integer.
Then K has order p* if and only if K is a splitting field of x7" — x over Z,.

Proof* Assume K is a splitting field of f(x) = x*" — x € Z,[x]. Since f"(x) =
p"xP""1 — 1 =0x7""1—1=—1, f(x) is separable by Lemma 9.16. Let E be
the subset of K consisting of the p” distinct roots of x»" — x. Note that c € E if
and only if ¢®* = c. We shall show that the set Eis actually a subfield of K. If q,
b € E, then by Lemma 9.24

(a+bPr=a"+b"=a+b.

Therefore a + b € E, and E is closed under addition. The set E is closed
under multiplication since (ab)?" = a”"b” = ab. Obviously Ok and 1 are in
E. If a is a nonzero element of E, then —a and a™! are in E because, for
example,

(@Y =ar=(@)=al

The argument for —a is similar (Exercise 7). Therefore E is a subfield of K.
Since the splitting field K is the smallest subfield containing the set E of
roots, we must have K = E. Therefore K has order p*.

Conversely, suppose K has order p". We need only show that every
element of Kis aroot of x*" — x, for in that case, the p” distinct elements of K
are all the possible roots and K is a splitting field of x*" — x. Clearly Og is a

root, so let ¢ be any nonzero element of K. Let ¢;, ¢y, . . . , ¢ be all the
nonzero elements of K (where k = p” — 1 and ¢ is one of the ¢,) and let u be
the product u = c¢,coc; - * - ¢x. The k elements cc,, ccy, . . ., cop are all

distinct (since c¢; = cc;implies ¢, = ¢,), so they are just the nonzero elements
of K in some other order, and their product is the element u. Therefore

u = (ccr)(ceg) * + * (con) = Hereas® + * o) = cu.

Cancelling u shows that ¢ = 14 and hence ¢**! = ¢, or equivalently **! —
c=0g.Since k+1=p", cisaroot of x» —x. 1

* A short proof, using group theory, is given in Exercise 22.
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Theorem 9.25 has several important consequences; together with the
theorem they provide a complete characterization of all finite fields.

COROLLARY 9.26 For each positive prime p and positive integer n, there
exists a field of order p".

Proof A splitting field of ™ — x over Z, exists by Theorem 9.13; it has
order p" by Theorem 9.25. B

COROLLARY 9.27 Two finite fields of the same order are isomorphic.

Proof If K and L are fields of order p", then both are splitting fields of
a7 — x over Z, by Theorem 9.25 and hence are isomorphic by Theorem
9.14 (with o the identity map on Z,,). B

The unique field of order p” (up to isomorphism) is sometimes called
the Galois field of order p”. For a given prime p and exponent n, we can use
the techniques of Chapter 5 to construct the Galois field of order p®, pro-
vided we can find an irreducible polynomial p(x) in Z,[x] of degree n. In that
case, K =17 [x]/(p(x)) is a field by Theorem 5.9. Corollary 5.5 shows that its
elements are the distinct congruence classes [r(x)], where r(x) € Z,[x] is of
the form ¢y + ¢;x + cox2 + - - - +¢,_;2" ! with each ¢, € Z,,. Since there
are exactly p possibilities for each ¢, it follows that K has order p".

In theory, at least, finding the irreducible polynomial of degree n, on
which the construction of the field Z,[x]/(p(x)) of order p” depends, is quite
straightforward. There are only a finite number of polynomials of degree n
in Z,|x], each of which has only finitely many divisors. So a particular poly-
nomial can be checked for irreducibility in a finite number of steps. Such a
search could fail only if there were no irreducible polynomials of degree n
in Z,[x]. We shall now see that this is not the case. The proofs of these last
two results depend on Section 7.8.

THEOREM 9.28 Let K be a finite field and F a subfield. Then K is a simple
extension of F.

Proof By Theorem 7.41, the multiplicative group of nonzero elements of
Kis cyclic. If uis a generator of this group, then the subfield F(u) contains Oy

and all powers of u, and hence contains every element of K. Therefore
K=F(u). 1

COROLLARY 9.29 Let p be a positive prime. For each positive integer n,
there exists an irreducible polynomial of degree n in Z[x].
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Proof There is an extension field K of Z,, of order p" by Corollary 9.26. By
Theorem 9.28, K =Z,(u) for some u € K. The minimal polynomial of « in
Z [x}is irreducible of degree [K:Z,] by Theorem 9.7. Theorem 9.23 shows
that [K:Z,]=n. B

EXERCISES

A L

10.

11.

12.

If R is a ring with identity and m, n € Z, prove that (mlg)(nlg) =
(mn)1,. [The case of positive m, n was done in the proof of Lemma
9.19.]

. What is the characteristic of

(a) Q (b) Z;XZg  (c) Zy[x]
(d) MR)  (e) M(Zy)

. Let R be a ring with identity of characteristic n = 0. Prove that

na = Og for every a € R.

. If K is a field of prime characteristic p, prove that its prime subfield

is the intersection of all the subfields of K.

. Let Fbe a subfield of a finite field K. If Fhas order g, show that K has

order ¢", where n = [K: F].

. Show that a field K of order p" contains all kth roots of 1¢, where

k=pr—1.

. Let E be the set of roots of x*" — x € Z,[x] in some splitting field. If

a € E, prove that —a € E.

. Let p be prime and let Z,(x) be the field of quotients of the polyno-

mial ring Z,[x] (as in the example on page 259). Show that Z,(x) is an
infinite field of characteristic p.

. Let R be a commutative ring with identity of prime characteristic p.

Ifa,beRandn =1, prove that (a — b)P" = o — bP".

Let K be a finite field of characteristic p. Prove that the map
f: K — K given by f(a) = a? is an isomorphism. Conclude that every
element of K has a pth root in K.

Show that the Freshman’s Dream (Lemma 9.24) may be false if the
characteristic p is not prime or if R is noncommutative. [Hint: Con-

sider Z¢ and M(Z,).]
If ¢ is a root of f(x) € Z,[x], prove that ¢? is also a root.
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13.

14.

15.

16.

17.

18.

19.

20.

Prove Fermat’s Little Theorem: If pisa prime and a € Z,thena? = a
(mod p). If a is relatively prime to p, then a»~! = 1 (mod p). [Hint:
Translate congruence statements in Z into equality statements in Z,
and use Theorem 9.25.]

Let Fbe a field and f(x) a monic polynomial in F[x], whose roots are
all distinct in any splitting field K. Let E be the set of roots of f(x) in
K. If the set E is actually a subfield of K, prove that F has characteris-
tic p for some prime p and that f(x) = x* — x for some n = 1.

(a) Show thatx®+ x + 1isirreducible in Z,[x] and construct a field
of order 8.

(b) Show thatx® — x + 1 isirreducible in Z4]x] and construct a field
of order 27.

(c) Show thatx*+ x + 1 isirreducible in Z,[x] and construct a field
of order 16.

Let K be a finite field of characteristic p, F a subfield of K, and m a
positive integer. If L = {a € K| a*™ € F}, prove that L =F. [Hint: If
uy, . . . ,u,isabasis of L over F, use Exercise 10 and Lemma 9.24
to show that u,», . . . , 4, is linearly independent over F, which
impliesn = 1]

If E and F are subfields of a finite field K and E is isomorphic to F,
prove that E=F.

Let K be a field and k, n positive integers.

(a) Prove that x** — 1g divides x” — 1x in K[x] if and only if k| nin Z.
[Hint: n = kg + r by the Division Algorithm; show that x" —
1= (x* — 1x)h(x) + (x* — 1), where h(x)=ax""%+ "2k +
Cee 4 xn—qk_]

(b) If p = 2 is an integer, prove that (p* — 1) | (p* — 1) if and only if
k|n. [Hint: Copy the proof of part (a) with p in place of x.]

Let K be a finite field of order p".

(a) If Fis a subfield of K, prove that F has order p? for some d such
that d | n. [Exercise 18 may be helpful.]

(b) If d|n, prove that K has a unique subfield of order p?. [See
Exercise 17 and Corollary 9.27 for the uniqueness part.]

Let p be prime and f(x) an irreducible polynomial of degree 2 in
Z,[x]. If K is an extension field of Z,, of order p®, prove that f(x) is
irreducible in K[x].
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21. Prove that every element in a finite field can be written as the sum of
two squares.

22. Use part (2) of Corollary 7.34 to prove that every nonzero element ¢
of a finite field K of order p” satisfies c»"~! = 1. Conclude that cis a
root of x*" — x and use this fact to prove Theorem 9.25.
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CHAPTER 10
TOPICS IN GROUP THEORY

This chapter takes a deeper look at various aspects of the classification
problem for finite groups, which was introduced in Section 7.8. After the
necessary preliminaries are developed in Section 10.1, all finite abelian
groups are classified up to isomorphism in Section 10.2 (The Fundamental
Theorem of Abelian Groups). Nonabelian groups are considerably more
complicated. The basic tools for analyzing them (the Sylow Theorems) and
some applications are presented in Sections 10.3 and 10.4. As noted in
Section 7.8, simple groups appear to be the key to solving the classification
problem. In Section 10.5 we exhibit a large class of nonabelian simple
groups (the alternating groups A,,, with n > 4).

Section 10.1 is a prerequisite for Section 10.2 and the last part of
Section 10.3. But Sections 10.2 through 10.5 are independent of each other
and may be read in any order.

10.1 Direct Products

If G and H are groups, then their Cartesian product G X H is also a
group, with the operation defined coordinatewise (Theorem 7.1). In this
section we extend this notion to more than two groups. Then we examine
the conditions under which a group is (isomorphic to) a direct product of
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certain of its subgroups. When these subgroups are of a particularly simple
kind, then the structure of the group can be completely determined, as will
be demonstrated in Section 10.2. Throughout the general discussion all
groups are written multiplicatively, but specific examples of familiar addi-
tive groups are written additively as usual.

IfG,, Gy, . . . ,G,are groups, we define a coordinatewise operation
on the Cartesian product G; X Gy X - -+ X G,.:

(al,ag, o o o ,a") (bl’b2’ 5 o o ,bn)=(alb1,a2b2, PR ,a,,b,,).

Itis easy to verify that G, X G, X - - - X G,isagroup under this operation:
If ¢, is the identity element of G, then (e;, €3, . . . , e,) is the identity
elementof G; X Gy X - - X G,and (a;" %, a,7, . .. ,a,7Y)istheinverse
of (ay, ay, . . ., a,). This group is called the direct product of G,,
Gy, . .., G,.*

EXAMPLE Recall that U, is the multiplicative group of units in Z,, and
that U, = {1, 3} and Ug = (1, 5}. The direct product U, X Ug X Z,
consists of the 12 triples

(1,1,0), (1,11, (1,1,2), (1,5,0), (1,51), (1,5,2)
(3,1,0), (3,1,1), (3,1,2), (3,50), (3,51), (3,5,2).
Note that U, has order 2, U has order 2, Z, has order 3, and the direct

product U, X Ug X Z, has order 2 + 2 - 3 =12. Similarly, in the gen-
eral case,

if G, Gy, . . ., G, are finite groups, then
G, X Gy X - -+ X G, has order |G,| - |G, * - - |G,

In the preceding example it is important to note that the groups Uy,
Us, and Z; are not contained in the direct product U, X Ug X Z;. For in-
stance, 5 is an element of Ug, but 5 is not in Uy X Ug X Z3 because the
elements of U, X Ug X Z are triples. In general, for 1 =i=<n

G, is not a subgroup of the direct product G, X G, X - - - X G, .**

This situation is not entirely satisfactory, but by changing our viewpoint
slightly we can develop a notion of direct product in which the component
groups may be considered as subgroups.

* When each G, is an additive abelian group, the direct product of G,, . . . , G, is sometimes
called the direct sum and denoted G, ® G, ® - - - ®G,,.
** It is true, however, that an isomorphic copy of G,is asubgroupof G, X G, X - - -+ X G, (see

Exercise 12).
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EXAMPLE It is easy to verify that M= {0, 3} and N = {0, 2, 4} are
normal subgroups of Zg (do it!). Observe that every element of Zg can
be written as a sum of an element in M and an element in N in one and
only one way:

0=0+0 1=3+14 2=0+2
3=3+0 4=0+4 5=3+ 2.

Verify that when the elements of Zg are written as sums in this way,
then the addition table for Zg looks like this:

0+0 3+4 0+2 3+0 0+4 3+2

0+0 0+0 3+4 0+2 3+0 0+4 3+2
3+4 3+4 0+2 3+0 0+4 3+2 0+0
0+2 0+2 3+0 0+4 3+2 0+0 3+4
3+0 3+0 0+4 3+2 0+0 3+4 0+2
0+14 0+4 3+2 0+0 3+4 0+2 3+0
3+2 3+2 0+0 3+4 0+2 3+0 0+4

Compare the Zg table with the operation table for the direct product
M X N:

> bl > > >

> > > > ’

3 > > > ’

H > > > >

> B » > >

> >

N O N OO

> >

WO WO WO | O
N O N | O
S WO WO W | W
O M O DN W
SLWO WO W W
WO WO Wo | O
SN O N
S WO WO W )| W
W O N O NN

0,00 (3.4 ( 3,00 (0,4 (3,2
0,00 (3,4 ( (3,00 (0,4) (3,2
3.4 (0,2) (0,4 (3,20 (0,0
0,2) 3,00 ( (3,2) (0,00 (3,4)
(3,00 (0,4 ( (0,00 (3,4 (0,2
0.4 (3,2) ( (3,4)  (0,2) (3,0
3,.2) (0,00 ( 0,2) (3,00 (0,4

> > > > 3

The only difference in these two tables is that elements are written
a + b in the first and (a, b) in the second. Among other things, the
tables show that the direct product M X N is isomorphic to Zg under
the isomorphism that assigns each pair (a, b) € M X N to the sum of its
coordinates a + b € Zg.

Consequently we can express Zgas adirect product in a purely internal
fashion, without looking at the set M X N, which is external to Zg: Write
each element uniquely as a sum a + b, with a € M and b € N. We now de-
velop this same idea in the general case, with multiplicative notation in
place of addition in Zg.
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THEOREM 10.1 LetN,,N, . . . ,N.benormal subgroupsofagroup G such
that every element in G can be written uniquely in the forma,ay - - - a3, with
a; € N,.* Then G is isomorphic to the direct product Ny X Ny X + + + X N;.

The proof depends on this useful fact:

LEMMA 10.2 Let M and N be normal subgroups of a group G such that
MNN=<(e).lfaeMand b €N, then ab = ba.

Proof Consider a'b™'ab. Since M is normal, b~'ab € M by Theorem 7.21.
Closure in M shows that a™'b™'ab = a~!(b™'ab) € M. Similarly, the normal-
ity of Nimplies that a™1b~'a € Nand hence a'b~'ab = (a~b'a)b € N. Thus
a b7 lab e M N N = {e). Multiplying both sides of a'b~1ab = e on the left
by ba shows that ab = ba. I

Proof of Theorem 10.1 Guided by the example preceding the theorem
(but using multiplicative notation) we define a map

FINNXNgX -+ - XNy—=G by flay, a6y, ...,a¢)=ayas" - a.
Since every element of G can be written in the form a,a, - -+ a;
(with a; € N;) by hypothesis, f is surjective. If f(a,, ay, . . ., @)=
f(by, by, ..., by, thenaya, - - - a,=Db, by - - - b;. By the uniqueness
hypothesis, a, = b, for each i (1 =i = k). Therefore (a;, a3, . . . , &)=
(by,by, . . . ,b)in N; X Ny X - -+ X Ny, and fis injective.

In order to prove that f is a homomorphism we must first show that the
N’s are mutually disjoint subgroups, that is, N, N; = (e) when i # j. If
a € N;N N,, then a can be written as a product of elements of the N’s in two
different ways:

ee e . e eae . o 8 e ) e = a = ee s . e e 0 eae . o = e.
) 1 7 1 1 7 i T
N, N, N, N N N N, Ne.

The uniqueness hypothesis implies that the components in N, must be
equal: a = e. Therefore N, N N, = (e) for i # j. In showing that fis a homo-
morphism we shall make repeated use of this fact, which together with
Lemma 10.2, implies that a,b, = by, for a,€ N, and b, € N;:

* Uniqueness means that if aja, - -+ a, = byb, - - - by with each g;, b, € N, then a,= b, for
every i.
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fllay, ..., @by, ... bl =flaby, . .., @by

= albl 02b2 d3b3 e akbk
= a,a, b b,ab; - - - aby
= a,4y b1(13 bgbg e akbk
= (11612 03b1 b2b3 et akbk.
Continuing in this way we successively move a4, as, . . . , g to the left
until we obtain
fllay, -« - sadby, . .. b)) =(a85 " - - ax)(biby * -+ by)

=flay, . .. ,a)f(by, . . ., by).

Therefore fis homomorphism and hence an isomorphism. B

Whenever Gisagroupand Ny, . . . , N;are subgroups satisfying the
hypotheses of Theorem 10.1 we shall say that G is the direct product of
Ny, . . . ,Nyand write G=N; X - - - X N;. Each N, is said to be a direct
factor of G. Depending on the context we can think of G as the external
direct product of the N, (each element a k-tuple (a;, . .., ay)€
N; X -+ - X N;) or as an internal direct product (each element written
uniquely in the form a;a, - * - a; € G).

The next theorem is often easier to use than Theorem 10.1 to prove
that a group is the direct product of certain of its subgroups. The statement
of the theorem uses the following notation. If M and N are subgroups of a
group G, then MN denotes the set of all products mn, withm € Mandn € N.

THEOREM 10.3 If M and N are normal subgroups of a group G such that
G=MNand MO N = (e), then G=MXN.

For the case of more than two subgroups, see Exercise 25.

Proof of Theorem 10.3 By hypothesis every element of G is of the form
mn, with m € M, n € N. Suppose that an element had two such representa-
tions, say mn = myn, , with m, m; € Mand n, n, € N. Then multiplying on the
left by m;™! and on the right by n~! shows that m;"'m = n;n"1. But
m;"'m e M and nyn~! € N and M NN = (¢). Thus m;"'m =e¢ and m =m,;
similarly n = n,. Therefore every element of G can be written uniquely in
the form mn (m € M, n € N), and hence G =M X N by Theorem 10.1. #

EXAMPLE The multiplicative group of unitsin Z5is U5 = {1, 2,4, 7,
8,11,13,14). ThegroupsM ={1,11}and N = {1, 2, 4, 8} are normal
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subgroups whose intersection is (1). Every element of Nis in MN (for
instance, 2 =1 - 2), and similarly for M. Since 11 - 2=7,11 -8 =
13,and 11 - 4 = 14, we see that U ; = MN. Therefore Uj5 = M X Nby
Theorem 10.3. Since Nis cyclic of order 2 and M cyclic of order 4 (2 is
a generator), we conclude that U5 is isomorphic to Z, X Z, (see Exer-
cise 10 and Theorem 7.13).

EXERCISES

NOTE: Unless stated otherwise, G;, . . . , G, are groups.

Al

1.

Find the order of each element in the given group:

(a) ZyXZ, (b)ZyXZyXZ, (c) DyX1Z,

What is the order of the group Uy X Ug X U; X Ug?

(a) List all subgroups of Z, X Z,. (There are more than two.)
(b) Do the same for Z, X Z, X Z,.

4. If G and H are groups, prove that GX H=H X G.

5. Give an example to show that the direct product of cyclic groups

need not be cyclic.

. (a) Write Z,, as a direct product of two of its subgroups.

(b) Do the same Z,5.

(¢} Write Z3, in three different ways as a direct product of two or
more of its subgroups. [Hint: Theorem 10.3.]

LetG,, . . . ,G,begroups. Provethat G, X - - - X G, is abelianif
and only if every G, is abelian.

Let i be an integer with 1 =i = n. Prove that the function
TGy X Gy X - -+ X G, — G,

given by n,(a;,a,,a5, . . . ,a,) = q,isasurjective homomorphism
of groups.

. Is Zg isomorphic to Z, X Z,°?

. (a) If f:G,—H, and g:G, — H, are isomorphisms of groups,

prove that the map 0: G, X G, — H; X H, given by 8(a,b) =
(f(a), g(b)) is an isomorphism.
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11.

12.

13.

14.

15.

16.

17.

(by IfG,=H,fori=1,2, ... ,n, prove that
GyX - XG,=H, X - -+ XH,.

Let H, K, M, N be groups such that K= M X N. Prove that H X K =
HXMXN.

Let i be an integer with 1 <i=<n. Let G} be the subset of
G, X -+ X G, consisting of those elements whose ith coordinate
is any element of G, and whose other coordinates are each the
identity element, that is,

Gr={le; . . . ,€_1, 0 €11, - - - ,€,)]a,€G}.
Prove that

(a) Gfisanormal subgroupof G; X - - - X G
(b) G¥=G,.

(¢) Gy X - -+ X G, is the (internal direct product of its subgroups
Gf, . . ., G} [Hint: Show that every element of G, X - - - X G,
can be written uniquely inthe forma,a, - - - a,, withaq; € G¥; apply
Theorem 10.1.]

Let G be a group and let D= {(a, a, a) |a € G}.
(a) Prove that D is a subgroup of G X G X G.
(b) Prove that D is normal in G X G X ( if and only if G is abelian.

ne

If G,, ..., G, are finite groups, prove that the order of
(ay,ay, . .. ,a,)inG; X - -+ XG,is the least common multiple
of the orders |a;|, las|, . . . ,|a,|.

Letiy, iy, . . . , i, be a permutation of the integers 1, 2, . . . , n.
Prove that

G XG, X - XG,
is isomorphic to

G, XGyX - XG

|Exercise 4 is the case n = 2.]
If N, K are subgroups of a group G such that G=NX Kand Mis a

normal subgroup of N, prove that M is a normal subgroup of G.
|Compare this with Exercise 13 in Section 7.5.]

Let Q@* be the multiplicative group of nonzero rational numbers,
Q** the subgroup of positive rationals, and H the subgroup {1, —1}.
Prove that Q* = Q** X H.
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18.

19.

20.

21.

22.

23.

24.

25.

26.

Let C* be the multiplicative group of nonzero complex numbers
and R** the multiplicative group of positive real numbers. Prove
that C* = R** X R/Z, where R is the additive group of real numbers.

Let Gbe agroup and f1:GC—G,, :G—G,, . . . . f.:G—G,
homomorphisms. For i=1, 2, . . . , n, let m; be the homomor-
phism of Exercise 8. Let f*: G — G, X -+ + X G, be the map de-

ﬁned be*(a) = (fl (al)’ f2 (02), o ’f;l(aﬂ))'
(a) Prove that f*isa homomorphism such that 7, © f* = f,for eachi.

(b) Prove that f* is the unique homomorphism from G to
G, X - -+ X G, such that 7, o f* = £, for every i.

Let N, . . ., Nybe subgroups of an abelian group G. Assume that
every element of G can be written in the form a, - - - a, (with
a, € N;) and that whenever a,a, - - - a, = ¢, then a, = e for every i.
Prove that G=N; X N, X - -+ X N;.

Let G be an additive abelian group with subgroups H and K. Prove
that G = H X K if and only if there are homomorphisms

4 Ty
H= G+==K
()1 2
such that d;(7;(x)) + 8,(n,(x)) = x for every x € G and 7, © §; = ¢y,
Ty © 0y = L, My © 03 = 0, and 713 ° §; = 0, where iy is the identity
map on X, and 0 is the map that sends every element onto the zero
(identity) element. [Hint: Let 7, be as in Exercise 8.]

Let G and H be finite cyclic groups. Prove that G X His cyclic if and

only if (|G|, |H|) = 1.

(a) Show by example that Lemma 10.2 may be false if N is not
normal.

(b) Do the same for Theorem 10.3.

Let N, K be subgroups of a group G, with N normal in G. If N and K
are abelian groups and G = NK, is G the direct product of N and K?

Let Ny, ..., Ny be normal subgroups of a group G. Let
N,N, - - - Nidenote the set of all elements of the form a,a, - -+ a;
with a; € N;. Assume that G = N|N, - - - N; and that

NON, - NNy - - No=(e)
for each i (1 =i <n). Prove that G=N,; X N, X - - - X N,.

Let Ny, . . ., Ny be normal subgroups of a finite group G. If G =
N;N, - -+ Ny (notation as in Exercise 25) and |G|=
INy| - INg|- - -|Ni), prove that G=N; X Ny, X - - - X N,
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27.

28.

29,

30.
31.

32.

33.

35.

Let N, H be subgroups of a group G. G is called the semidirect
product of N and H if N is normal in G, G=NH, and NN H = (e).

Show that each of the following groups is the semidirect product of
two of its subgroups:

(a) S (b) D, (c) S,

A group G is said to be indecomposable if it is not the direct product

of two of its proper normal subgroups. Prove that each of these
groups is indecomposable:

(a) S, (b) D, (c) Z

If p is prime and n is a positive integer, prove that Z,,, is indecompo-
sable.

Prove that Q is an indecomposable group.

Show by example that a homomorphic image of an indecomposable
group need not be indecomposable.

Prove that a group G is indecomposable if and only if whenever H
and K are normal subgroups such that G = H X K, then H= (e) or
K = (e).

Let Ibe the set of positive integers and assume that for each i € LG,
isagroup.* The infinite direct product of the G,is denoted E G,and
consists of all sequences (a,, ay, . . .) with a, € G;. Prove that E G,
is a group under the coordinatewise operation

(al,az, R .)(bl,b2, o9 .)=(alb1,azb2, .. )

. With the notation as in Exercise 33, let > G, denote the subset of
i€l

Mg, consisting of all sequences (c,, c,, . . .) such that there are at
iel

most a finite number of coordinates with ¢; #¢;, where ¢, is the
identity element of G,. Prove that 2 G, is a normal subgroup of

iel
Ig,. ZI G, is called the infinite direct sum of the G,.
i€

iel

Let G be a group and assume that for each positive integer i, N is a
normal subgroup of G. If every element of G can be written
uniquely in the form My, " ny, c ot comy, with i <idy < -0 < and
n, € N, prove that C = 421 N, (see Exercise 34).** [Hint: Adapt the

proof of Theorem 10.1 b; defining f(a,, a;, . . .)tobe the product
of those g, that are not the identity element.] ’

* Any infinite index set I may be used here, but the restriction to the positive integers simpli-
fies the notation.
** Uniqueness means that if a4, v a,=by - b, with i, <ig< ... <% and j, <

j2<...

<Jothenk=tandforr=1,2, .. &k i.=j.anda, =b, .
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36. If (m, n) =1, prove that U,,, = U, X U,.

37. Let Hbe agroupand 1,:H—=G,, 1, H—>G,, . . . ,1,:H—G,
homomorphism with this property: Whenever G is a group and
g:G—= Gy, ge:G—>G,y, . . ., g,:G— G, are homomorphisms,
then there exists a unique homomorphism g*: G -~ H such that
7,° g*= g for every i. Prove that H=G; X G, X - -+ X G,. [See
Exercise 19.]

10.2  Finite Abelian Groups

All finite abelian groups will now be classified up to isomorphism. We
shall prove that every finite abelian group G is a direct sum of cyclic sub-
groups and that the orders of these cvclic subgroups are uniquely deter-
mined by G. The only prerequisites for the proof other than Section 10.1
are basic number theory (Section 1.2) and elementary group theory (Chap-
ter 7, through Lagrange’s Theorem). In particular, we do not assume
Cauchy’s Theorem for abelian groups.

Following the usual custom with abelian groups, all groups are writ-
ten in additive notation in this section. The following dictionary may be
helpful for translating from multiplicative to additive notation:

Multiplicative Notation Additive Notation
ab a+b
e 0
a ka
a=e ka=20
MN={mn|meM, neN} M+N={m+n|meM, neN}
direct product M X N direct sum M ® N
direct factor M direct summand M

Here is a restatement in additive notation of several earlier results that will
be used frequently here:

THEOREM 7.5 Let G be a group and let a € G.
(2) If a has order n, then ka = 0 if and only if n| k.
(3) If a has order td, then ta has order d.

THEOREM 10.1 IfN,, . . . , N, are normal subgroups of a group G such
that every element of G can be written uniquely in the form
ay+a,+ - +a,withaeN,thenG=N, ®N;, @ - - - ©®N,.
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THEOREM 10.3 If M and N are normal subgroups of a group G such th
G=M+Nand MNN=(0), then G=M® N.

Finally we note that Exercise 11 of Section 10.1 will be used witho
explicit mention at several points.

If G is an abelian group and p is a prime, then G(p) denotes the set
elements in G whose order is some power of p; that is,

G(p) ={a € G|la|=p" for some n = 0).

It is easy to verify that G(p) is closed under addition and that the inverse -
any element in G(p) is also in G(p) (Exercise 1). Therefore G(p) is a sul
group of G.

EXAMPLE If G =Z,,, then G(2) is the set of elements having orde
20 91 92 ete. Verify that G(2) is the subgroup {0, 3, 6, 9}; similarl
G(3) ={0, 4, 8}. If G = Z; ® Z;, then G(3) = G since every nonze:
element in G has order 3.

The first step in proving that a finite abelian group G is the direct su
of cyclic subgroups is to show that G is the direct sum of its subgroups G(¢
one for each of the distinct primes dividing the order of G. In order to do th
we need

LEMMA 10.4 Let G be an abelian group and a € G an element of finite orde
Then a=a; +a,+ -+ - + a;, with a,€ G(p,), where p,, . . . , py are t}
distinct positive primes that divide the order of a.

Proof The proof is by induction on the number of distinct primes th
divide the order of a. If ja|is divisible only by the single prime p,, then tt
order of a is a power of p; and hence a € G(p,). So the lemma is true in th
case. Assume inductively that the lemma is true for all elements who:
order is divisible by at most k — 1 distinct primes and that|a|is divisible t
the distinct primes p,, . . . , pi. Then|a|=p," - - - py"*, witheach r; >
Let m = p,™ - - - p*and n = p,™, so that|a| = mn. Then (m,n) = 1 and 1
Theorem 1.3 there are integers u, v such that 1 = mu + nv. Consequentl

a = la = (mu + nv)a = mua + nva.

But mua € G(p,) because a has order mn, and hence p," (mua) = (nm)ua
u(mna) = u0 = 0. Similarly, m(nva) = 0 so that by Theorem 7.5 the order
noa divides m, an integer with only k — 1 distinct prime divisors. Therefo
by the induction assumptionnva = a, + a; + - - - + a;, witha, € G(p,).L
a, = mua; thena =mua +nva=a; +a;+ - -+ + a, with a, € G(p,).
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THEOREM 10.5 If G is a finite abelian group, then

G=G(p) ®G(py) ® - - - ®G(p,),
wherepy, . . ., pyare the distinct positive primes that divide the order of G.
Proof 1If a € G, then its order divides |G| by Corollary 7.34. Hence a =
a;+ -+ +a,, witha, € G(p,) by Lemma 10.4 (where a; = 0 if the prime p,

does not divide |a|). To prove that this expression is unique, suppose
a,+ -+ +a=b + - +b, witha,, b,e G(p,). Since G is abelian

01*b1=(b2_02)+(b3_03)+ v +(bt_at)'

For each i, b, — a;, € G(p,) and hence has order a power of p,, say p;« If
m=py= - -+ pS, then m(b, — a,) = 0 for i = 2, so that

m(a, — b)) =m(by—ay)+ - -+ +mb,—a,)=0+ --- +0=0.

Consequently, the order of a; — b; must divide m by Theorem 7.5. But
a, — b, € G(p,), so its order is a power of p,. The only power of p, that

dividesm = py™ - - - p/tisp,° = 1. Thereforea, — b, = 0anda, = b, . Sim-
ilar arguments for i=2, . . . | t show that q, = b, for every i. Therefore
every element of G can be written uniquely in the forma; + - - - + a,, with

a; € G(p;) and hence G=G(p;) © * - + ® G(p,) by Theorem 10.1. &

If p is a prime, then a group in which every element has order a power
of pis called a p-group. Each of the G(p,) in Theorem 10.5 is a p-group by its
very definition. An element a of a p-group Bis called an element of maximal
order if|b| <|a|for every b € B. If |a| = p® and b € B, then b has order p’ with
j =<n. Since p" = pIp" 7 we see that p"b = p"#(p’b) =0 for every b € B.
Note that elements of maximal order always exist in a finite p-group.

The next step in classifying finite abelian groups is to prove that every
finite abelian p-group has a cyclic direct summand, after which we will be
able to prove that every finite abelian p-group is a direct sum of cyclic
groups.

LEMMA 10.6 Let G be a finite abelian p-group and a an element of maximal
order in G. Then there is a subgroup K of G such that G = (a) ® K.

The following proof is more intricate than most of the proofs earlier in
the book. Nevertheless, it uses only elementary group theory, soif youread
it carefully you shouldn’t have trouble following the argument.

Proof of Lemma 10.6 Consider those subgroups H of G such that
(@) N H={(0). There is at least one (H = (0)), and since G is finite, there
must be a largest subgroup K with this property. Then (a) N K = (0), and
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by Theorem 10.3 we need only show that G = (a) + K. If this is not the
case, then there is a nonzero b such that b ¢ (a) + K. Let k be the smallest
positive integer such that p*b € (a) + K (there must be one since G is a
p-group and hence p’b =0 =0+ 0 € (a) + K for some positive j). Then

(1) c=p*bisnotin (a) + K
and pc = p*b is in (a) + K, say
(2) pc=ta+k (teZ keK).

If a has order p", then p"x = 0 for all x € G because a has maximal order.
Consequently, by (2)
p" YHa + p" k= p"ta + k) = p*~pc) = p"c = 0.

Therefore p* ta = —p" "'k € (a) " K= (0) and p" *ta = 0. Theorem 7.5
shows that p" (the order of a) divides p*~'t, and it follows that p | t. Therefore
pc=ta +k=pma+k for some m, and consequently, k= pc — pma =
p(c — ma). Let

(3) d=c—ma.

Then pd = p(c — ma) = k € K,butd ¢ K (sincec — ma =k’ € Kwould imply
that ¢ = ma + k’ € (a) + K, contradicting (1)). Use Theorem 7.8 to verify
that H={x + zd|x € K, z € Z} is a subgroup of G with KC H. Since d =
0+ 1d e Hand d ¢ K, His larger than K. But K is the largest group such that
(ay N K= (0), so we must have (a) N H # {0). If wis anonzero element of
{a) N H, then

(4) w=sa=k, +rd (kyeK;r,s€el).
We claim that pfr; for if r=py, then since pd € K, 0 #w =sa=k, +

ypd € (a) N K, a contradiction. Consequently (p, r) = 1, and by Theorem
1.3 there are integers u, v with pu + rv = 1. Then

c=1lc=(pu+ rv)c = u(pc) + v(rc)
= u(ta + k) + v(r(d + ma)) [by (2) and (3)]
= u(ta + k) + v(rd + rma)
= u(ta + k) + v(sa — k; + rma) by (4)]
= (ut + vs + rm)a + (uk — vk,) € (a) + K.
This contradicts (1). Therefore G = (a) + K, and hence G = (a) ® K by
Theorem 10.3. &

THEOREM 10.7 (THE FUNDAMENTAL THEOREM OF FINITE ABELIAN
GROUPS) Every finite abelian group G is the direct sum of cyclic groups,
each of prime power order.
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Proof By Theorem 10.5 G is the direct sum of its subgroups G(p), one for
each prime p that divides |G|. Each G(p) is a p-group. So to complete the
proof, we need only show that every finite abelian p-group H is a direct sum
of cyclic groups, each of order a power of p. We prove this by induction on
the order of H. The assertion is true when H has order 2 by Theorem 7.13.
Assume inductively that it is true for all groups whose order is less than |H|
and let a be an element of maximal order p" in H. Then H= (a) ® K by
Lemma 10.6. By induction K is a direct sum of cyclic groups, each with
order a power of p. Therefore the same is true of H= (a) ® K.

EXAMPLE The number 36 can be written as a product of prime
powers in just four ways: 36=2:2-3:-3=2.2-32=
22 - 3 - 3=2% - 32 Consequently, by Theorem 10.7 every abelian
group of order 36 must be isomorphic to one of the following groups:

7,07,02,07,, Z2,07,0Z, L,02,0Z, Z,0L,.

You can easily verify that no two of these groups are isomorphic (the
number of elements of order 2 or 3 is different for each group). Thus
we have a complete classification of all abelian groups of order 36 up
to isomorphism.

You probably noticed that a familiar group of order 36, namely Z,
doesn’t appear explicitly on the list above. However, it is isomorphic to
Z,® Zy, as we now prove.

LEMMA 10.8 If (m, k)= 1,thenZ, 0 Z,=17,,.

Proof The order of (1, 1) in Z,, © Z, is the smallest positive integer ¢ such
that 0 =¢#(1, 1) = (¢, t). Thus t = 0 (mod m) and ¢ = 0 (mod k), so that m |t
and k|t. But (m, k) = 1 implies that mk|¢ by Exercise 17 in Section 1.2.
Hence mk < t. Since mk(1, 1) = (mk, mk) = (0, 0), we must have mk =t =
|(1, 1)|. Therefore Z,, ® Z; (a group of order mk) is the cyclic group gener-
ated by (1, 1) and hence is isomorphic to Z,,; by Theorem 7.13. &

THEOREM 10.9 Ifn=p,™p,™ * - - p/, withp,, . . . , p,distinct primes,
then?,=1,.,.® - ©L,..

Proof The theoremistrue for groupsof order 2. Assume inductively that it
is true for groups of order less than n. Apply Lemma 10.8 with m = p,™ and
k=py2 -+ - p~ThenZ,=1Z,, ® Z;,and the induction hypothesis shows
that Z, = Zpg,., ®---® ch..,. a



322

10 Topics in Group Theory

Combining Theorems 10.7 and 10.9 yields a second way of expressir.z
a finite abelian group as a direct sum of cyclic groups.

EXAMPLE Consider the group
C=2,02,02, L OL;OL; O Ly D L5 ® L.

Arrange the prime power orders of the cyclic factors by size, with on«
row for each prime:

2 2 22 23
3 3 3
5 52

Now rearrange the cyclic factors of G using the columns of this array as
a guide (see Exercise 15 of Section 10.1) and apply Theorem 10.9:
G=(Z,® (22(913)®£Z4®Zs®li)®gls®ls®225)

G=2,0 I, ® Z, ® Ly,

This last decomposition of G as a sum of cyclic groups is sometimes
more convenient than the original prime power decomposition: There
are fewer cyclic factors, and the order of each cyclic factor divides the
order of the next one. Although the notation is abit more involved, the
same process works in the general case and proves

THEOREM 10.10 Every finite abelian group is the direct sum of cyclic
groups of orders my, my, . . . , m,, where m; |my, my|my, mg|my, . . .,
my—y | m,.

It’s worth a brief detour to note that Theorem 10.10 provides an
alternate proof of Theorem 7.41, which we restate here as

COROLLARY 10.11 If G is a finite subgroup of the multiplicative group of
nonzero elements of a field F, then G is cyclic.

Proof Since G is a finite abelian group, Theorem 10.10 implies that G =
Z, ® - ®L,, where each m, divides m,. Every element b in Z,, ®
-+ - ®L, satisfies mb = 0 (why?). Consequently, every element g of the
multiplicative group G must satisfy g™ = 1 (that is, must be a root of the
polynomial x™ — 1g). Since G has order mymy - - - m, and x™ — 1 has at
most m, distinct roots in F by Corollary 4.13, we must have t=1 and
¢=17,.1

If G is a finite abelian group, then the integers m;, . . . , m, in
Theorem 10.10 are called the invariant factors of G. When G is written asa
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direct sum of cyclic groups of prime power orders, as in Theorem 10.7, the
prime powers are called the elementary divisors of G. Theorems 10.7 and
10.10 show that the order of G is the product of its elementary divisors and
also the product of its invariant factors.

EXAMPLE All abelian groups of order 36 can be classified up to
isomorphism in terms of their elementary divisors (as in the example

preceding Lemma 10.8) or in terms of their invariant factors:

Elementary  Invariant  Isomorphic

Group Divisors Factors Group
1,07, ®Z; @I, 2,2,3,3 6,6 Z;®Z
2,67, ®1Z, 2,2, 32 2,18 2, ®Z,
2,0Z; 1L, 22,3,3 3,12 1,01,
1,012, 22, 32 36 Zy

The Fundamental Theorem 10.7 can be used to obtain a list of all
possible abelian groups of a given order. To complete the classification of
such groups we must show that no two groups on the list are isomorphic,
that is, that the elementary divisors of a group are uniquely determined. *

THEOREM 10.12 Let G and H be finite abelian groups. Then G is isomorphic
to H if and only if G and H have the same elementary divisors. "

Itis also true that G = H if and only if G and H have the same invariant
factors (Exercise 24).

Proof of Theorem 10.12 If G and H have the same elementary divisors,
then both G and H are isomorphic to the same direct sum of cyclic groups
and hence are isomorphic to each other. Conversely, if f: G — H is an
isomorphism, then a and f(a) have the same order for each a € G. It follows
that for each prime p, f(G(p)) = H(p) and hence G(p) = H(p). The elemen-
tary divisors of G that are powers of the prime p are precisely the elemen-
tary divisors of G(p), and similarly for H. So we need only prove that
isomorphic p-groups have the same elementary divisors. In other words, we
need prove the theorem only when G and H are p-groups.

The proof for isomorphic p-groups is by induction on the order of G.
All groups of order 2 obviously have the same elementary divisor, 2, by
Theorem 7.13. So assume that the statement is true for all groups of order

* The remainder of this section is optional. Theorem 10.12 is often considered to be part of the
Fundamental Theorem of Finite Abelian Groups.
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less than |G|. Suppose that the elementary divisors of G are
PPt L P PP, D withn,=2zn,=2 - -+ 2n,>1
r copies
and that the elementary divisors of H are
pPrL P, L P D Py, D withm,zm,= - - - 2m; > 1.
s copies

Verify that pG = {px | x € G} isasubgroup of G (Exercise 2). If Gis the direct
sum of groups C,, verify that pG is the direct sum of the groups pC; (Exercise
4). If C, is cyclic with generator a of order p*, then pC, is the cyclic group
generated by pa. Since pa has order p*~! by part (3) of Theorem 7.5, pC, is
cyclic of order p*~!. Note that when n = 1 (that is, when C;is cyclic of order
p), then pC; = (0). Consequently, the elementary divisors of pG are

pnl—l pﬂg-l L. pn,—l.
A similar argument shows that the elementary divisors of pH are
pml—l, pmg—l, C e, pmk—l‘

Iff: G — His anisomorphism, verify that f(pG) = pHso that pG = pH.
Furthermore, pG # G (Exercise 9), and hence pG and pH have the same
elementary divisors by the induction hypothesis; that is, ¢ = k and

pnl=pml so that n—1=m—1fori=1,2, ..., ¢t

Therefore n, = m, for each i. So the only possible difference in elementary
divisors of G and H is the number of copies of p that appear on each list.
Since |G| is the product of its elementary divisors, and similarly for |H|, and
since G = H, we have

phpte - - - pMpt=|Gl=|H|=p™p™e - - - pTip’.

Therefore p” = p* and hence r = s. Thus G and H have the same elementary
divisors. B

EXERCISES

NOTE: All groups are written additively, and p always denotes a positive
prime, unless noted otherwise.

A. 1. If Gis an abelian group, prove that G(p) is a subgroup.

2. If Gis an abelian group, prove that pG = {px | x € G }isasubgroup of
G.
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10.

11.

12.

13.
14.

15.

16.

. List all abelian groups (up to isomorphism) of the given order:

(a) 12 (b) 15 (c) 30 d) 72
(e) 90  (f) 144 (g) 600  (h) 1160

If G and G, are abelian groups suchthat G =G, ® - - - ® G,,, show
that pG=pG, ® - -+ ®pG,.

Find the elementary divisors of the given group:
(a) Zyso (b) Zg ®Z,, ®Zy4
(€) Zyo ©® Zyg © L3y © Lyg (d) Zyy © Zyp @ Zygo @ Zyyo

. Find the invariant factors of each of the groups in Exercise 5.

. Find the elementary divisors and the invariant factors of the given

group. Note that the group operation is multiplication in the first
three and addition in the last.
(a) Us (b) Uy, (¢) Ups (d) M(Z,)

. If G is the additive group @Q/Z. what are the elements of the sub-

group G(2)? Of G(p) for any positive prime p?
(a) If G is a finite abelian p-group, prove that pG # G.

(b) Show that part (a) mav be false if G is infinite. [Consider the
group G(2) in Exercise 5.]

If Gis an abelian p-group and (n, p) = 1 prove thatthemapf: G — G
given by f(a) = na is an isomorphism.

If G is a finite abelian p-group such that pG = (0), prove that G =
Z,® - - - @1Z,for some finite number of copies of Z,,.

(Cauchy’s Theorem for Abelian Groups) If G is a finite abelian
group and p is a prime that divides |G|, prove that G contains an
element of order p. [Hint: Use the Fundamental Theorem to show
that G has a cyclic subgroup of order p*; use Theorem 7.5 to find an
element of order p.]

Prove that a finite abelian p-group has order a power of p.

If G is an abelian group of order p'm, with (p, m) = 1, prove that
G(p) has order p'.

If G is a finite abelian group and p is a prime such that p* divides|G|,
then prove that G has a subgroup of order p".

For which positive integers n is there exactly one abelian group of
order n (up to isomorphism)?
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17.

18.

19.

20.

22.

23.

24.

25.

10.3

Let G, H, K be finite abelian groups.
(a) HG® G=H® H, prove that G = H.
(b {G®H=G®K, prove that H=K.

If G is an abelian group of order n and k | n, prove that there exist a
group H of order k and a surjective homomorphism G — H.

Let G be an abelian group and T'the set of elements of finite order in
G. Prove that

(a) T is a subgroup of G (called the torsion subgroup).

(b) Every nonzero element of the quotient group G/T has infinite
order.

If G is an abelian group, do the elements of infinite crder in G
(together with 0) form a subgroup? [Hint: Consider Z ® Z, ]

. If G is an abelian group and f: G — Z a surjective homomorphism

with kernel K, prove that G has a subgroup H such that H =7 and
G=K®H

Let G and H be finite abelian groups with this property: For each
positive integer m the number of elements of order m in G is the
same as the number of elements of order m in H. Prove that G = H.

Let G be finite abelian group with this property: For each positive
integer m such that m | |G|, there are exactly m elements in G with
order dividing m. Prove that G is cyclic.

Let G and H be finite abelian groups. Prove that G = Hif and only if
G and H have the same invariant factors.

If Gis an infinite abelian torsion group (meaning that every element
in G has finite order), prove that G is the infinite direct sum 2 G(p),
where the sum is taken over all positive primes p. [Hint: See Exer-
cises 34 -35 in Section 10.1 and adapt the proof of Theorem 10.5.]

The Sylow Theorems and Applications

Nonabelian finite groups are vastly more complicated than finite abe-
lian groups, which were classified up to isomorphism in the last section. The
Sylow Theorems are the first basic step in understanding the structure of
nonabelian finite groups. Since the proofs of these theorems are largely



10.3 The Sylow Theorems and Applications

327

unrelated to the way the theorems are actually used to analyze groups, the
proofs will be postponed to the next section. * In this section we shall try to
give you a sound understanding of the meaning of the Sylow Theorems and
some examples of their many applications.

Throughout the general discussion in this section all groups are writ-
ten multiplicatively and all integers are assumed to be nonnegative.

Once again the major theme is the close connection between the
structure of a group G and the arithmetical properties of the integer |G|.
One of the most important results of this sort is Lagrange’s Theorem, which
states that if G has a subgroup H, then the integer |H| divides |G|. The First
Sylow Theorem provides a partial converse:

THEOREM10.13 (FIRSTSYLOW THEOREM) Let G be a finite group. If pis
a prime and p* divides |G|, then G has a subgroup of order p*.

EXAMPLE The symmetric group Sg has order 6! = 720 =24 - 32 - 5,
The First Sylow Theorem (with p = 2) guarantees that Sg has sub-
groups of orders 2, 4, 8, and 16. There may well be more than one
subgroup of each of these orders. For instance, there are at least 60
subgroups of order 4 (Exercise 1). Applying the theorem with p = 3
shows that Sg has subgroups of orders 3 and 9. Similarly, S has at least
one subgroup of order 5.

If p is a prime that divides the order of a group G, then G contains a
subgroup K of order p by the First Sylow Theorem. Since K is cyclic by
Theorem 7.35, its generator is an element of order p in G. This proves

COROLLARY 10.14 (CAUCHY'S THEOREM) If G is a finite group whose
order is divisible by a prime p, then G contains an element of order p.

Let G be a finite group and p a prime. If p" is the largest power of p that
divides |G|, then a subgroup of G of order p" is called a Sylow p-subgroup.
The existence of Sylow p-subgroups is an immediate consequence of the
First Sylow Theorem.

EXAMPLE Since S, has order 4! = 24 = 23 - 3, every subgroup of
order 8 is a Sylow 2-subgroup. You can readily verify that
{(1), (1234), (13)(24), (1432), (24), (12)(34), (13), (14)(32)}

is a subgroup of order 8 and hence a Sylow 2-subgroup. There are two

* Puritans who believe that the work must come before the fun should read Section 10.4 before
proceeding further.



328

10 Topics in Group Theory

other Sylow 2-subgroups (Exercise 2). Any subgroup of S, of order 3 is
a Sylow 3-subgroup. Two of the four Sylow 3-subgroups are {(123),
(132), (1)} and {(134), (143), (1)}.

EXAMPLE* Letpbeaprime and G afinite abelian group of order p*m,
where p [ m. Then

G(p) = {a € G||a| = p* for some k = 0}

is a Sylow p-subgroup of G since G(p) has order p" by Exercise 14 of
Section 10.2. As we shall see below, G(p) is the unique Sylow p-sub-
group of G. Theorem 10.5 shows that G is the direct sum of all its
Sylow subgroups (one for each of the distinct primes that divide |C).

Let G be a group and x € G. The last example on page 180 shows that
the map f: G — G given by f(a) = x"'ax is an isomorphism. If K is a sub-
group of G, then the image of K under fis x"'Kx = {x kx| k € K). Hence
1 Kx is a subgroup of G that is isomorphic to K. In particular, x2Kx has the
same order as K. Consequently,

if K is a Sylow p-subgroup of G, then so is x"1Kx.

The next theorem shows that every Sylow p-subgroup of G can be obtained
from K in this fashion.

THEOREM 10.15 (SECOND SYLOW THEOREM) If P and K are Sylow
p-subgroups of a group G, then there exists x € G such that P = x'Kx.

Theorem 10.15, together with the italicized statement in the preced-
ing paragraph, shows that

any two Sylow p-subgroups of G are isomorphic.

COROLLARY 10.16 Let G be a finite group and K a Sylow p-subgroup for
some prime p. Then K is normal in G if and only if K is the only Sylow
p-subgroup in G.

Proof We know that x~*Kxis a Sylow p-subgroup for every x € G. IfKis the
only Sylow p-subgroup of G, then we must have x"1Kx = K for every x € G.
Therefore K is normal by Theorem 7.21. Conversely, suppose K is normal
and let P be any Sylow p-subgroup. By the Second Sylow Theorem there
exists x € G such that P = x7'Kx. Since K is normal, P = x"'Kx = K. There-
fore K is the unique Sylow p-subgroup. i

* Skip this example if you haven’t read Section 10.2.
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The preceding theorems establish the existence of Sylow p-subgroups
and the relationship between any two such subgroups. The next theorem
tells us how many Sylow p-subgroups a given group may have.

THEOREM 10.17 (THIRD SYLOW THEOREM) The number of Sylow p-
subgroups of a finite group G divides |G| and is of the form 1 + pk for some
nonnegative integer k.

Simple groups (those with no proper normal subgroups) are the basic
building blocks for all groups. So it is useful to be able to tell if there are any
simple groups of a particular order. The Third Sylow Theorem, together
with appropriate counting arguments and Corollary 10.16, can often be
used to establish the existence of a proper normal subgroup of a group G,
thus showing that G is not simple.

EXAMPLE If G is a group of order 45 =32 - 5, then each Sylow
3-subgroup has order 9, and the number of such subgroups is a divisor
of 45 of the form 1 + 3k. The divisorsof 45 are 1, 3, 5, 9, 15, 45, and
the integers of the form 1 + 3k (withk = 0) are1,4,7,10,13,16,19,
11, 25, etc. Since 1 is the only number on both lists, G has exactly one
Sylow 3-subgroup. This subgroup is normal by Corollary 10.16. Con-
sequently, no group of order 45 can be simple.

EXAMPLE We shall show that there is no simple group of order
56 = 23 - 7. The only divisors of 56 of the form 1 + 7k are 1 and 8. So
G has either one or eight Svlow 7-subgroups, each of order 7. If there
is just one Sylow 7-group, it has to be normal by Corollary 10.16.So G
is not simple in that case. If G has eight Sylow 7-groups, then each of
them has six nonidentity elements, and each nonidentity element has
order 7 by Corollary 7.34. Furthermore, the intersection of any two of
these subgroups is (¢) by Exercise 7 of Section 7.8. Consequently,
there are 8 - 6 = 48 elements of order 7 in G. Every Sylow 2-sub-
group of G has order 8. Each element of a Sylow 2-subgroup must have
order dividing 8 by Corollary 7.34 and therefore cannot be in the set
of 48 elements of order 7. Thus there isroom in G for only one group of
order 8. In this case, therefore, the single Sylow 2-subgroup of order 8
is normal by Corollary 10.16, and G is not simple.

In the preceding examples, the Sylow Theorems were used to reach a
negative conclusion (the group is not simple). But the same techniques can
also lead to positive results. In particular, they allow us to classify certain
classes of finite groups up to isomorphism.
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COROLLARY 10.18 Let G be a group of order pq, where p and q are primes
such thatp > q. If q [ (p — 1), then G=1Z,,.

Proof Since the only divisors of |G|are 1, p, g, and pg, there are either one
or g Sylow p-subgroups by the Third Sylow Theorem. But g is not of the
form 1 + pk since p > g. So there is a unique Sylow p-subgroup Hof order p.
which is normal by Corollary 10.16. Similarly, there are either one or p
Sylow g-subgroups. We cannothave p =1 + gksince g [ (p — 1). Sothere is
a unique Sylow g-subgroup K of order g, which is normal by Corollary
10.16. Since H N K is a subgroup of both H and K, its order must divide both
|H|= p and |K|= g by Lagrange’s Theorem. Hence H N K = (e). Exercise
16 shows that G = HK. Therefore G = H X Kby Theorem 10.3. But H=7,
and K=1Z, by Theorem 7.35. Consequently, by Lemma 10.8* G=
HXK=Z,XZ,=17,,. B

EXAMPLE It is now easy to classify all groups of order 15=5 - 3,
Apply Corollary 10.18 withp = 5, g = 3 to conclude that there is just
one group of order 15 up to isomorphism, namely Z, 5. Similarly there
is a single group (up to isomorphism) for each of these orders:
33=11-3,35=7-5,65=13-5,77=11-7,and 91 =13 - 7.

-

We close this section with another piece of the classification problem.
You may have to take some parts of this argument on faith for the moment,
since it depends on a theorem from the last section and an exercise in the
next section.

]

EXAMPLE We shall classify all groups of order 45 up to isomorphism.
The example following Theorem 10.17 shows that a group G of order
45 necessarily has a normal subgroup H of order 9. The group G has a
single Sylow 5-subgroup K of order 5 because 1 is the only divisor of
45 of the form 1 + 5k. The subgroup K is normal by Corollary 10.16.
Since the order of H N K must divide both |H|= 9 and |[K|= 5 by La-
grange’s Theorem, HN K = (e). Exercise 16 shows that G = HK.
Therefore G = H X K by Theorem 10.3. We know that K = Z; by
Theorem 7.34. Exercise 12 in the next section shows that every group
of order 32 is abelian. Consequently, H is isomorphic to Zg or Z; X Z,
by Theorem 10.7. Therefore G = H X K is isomorphic to Zy X Z5 or
Ly XLy X Zs.

S R SR e

* The proof of this lemma is independent of the rest of Section 10.2 and may be read now if you
skipped that section.
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EXERCISES

NOTE: Unless stated otherwise, G is a finite group and p is a prime.

A.

1.

Show that Sg has at least 60 subgroups of order 4. [Hint: Consider
cyclic subgroups generated by a 4-cycle (such as ((1234))) or by the
product of a 4-cycle and a disjoint transposition (such as
((1234)(56))); also look at noncyclic subgroups, such as {(1), (12),
(34), (12)(34)}.]

. (a) List three Sylow 2-subgroups of S,.

(b) List four Sylow 3-subgroups of S,.

. List the Sylow 2-subgroups and Sylow 3-subgroups of A,.

4. List the Sylow 2-subgroups, Sylow 3-subgroups, and Sylow 5-sub-

10.

11.

12.

13.

groups of Z,3 X Z,, X Z,,. [Section 10.2 is a prerequisite for this
exercise.|

. How many Sylow p-subgroups can G possibly have when

(a) p=3and|G|=T72 (b) p=>5and|G|= 60
Classify all groups of the given order up to isomorphism:
(a) 115 (b) 143 (c) 391

. Prove that there are no simple groups of the given order:

(a) 42 (b) 200 (c) 231 (d) 255

. A (not necessarily finite) group G in which every element has order

apower of the prime p is called a p-group. Use Cauchy’s Theorem to
prove that a finite p-group has order p* for some n = 0.

If N is a normal subgroup of a (not necessarily finite) group G and
both N and G/N are p-groups, then prove that G is a p-group.

If fis an automorphism of G and K is a Sylow p-subgroup of G, is it
true that f(K) = K?

Let Kbe a Sylow p-subgroup of G and H any subgroup of G.IsK N H
a Sylow p-subgroup of H? [Hint: Consider S,.]

Let K be a Sylow p-subgroup of G and N a normal subgroup of G.
Prove that K N N is a Sylow p-subgroup of N.

If every Sylow subgroup of G is normal, prove that G is the direct
product of its Sylow subgroups (one for each prime that divides|G|).
A group with this property is said to be nilpotent.
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14.

15.

16.

17.

18.
19.
20.

21.

22.

24.

10.4

If G is a nilpotent group (see Exercise 13), prove that G has this
property: If m divides |G}, then G has a subgroup of order m. [You
may assume Exercise 23 in Section 10.4.]

If G is a noncyclic group of order 21, how many Sylow 3-subgroups
does G have?

(a) If H and K are subgroups of G, then HK decnotes the set
{hke GlheH, keK}. If HNK= (e), prove that |HK|=
|H| - |K|. |Hint: If hk = hik,, then h;7th = kk;]

(b) If H and K are any subgroups of , prove that
[HK|= (|H| - [K])/IH N K|.

H G is a simple group of order 168, prove that G has eight Sylow
7-subgroups.

If p is prime, prove that there are no simple groups of order 2p.
Prove that there are no simple groups of order 30.

If p and g are distinct primes, prove that there is no simple group of
order p%q.

If p, g, r are primes with p < g <r, prove that a group of order pgr
has a normal Sylow r-subgroup and hence is not simple.

(a) If|Gl= 1035, prove that G has a subgroup of order 35.
(b) If|G|= 375, prove that G has a subgroup of order 15.

. Prove that there is no simple nonabelian group of order less than 60.

[You may assume Exercises 12 and 23 in Section 10.4.]

Classify all groups of order 21 up to isomorphism.

Conjugacy and the Proof of the Sylow Theorems

The prerequisites for this section are Lagrange’s Theorem and its
corollaries, together with Cauchy’s Theorem for abelian groups, all of .
which appear in Section 7.8, and Appendix D. The proofs of the Sylow
Theorems depend heavily on the concept of conjugacy, which we now
develop.

Let G be a group and a, b € G. We say that q is conjugate to b if there
exists x € G such that b = xlax. For example, (12) is conjugate to (13) in S,
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because
(123)71(12)(123) = (132)(12)(123) = (13).

The key fact about conjugation is

THEOREM 10.19 Conjugacy is an equivalence relation on G.

Proof We write a ~ b if a is conjugate to b. Reflexive: a ~ a since a =
eae = ¢ lae. Symmetric:If a ~ b, then b = x 'ax for some x in G. Multiplying
on the left by x and on the right by x7! shows that a = xbx™! = (x™1)"1bx™.
Hence b ~ a. Transitive: Ifa ~ band b ~ ¢, thenb = x 'axand ¢ = y by for
some x, y € G. Hence ¢ =y (x tax)y = (y " x Va(xy) = (xy) la(xy). Thus
a ~ c, and therefore ~ is an equivalence relation. B

The equivalence classes in G under the relation of conjugacy are
called conjugacy classes. The discussion of equivalence relations in Appen-
dix D shows that

The conjugacy class of an element a consists of all the elements in G
that are conjugate to a.

Two conjugacy classes are either disjoint or identical.

The group G is the union of its distinct conjugacy classes.

EXAMPLE The conjugacy class of (12) in S, consists of all elements
x~1(12)x, with x € S3. A straightforward computation shows that for
any x € S5, x }(12)x is one of (12), (13), or (23); for instance,

(23)71(12)(23) = (23)(12)(23) = (13)
(132)71(12)(132) = (123)(12)(132) = (23).

Thus the conjugacy class of (12)is {(12), (13), (23)}. Similar computa-
tions show that there are three distinct conjugacy classes in S;:

(MY ((123).1132))  {(12), (13), (23)}.

Although these conjugacy classes are of different sizes, note that the
number of elements in any conjugacy class (1, 2, or 3) is a divisor of 6,
the order of S;. We shall soon see that this phenomenon occurs in the
general case as well.

i

Let G be a group and a € G. The centralizer of a is denoted C(a) and
consists of all elements in G that commute with q, that is,

Cla) = {g € G| ga = ag).
If G=S; and a = (123), for example, you can readily verify that C(a) =
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{(1), (123), (132)} and that C(a) is a subgroup of S3. If a is a nonzero rational
number in the multiplicative group Q*, every element of Q* commutes with
a, so C(a) is the entire group Q*. These examples are illustrations of

THEOREM 10.20 If G is a group and a € G, then C(a) is a subgroup of G.

Proof If g, h € C(a), then

(gh)a = g(ha) = g(ah) = (ga)h = (ag)h = a(gh).
So gh € C(a), and C(a) is closed. Multiplying ga = ag on both the left and
right by g7! shows that ag™! = g~1a. Hence g € C(a) implies that g™! € C(a).
Therefore C(a) is a subgroup by Theorem 7.7 B

The centralizer leads to a very useful fact about the size of conjugacy
classes:

THEOREM 10.21 Let G be a group and a € G. The number of distinct
conjugates of a (that is, the number of elements in the conjugacy class of a) is
|G : C(a)], the index of C(a) in G, and therefore divides |G|

Proof Denote C(a) by C and let x, y € G. Then

1

xlax =y lay < a = xy layx” [left multiply by x; right multiply

by x7]
<= a= (yx Y la(yx™") [Corollary 7.3]
< (yx Ya = alyx™?) [left multiply by yax~]
=yxleC [definition of C]
<= Cy=Cx [Theorem 7.18]

Thus x and y produce the same conjugate of a if and only if x and y are in the
same coset of C. Equivalently, if x and y are in different cosets of C, then
x lax # y 'ay. Now G is the union of the distinct cosets of C, say G = Cx; U
Cx, U - -+ U Cx,, and the conjugates of a are all the elements z7'az, as 2z
runs over G. So the distinct conjugates of a will be the t elements

x,laxy xo 7t axg,xg taxg, .. ., x lax,.

But t is the number of distinct cosets of C in G, that is, t = [G: C]. This index
divides |G| by Lagrange’s Theorem 7.33. B '

Let G be a finite group and let C,, C,, . . . , C,be the distinct conju-
gacy classes of G. Then G = C; U C, U - - - U C,. Since distinct conjugacy
classes are mutually disjoint,

oy IGI=I1C U CU - - - UGI=|Cy| +|Cgl+ - - - +IC,
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where |C;| denotes the number of elements in the class C;. Now choose one
element, say q,, in each class C,. Then C, consists of all the conjugates of q;.
By Theorem 10.21,|C,|is precisely [G : C(a,)], a divisor of |G|. So equation (1)
becomes

(2) |GI=[G:Cla)] +[G:Clag)] + - - - +[G:Clay)].

This equation (in either version (1) or (2)) is called the class equation of the
group G. It will be the basic tool for proving the Sylow Theorems. Other
applications of the class equation, such as the fact that every group of order
p? (p prime) is abelian, are discussed in Exercises 11 and 12.

EXAMPLE In the example after Theorem 10.19 we saw that S, has
three distinct conjugacy classes of sizes 1, 2, and 3. Since |S3| = 6, the
class equation of S3is 6 =1+ 2 + 3.

Recall that the center of a group G is the set Z(G) consisting of those
elements of G that commute with every element of G, that is,

Z(G)={ceG|cx=xcforeveryxe G}.

Z(QG) is an abelian normal subgroup of G by Exercise 8 in Section 7.5.*
Observe that cx = xc if and only if x"!cx = c¢. Thus ¢ is in the center of G if
and only if ¢ has exactly one conjugate, itself. Consequently, Z(G) is the
union of the one-element conjugacy classes of G, and the class equation can
be written

3) IGI=IZ(G)|+ G+ G|+ - - - +IC,

where C;, . . . , C, are the distinct conjugacy classes of G that contain
more than one element each and each |C/| divides |G|.
We now have all the necessary tools for the

Proof of the First Sylow Theorem 10.13 The proof is by induction on the
order of G. If |G| = 1, then p° s the only prime power that divides|G|, and G
itselfis a subgroup of order p°. Suppose (G| > 1 and assume inductively that
the theorem is true for all groups of order less than |G|. Combining the
second and third forms of the class equation of G shows that

IGI=1Z(G)| + [G:Cla)] + [G:Clag] + - -+ +[G:C(a)],

where for each i, [G:C{a)] > 1. Furthermore, |Z(G)|= 1 (since e € Z(G)),
and |C(a,)| <| G| (otherwise, [G: C(a,)] = 1).

Suppose there is an index j such that p does not divide [G: C(a,)]. Then
p* must divide |C(a,)| because p* divides |G| by hypothesis and |G|=
|C(a)| - [G:C(ay)] by Lagrange’s Theorem. Since the subgroup C(a) has

* The group G is abelian if and only if G = Z(G).
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order less than|G], the induction hypothesis implies that C(a,), and hence G,
has a subgroup of order p*.

On the other hand, if p divides [G: C(q,)] for every i, then since p
divides |G|, p must also divide |G| — [G: C(a,)] — - - -+ — [G:C(a,)} =|Z(G)\.
Since Z(G) is abelian, Z(G) contains an element c of order p by Theorem
7.38. Let Nbe the cyclic subgroup generated by ¢. Then N has order p andis
normal in G (Exercise 8). Consequently, the order of the quotient group
G/N, namely |G|/p, is less than |G| and divisible by p*~!. By the induction
hypothesis G/N has a subgroup T of order p*~*. There is a subgroup H of G
such that N C Hand T = H/Nby Theorem 7.31. Lagrange’s Theorem shows
that|H|=|N| - |H/N|=|N| - |T| = pp*~! = p*. So G has a subgroup of order p*
in this case too. B

The basic tools needed to prove the last two Sylow Theorems are very
similar to those used above, except that we will now deal with conjugate
subgroups rather than conjugate elements. More precisely, let H be a fixed
subgroup of a group G and let A and Bbe any subgroups of G. We say that A
is H-conjugate to B if there exists an x € H such that

B=x'Ax={x"lax|a € A}.

In the special case when H is the group G itself, we simply say that A is
conjugate to B.

THEOREM 10.22 Let H be a subgroup of a group G. Then H-conjugacy is an
equivalence relation on the set of all subgroups of G.

Proof Copy the proof of Theorem 10.19, using subgroups A, B, C in place
of elements a, b, c. 1

Let A be a subgroup of a group G. The normalizer of A is the set N(A)
defined by
NA)={ge G|g'Ag= A}.
It is easy to verify that A C N(A) (Exercise 7).

THEOREM 10.23 If Ais a subgroup of a group G, then N(A) is a subgroup of
G and A is a normal subgroup of N(A).

Proof 1f a, a, € A, then g™'ag = a, if and only if ag = ga,. Consequently,
g € N(A) if and only if Ag = gA. Using this fact, the proof of Theorem 10.20
can be readily adapted to prove that N(A) is a subgroup. The definition of
N(A) shows that A is normal in N(A).
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THEOREM 10.24 Let H and A be subgroups of a finite group G. The number
of distinct H-conjugates of A (that is, the number of elements in the equiva-
lence class of A under H-conjugacy) is [H: H N N(A)] and therefore divides
H.

Proof The proof of Theorem 10.21 carries over to the present situation if
vou replace G by H, aby A, and Cby HN N(A). B

LEMMA 10.25 Let Q be a Sylow p-subgroup of a finite group G. If x € G has
order a power of p and x71Qx = Q, then x € Q.

Proof Since Q is normal in N(Q) by Theorem 10.23, the quotient group
N(Q)/Q is defined. By hypothesis, x € N(Q). Since |x|is some power of p, the
coset Qx in N(Q)/Q also has order a power of p. Now Qx generates a cyclic
subgroup T of N(Q)/Q whose order is a power of p. By Theorem 7.31,
T = H/Q, where His a subgroup of G that contains Q. Since the orders of the
groups Q and T are each powers of p and |H|=|Q| - |T| by Lagrange’s
Theorem,|H|must be a power of p. But Q C H, and|Q|is the largest power of
p that divides|G|by the definition of a Svlow p-subgroup. Therefore Q = H,
and hence T = H/Q is the identity subgroup. So the generator Qx of T must
be the identity coset Qe. The equality Qx = Qe implies that x € Q. I

Proof of the Second Sylow Theorem 10.15 Since Kisa Sylow p-subgroup,
K has order p", where |G|= p"mand p | m. Let K=K, K,, . . . ,K,bethe
distinct conjugates of K in G. By Theorem 10.24 (with H= G and K = A),
t=|[G:N(K)]. Note that p does not divide t [reason: p"m =|G|=
IN(K)| * [G:N(K)] =|N(K)| - t and p" divides [N(K)| because K is a sub-
group of N(K)|. We must prove that the Sylow p-subgroup P is conjugate to
K, that is, that Pis one of the K,. To do so we use the relation of P-conjugacy.

Since each K| is a conjugate of K; and conjugacy is transitive, every
conjugate of K, in G is also a conjugate of K, . In other words, every conju-
gate of K, is some K;. Consequently. the equivalence class of K, under
P-conjugacy contains only various K. So the set S= (K, , K,, . . . , K.} of
all conjugates of K is a union of distinct equivalence classes under P-conju-
gacy. The number of subgroups in each of these equivalence classes is a
power of p because by Theorem 10.24 the number of subgroups that are
P-conjugate to K,is [P: P N N(K,)|, which is a divisor of|P| = p"by Lagrange’s
Theorem. Therefore t (the number of subgroups in the set S) is the sum of
various powers of p (each being the number of subgroups in one of the
distinct equivalence classes whose union is S). Since p doesn’t divide t, at
least one of these powers of p must be p® = 1. Thus some K, is in an equiva-
lence class by itself, meaning that x 'K ;x = K, for every x € P. Lemma 10.25
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(with Q = K;) implies that x € K, for every such x, so that P C K,. Since both
Pand K; are Sylow p-subgroups, they have the same order. Hence P=K,. i

Proof of the Third Sylow Theorem 10.17 LetS={K,, . . . ,K,}betheset
of all Sylow p-subgroups of G. By the Second Sylow Theorem, they are all
conjugates of Ky . Let P be one of the K, and consider the relation of P-con-
jugacy. The only P-conjugate of P is P itself by closure. The proof of the
Second Sylow Theorem shows that the only equivalence class consisting of a
single subgroup is the class consisting of P itself. The proofalso shows that S
is the union of distinct equivalence classes and that the number of sub-
groups in each class is a power of p. Just one of these classes contains P, so
the number of subgroups in each of the others is a positive power of p.
Hence the number t of Sylow p-subgroups is the sum of 1 and various
positive powers of p and therefore can be written in the form 1 + kp for
some integer k. B

EXERCISES

NOTE: Unless stated otherwise, G is a finite group and p is a prime.
A. 1. List the distinct conjugacy classes of the given group.
(a) Dy (b) S, (c) Ay

2. Ifa € G, then show by example that C(a) may not be abelian. [Hint: If
a=(12) in S5, then (34) and (345) are in C(a).]

3. If H is a subgroup of G and a € H, show by example that the conju-
gacy class of a in H may not be the same as the conjugacy class of a in

G.
4. What is the center of S;? [Compare your answer with Exercise 11 .]
5. List all conjugates of the Sylow 3-subgroup ((123)) in S,.

6. If H and K are subgroups of G and H is normal in K, prove that Kisa
subgroup of N(H). In other words, N(H) is the largest subgroup of G
in which H is a normal subgroup.

=1

. If A is a subgroup of G, prove that A is a subgroup of N(A).
8. If N is a subgroup of Z(G), prove that N is a normal subgroup of G.

B. 9. If Cis a conjugacy class in G and fis an automorphism of G, prove
that f(C) is also a conjugacy class of G.
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10.

11.

12.

13.

14.

15.

16.
17.
15.
19.
20.

21.

22.

. 23.

Let G be an infinite group and H the subset of all elements of G that
have only a finite number of distinct conjugates in G. Prove that H s
a subgroup of G.

If |G| = p", prove that |Z(G)| = p. [Hint: The third form of the class
equation shows that|Z(G)| = |G|~ |C,| — - - - —|C,|, where each|C}|
is a divisor of |G| greater than 1.]

Prove that every group of order p? is abelian. [Hint: Z(G) has order
p® or p by Exercise 11. In the second case, consider G/Z(G) and
Theorem 7.25.]

Let K be a Sylow p-subgroup of G and Nanormal subgroup of G. IfK
is a normal subgroup of N, prove that K is normal in G.

Let Nbe anormal subgroup of GG, a € G, and C the conjugacy class of
ainG.

(a) Prove that a € N if and only if CC N.
(b) If C,isany conjugacy classin G, provethat C,C NorC,N N = .

(¢) Use the class equation to show that [N|=|C|+ - -+ +]|C,,
where C;, . . . ,Cy are all the conjugacy classes of G that are
contained in N.

If N # (e) is a normal subgroup of G and |G|=p", prove that
NN Z(G) # (e). [Hint: Exercise 14(c) may be helpful.]

Prove Theorem 10.22.

Complete the proof of Theorem 10.23.

Prove Theorem 10.24.

If K is a Sylow p-subgroup of G, prove that N(N(K)) = N(K).

If K is a Sylow p-subgroup of G and H is a subgroup that contains
N(K), prove that |G:H] =1 (mod p).

If His anormal subgroup of G and|H| = p*, prove that His contained
in every Sylow p-subgroup of G. [You may assume Exercise 25.]

If His a proper subgroup of G, prove that G is not the union of all the
conjugates of H. [Hint: Remember that H is a normal subgroup of
N(H); Theorem 10.24 may be helpful.]

If|G| = p*, prove that G has a normal subgroup of order p"~!. [Hint:
Use induction on n. Let N = (a), where a € Z(G) has order p (why is
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there such an a?); then G/N has a subgroup of order p*~2; use
Theorem 7.31.]

24. If|G|= p", prove that every subgroup of G of order p"~! is normal.

25. If His a subgroup of G and H has order some power of p, prove that
H is contained in a Sylow p-subgroup of G. |Hint: Proceed as in the
proofs of the Second and Third Sylow theoremms but use the relation
of H-conjugacy instead of P-conjugacy on the set {K;, . . . ,K;} of
all Sylow p-subgroups.|

10.5 The Simplicity of A,

As noted on pages 213-214, simple groups appear to be the key to
the classification problem for finite groups. The first large class of simple
nonabelian groups was discovered by Galois early in the last century. It
consists of the alternating groups A, (with n = 5). In this section we give an
elementary proof of the simplicity of A,. It depends only on basic facts
about normality (Section 7.5) and the properties of symmetric groups (Sec-
tion 7.9).

Since there will be quite a few calculations in the course of the proof, it
would probably be a good idea to review the mechanics of multiplying
cycles in S, before continuing. There will be many instances when we will
deal with permutations such as (abed) or (a2b) or (ab)(cd). In all such cases

distinct letters represent distinct elements of {1,2, . . . , n}.

A word of advice: Don’t worry about how someone ever thought of consid-
ering a particular product in the proof; just verify that the given equality is
valid.

Recall that A,, is the subset of the symmetric group S, consisting of all
the even permutations (those that can be written as the product of an even
number of transpositions). A, is a normal subgroup of S, of order n!/2 and
index 2 by Theorem 7.48. Every 3-cycle (abc) is in A, because (abc) =
(ac)(ab). In fact the 3-cycles generate A, :

LEMMA 10.26 Every element of A, (with n = 3) is a product of 3-cycles.

Proof Every element of A, is by definition the product of pairs of transpo- - v
sitions. But every such pair must be of one of these forms: (ab)(cd) or
(ab)(ac) or (ab)(ab). In the first case verify that (ab)(cd) = (adb)(adc),inthe .
second that (ab)(ac) = (ach), and in the last that (ab)(ab) = (1) = (abc)(ach).
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Thus every pair of transpositions is either a 3-cycle or a product of two
3-cycles. Hence every product of pairs of transpositions is a product of
3-cycles.

The key to proving that A,, is simple is this fact about 3-cycles:

LEMMA 10.27 IfNisanormal subgroup of A, (withn = 3) and N contains a
3-cycle, then N=A,,.

Proof For notational convenience, assume that (123) € N [the argument
when (rst) € N is the same; just replace 1, 2, 3 by r, s, t, respectively]. Since
(123) € N, we see that (123)(123) = (132) is also in N. For k= 4, let x =
(12)(3k) and verify that x~! = (3k)(12). The normality of N implies that
x(132)x~! € N by Theorem 7.21 (with a = x™1). But

x(132)x71 = (12)(83k)(132)(3k)(12) = (12k).
Therefore
(%) N contains all 3-cycles of the form (12k) with k = 3.
Verify that every other 3-cycle can be written in one of these forms:

(1a2), (lab).  (2ab), (abc) =g

Y o
where a, b, ¢ = 3. By () and closure in N,

(1a2) = (12a)(12a) € -
(1ab) = (12b)(12a)(12a) € N; -
(2ab) = (12b)(12b)(12a) € N; V
(abc) = (12a)(12a)(12¢)(12b)(12b)(12a) € N.

Thus N contains all 3-cycles, and hence N contains all products of 3-cycles
by closure. Therefore N= A, by Lemma 10.26. R

We are now in a position to establish the simplicity of A,,. To under-
stand the proof, you need to remember that the inverse of the cycle
(a18q0a5* - - ay) is the cycle (ayaia,_, ' - * aza,). For example, (12345)71 =
(15432) and (678)"! = (687), as you can easily verify. You should also recall
that two cycles are said to be disjoint if they have no symbols in common; for
instance, (135) and (24697) are disjoint. Every permutation is a product of
disjoint cycles (Theorem 7.43).If ¢ and 7 are disjoint cycles, then gt = 1o by
Exercise 12 of Section 7.9.

THEOREM 10.28 For each n = 5, the alternating group A,, is a simple non-
abelian group.
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A, and A are simple abelian groups (Exercise 2), and A, is not simple
(Exercise 10).

Proof of Theorem 70.28 We must prove that A, has no proper normal
subgroups. Let N be any normal subgroup of 4,, with N # (1). We need
only show that N = A,,. When all the nonidentity elements of N are written
as products of disjoint cycles, then there are three possibilities for the
lengths of these cycles:

1. Some cycle has length = 4.
2. Every cycle has length = 3, and some have length 3.
3. Every cycle has length = 2.

We shall show that in each of these cases, N=A,,.

Case 1 N contains an element g that is the product of disjoint cycles, at
least one of which has length r = 4. For notational convenience we assume
thato = (1234 - - - r)7, where 7isa product of disjoint cycles, none of which
involve the symbols 1,2,3,4, . . ., r.* Let 6 = (123) € A,,. Since N is a
normal subgroup and o € N, we have 671(d66~1) € N by Theorem 7.21 (with
a = 6"1). Using Corollary 7.3 and the fact that disjoint cycles commute, we
have

oY d007) = [(1234 - - - r)7] 1 (123)[(1234 - - - r)7](123)7! (
- g
= 1(1r- - - 432)(123)(1234 - - - )7(132) / |
=1 lr(lr- - - 432)(123)(1234 - - - 1)(132) =l(137).
\
Therefore (13r) € N, and hence N = A, by Lemma 10.27.

Case 2A N contains an element o that is the product of disjoint cycles,
at least two of which have length 3. For convenience we assume that ¢ =
(123)(456)7, where 7 is a product of disjoint cycles, none of which involve
the symbols 1,2, . . . ,6.* Let = (124) € A,,. Then, as in Case 1, N con-
tains 0~ {dad"1). But

o (000™Y) = [(123)(456)1]1(124)(123)(456)(124)"
= t71(465)(132)(124)(123)(456)7(142)
= 77'7(465)(132)(124)(123)(456)(142) = (14263). v (v
Therefore (14263) € N, and N = A, by Case 1. k

Case 2B N contains an element o that is the product of one 3-cycle and
some 2-cycles. We assume that ¢ = (123)7, where 7 is a product of disjoint

* The same argument works with an arbitrary r-cycle (abed - - - t) in place of (1234 - - - r); just
replace 1 by a, 2 by b, etc. Analogous remarks apply in the other cases, where specific cycles will
also be used to make the argument easier to follow.
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transpositions, none of which involve the symbols 1, 2, 3.* Since a product
of disjoint transpositions is its own inverse (Exercise 5),

0? = (123)7(123)7 = (123)(123)77 = (123)(123) = (132).
But 02 € N since o € N. Therefore (132) € N, and N= A, by Lemma 10.27.
Case 2C N contains a 3-cycle. Then N= A, by Lemma 10.27.
Case 3 Every element of N is the product of an even number of

disjoint 2-cycles. Then a typical element ¢ of N has the form (12)(34)r,
where 7 is a product of disjoint transpositions, none of which involve the

symbols 1, 2, 3, 4.*Let 6 = (123) € A,. Then, as above, 67*(do6™") e Nand
o1 (SodY) = 11(34)(12)(123)(12)(34)7(132) = (13)(24). = \

Since n = 5, there isan element kin{1, 2, . . . ,n)distinct from 1, 2, 3, 4.
Leta= (13k) € A,.Let 8 = (13)(24), which was just shown to be in N. Then
by the normality of N and closure, S(afa™!) € N. But

Blapa) = (13)(24)(13k)(13)(24)(1k3) = (13k).
Therefore (13k) € N, and N= A, by Lemma 10.27. B

It can be shown that there are (up to isomorphism) only two nonabel-
ian simple groups of order less than 200. One is A5, which has order 60, and
the other is a subgroup of S; of order 168. A discussion of other nonabelian
simple groups is beyond the scope of this book. For a brief history of the
search for simple groups, see Gallian [24] and Steen [27]. These articles are
accessible to people who have read this chapter.

Theorem 10.28 leads to an interesting fact about the normal sub-

groups of S,,:

COROLLARY 10.29 Ifn =5, then (1), A, and S, are the only normal sub-
groups of S,.

Proof See Exercise 11. B

EXERCISES

A. 1. (a) List all the 3-cyclesin S,.

(b) List all the elements of A, and express each as a product of
3-cycles.

* See the footnote on the preceding page.
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2.

- W

1 &

@

10.

11.

12,

13.
14.

(a) Verify that A, = (1).
(b) Show that A, is a cyclic group of order 3.

. Find the center of the group A,.*

. If n = 5, what is the center of A, P*

. If 0 € S, is a product of disjoint transpositions, prove that ¢ = (1).

. Show that for n = 3, the center of S, is (1).*

. Let N be a subgroup of S, such that o7 = (1) for all nonidentity
elements ¢, T € N. Prove that N= (1) or N is cyclic of order 2.

. Prove that no subgroup of order 2 in S, (n = 3) is normal.

.If geS, and (ajay- - -ay) is any k-cycle in S,, show that
o{a,as - - - a)o? is the k-cycle (a(a,)o(as)o(as) - - - a(ay)) (that is,
the cycle that maps a(a,) to o(ay), o(a,) to a(a;), and so on).

Prove that {(1), (12)(34), (13)(24), (14)(23)} is a normal subgroup of
A,. [This can be done directly using Exercise 1 or by using Exercise
9]

Prove Corollary 10.29. [Hint: If N is a normal subgroup of S, then
NN A, is anormal subgroup of A, by Exercise 17 of Section 7.5. By
Theorem 10.28 NN A, is A, or (1). In the first case A, C N; use
Lagrange’s Theorem and Theorem 7.48 to show that N=A, or §,.
In the second case all the nonidentity elements of N are odd, which
implies that the product of any two of them is (1). Use Exercises 7
and 8.]

Prove that A, is the only subgroup of index 2 in S,,. [Hint: Show that a
subgroup of index 2 must contain all the 3-cycles and use Lemma
10.26.]

If £:S, S, is a homomorphism, prove that flA,) CA,.

Let g, 7 € S, each be expressed as products of disjoint cycles. Prove

that ¢ and 7 are conjugate if and only if they have the same number
of cycles of the same length.

* The center of a group is defined on page 198.



CHAPTER 11
GALOIS THEORY

A major question in classical algebra was whether or not there were for-
mulas for the solution of higher-degree polynomial equations (analogous to
the quadratic formula for second-degree equations). Although formulas for
third- and fourth-degree equations were found in the sixteenth century, no
further progress was made for almost 300 years. Then Ruffini and Abel
provided the surprising answer: There is no formula for the solution of all
polynomial equations of degree n when n = 5. This result did not rule out
the possibility that the solutions of certain specific equations might be
obtainable from a formula. Nor did it give any clue as to which equations
might be solvable by formula.

It was the amazingly original work of Galois that provided the full
explanation, including a criterion for determining which polynomial equa-
tions can be solved by a formula. Galois’ ideas had a profound influerice on
the development of later mathematics. far beyond the scope of the original
solvability problem.

The solutions of the equation f{x) = 0 lie in some extension of the
coefficient field of f(x). Galois’ remarkable discovery was the close connec-
tion between such field extensions and groups (Section 11.1). A detailed
description of the connection is given by the Fundamental Theorem of
Galois Theory in Section 11.2. This theorem is the principal tool for proving
Galois’ Criterion for the solvability of equations by formula (Section 11.3).

345
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11 Galois Theory

11.1  The Galois Group

The key to studying field extensions is to associate with each extension
a certain group, called its Galois group. The properties of the Galois group
and theorems of group theory can then be used to establish important facts
about the field extension. In this section we dcfine the Galois group and
develop its basic properties.

Let K be an extension of field of F. An F-automorphism of K is an
isomorphism g: K — K that fixes F elementwise (that is, o(c) = ¢ for every
¢ € F). The set of all F-automorphisms of K is denoted GalgK. There is at
least one automorphism in GalgK, the identity map ¢t: K —> K.*

THEOREM 11.1 IfK is an extension field of F, then GalgzK is a group under
the operation of composition of functions.

GalgK is called the Galois group of K over F.

Proof of Theorem 11.1 If o, 7 € GalzK then o © 7is an isomorphism from K
to K by Exercise 23 of Section 3.3. For each c € F, (0 ° 7)(c) = o(t(c)) =
o(c) = c. Hence o ° 17 € GalgK, and GalzK is closed. Composition of func-
tions is associative, and the identity map t is the identity element of Gal K.
Every bijective function has an inverse function by Theorem B.1 in Appen-
dix B. If o € GalzK, then ™! is an isomorphism from K to K by Exercise 24 of
Section 3.3. Verify that 07(c) = ¢ for every ¢ € F (Exercise 1). Therefore
o ! € GalyK, and GalzK is a group. B ‘

EXAMPLE 1.A** The complex conjugation map ¢:C +~)C given by
a(a + bi) = a — bi is an automorphism of C, as shown in the example
on page 66. For every real number a,

ola)=o(la+ 0i)=a—0Oi=a.

So gisin GalgC. Note thatiand —iare theroots of x? + 1 e Rand thato
maps these roots onto each other: (i) = ~i and g(—i) = i. This is an
example of

THEOREM 11.2 Let K be an extension field of F and f(x) € F[x]. Ifu € Kisa
root of f(x) and o € GalgK, then a(u) is also a root of f(x).

* Throughout this chapter, ¢ denotes the identity map on the field under discussion.

** Throughout this section and the next, three basic examples appear repeatedly. The first
appearance of Example 1 islabeled 1.A, its second appearance 1.B, etc.; the first appearance of
Example 2 is labeled 2.A, and so on.
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Proof If f(x) =cy+ cix+cox2+ - - + cx", then
cotoutceu:+ - +cut=0p.
Since o is a homomorphism and o{c,) = ¢, for each ¢, € F,
0r=0(0p) = 0(ce + cyu + cui® + - - + cu)
= a(cy) + a(c,)a(u) + o(cy)o(w)? + - - - + a(c,)o(u)”
= ¢t c0(u) + coo(u)? + - - - + c,0(u)" = f(o(u)).
Therefore o(u) is a root of f(x). B

Let u € K be algebraic over F with minimal polynomial p(x) € F[x].
Theorem 11.2 states that every image of u under an automorphism of the
Galois group must also be aroot of p(x). Conversely, is every root of p(x) in K
the image of u under some automorphism of GalzK? Here is one case where
the answer is yes.

THEOREM 11.3 Let K be the splitting field of some polynomial over F and
let u, v € K. Then there exists o € Gal K such that o(u) = vif and only if u and
v have the same minimal polynomial in F|x]. .

Proof Ifuand v have the same minimal polynomial, then by Corollary 9.8
there is an isomorphism ¢:F(u) = F{t) such that g(u) = v, and ¢ fixes F
elementwise. Since K is a splitting field of some polynomial over F, it is a
splitting field of the same polynomial over both F(u) and F(v). Therefore ¢
extends to an F-automorphism of K (also denoted a) by Theorem 9.14. In
other words, g € GalgK and o(u) = v. The converse is an immediate conse-
quence of Theorem 11.2. B

EXAMPLE 1.B Example 1.A shows that GalgC has at least two ele-
ments, the identity map ¢ and the complex conjugation map 0. We now
- prove that these are the only elements in GalgC. Let 7 be any auto-
~ morphism in GalgC. Since i is a root of x2 + 1, 7(i) = +i by Theorem
11.2. If 7(i) = i, then since 7 fixes every element of R,

7(a + bi) = 1(a) + 1(b)1(i) = a + bi,
and hence 7 = t. Similarly, if 7(i) = —i, then
tla + bi) = t(a) + 1(b)1(i) = a + b(—1i) = a — bi,

and therefore 7 = ¢. Thus GalgC = (¢, g} is a group of order 2 and
hence isomorphic to Z, by Theorem 7.35.
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The preceding example shows that an R-automorphism of C = R(i) is
completely determined by its action on i. The same thing is true in the
general case:

THEOREM 11.4 LetK=F(u,, . . . ,u,) be an algebraic extension field of
F.If g, 7 € GalgK and o(u;) = 1(u;) foreachi= 1,2, . . . ,n,theno=1.In
other words, an automorphism in GalgK is completely determined by its
actiononuy, . . . ,u,.

Proof Letf=1"!° ge GalgK. We shall show that § is the identity map .
Since a{u,) = 1(u,) for every i,

Blu) = (71 o 0)(u) = 171 o(u) = 7 (z(w)) = (7" ° )(u) = 1(u) = u,.

Let v € F(u;). By Theorem 9.7 there exist ¢, € F such'that v = ¢y + ¢,u; +
cou 2+ - - - + ¢, ut"!. Since Bis a homomorphism th&tﬁxes u, and every
element of F, h

Bo) = Pleo + cytiy + cou 2+« - -+ qut™h)
= Pleo) + Ple)Bluy) + Bleg)Blur)® + + + + + Plea—1)Bluy)"?

=cot+ cyuy+eu®+ - g utTi =0,

Therefore f(v) = v for every v € F(u,). Repeating this argument with F(u,)
in place of F and u, in place of u; shows that B(v) =v for every ve
F(u,)(uy) = F(u, ,uy). Another repetition, with F(u, ,u,) in place of Fand u4
in place of u;, shows that f(v) = v for every v € F(u,,u,,u;). After a finite
number of repetitions we have f(v) = v for every v e Flu, u,, . . . ,u,) =
K, that is, ¢t = = 771 o g, Therefore

t=t1ot=10° (T logy=(teT)og=t0o0=0. |

EXAMPLE 2.A By Theorem 11.2 any automorphism in the Galois

group of Q(v3,V5) over @ takes V3 to V3 or — V3, the roots of x> — 3.

Similarly, it must take V5 to £ V5, the roots of x2 — 5. Since an auto-

morphism is completely determined by its action on v3 and V5 by

Theorem 11.4, there are at most four automorphisms in

(\/I_alQQ(@,\/—S_), corresponding to the four possible actions on V3 and
5:

Bt-3 B3-3 B3%vi 3h-
J5— V5 5— 5 V58— —V5 V5——15.
We now show that GalgQ(V3,V5) is a group of order 4 by constructing

nonidentity automorphisms 7, &, § with these actions. To construct 7,
note that x2 — 3 is the minimal polynomial of both v3 and — V3 over Q.
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By Corollary 9.8 there is an isomorphism o:Q(V3) = Q(— V3) such
that 6(v3) = — V3, and ¢ fixes Q elementwise. The example on page
285 shows that x2 — 5 is the minimal polynomial of V5 over ?i\/i_il)) By
Corollary 9.8 again, o extends to a @-automorphism 7 of Q(/3)(V5) =
Q(V3, V5) such that 7(V5) = V5. Therefore 7€ Galg@(¥3, V5) and
7(v3) = o(V3) = — V3 and ©(V5) = V5. A similar two-step argument
produces automorphisms & and # with the actions listed above. Fur-
thermore, each of 7, a, § has order 2 in Galg@(v3,V5); for instance,

(T o )(V3) = 2(1(v3)) = 1(=V3) = —1(¥3) = = (=V3) = VB = (3

and (7 ° 7)(V5) = V5 = 1(V5). Therefore 7 o 1= by Theorem 11.4.
Use Theorem 7.36 to conclude that GalgQ(v3,V5) = Z, X Z, or com-
pute the operation table directly (Exercise 4). For instance, you can
readily verify that (t° a)(v3) = g(v3) and (1 ° @)(V5) = B(V5) and
hence 7 ° @« = 8 by Theorem 11 .4,

In the preceding example, Q(v3,V5) is the splitting field of f(x) =
(x2 — 3)(x? — 5), and every automorphism in the Galois group permutes the
four roots V3, — V3, V5, —V5 of f(x). This is an illustration of

COROLLARY 11.5 IfKisthe splitting field of a separable polynomial f (x) of
degree n in Flx|, then GalgK is isomorphic to a subgroup of S,.

Proof By separability f(x) has n distinct roots in K, say u,, . . . , u,.
Consider S, tobe the group of permutationsofthesetR = {u,, . . . ,u,).1

o € GalzK, then o(u,), o(u,), . . . . ciu,) are roots of f(x) by Theorem 11.2.
Furthermore, since gisinjective. thev are all distinct and hence mustbe u, ,
Uy, . . . ,u,issome order. In other words, the restriction of o to the set R
(denoted o | R) is a permutation of R. Define amap 6: GalzK — S, by 0(c) =
o | R. Since the operation in both groups is composition of functions, it is
easy to verify that 0 is a homomorphism of groups. K= F(u;, . . . ,u,) by
the definition of splitting field. If ¢ R = 7R, then o(u,) = 7(u,) for every i,
and hence o =t by Theorem 11.4. Therefore 6 is an injective homomor-
phism, and thus GalgK is isomorphic to Im 6, a subgroup of S,. i

If K is the splitting field of f(x). we shall usually
identify GalzK with its isomorphic subgroup in S,

by identifying each automorphism with the permutation it induces on the

roots of f(x).

EXAMPLE3.A LetKbe thej‘plitti‘r/lg field of x3 — 2 over Q. Verify that
the roots of x3 — 2 are ¥2, Y2w, Y2w?, where v = (—1 +V3i)/2 is a
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complex cube root of 1. Then GalgK is a subgroup of S;. By Theorem
11.3, there is at least one automorphism o that maps the first root ¥2 to
the second ¥2w; it must take the third root Y2e?* to itself or 1o the first
root Y2 by Theorem 11.2. So ¢ is either the permutation (12) or (123)
inS,.

Let K be an extension field of F. A field E such that F C E C Kiis called
an intermediate field of the extension. In this case we can consider K as an
extension of E. The Galois group GalgK consists of all automorphisms of K
that fix E elementwise. Every such automorphism automatically fixes each
element of F since F C E. Hence every automorphism in GalgK is in GalgK,
that is,

if E is an intermediate field, GalgK is a subgrodffof Gal;K.
EXAMPLE 2.B Q(V3) is an intermediate field of the extension
Q(V3,V5) of Q. Example 2.A shows that Galg@Q(V3,v5) = {1, 7, «, f}.

The automorphisms that fix every element of Q(v3) are exactly the
ones that map V3 to itself by Theorem 11.4. Therefore

Calo(ﬁi) Q(\/ﬁ,\fg)
is the subgroup {t, a} of = {t, 7, @, B}.
We now have a natural way of associating a subgroup of the Galois
group with each intermediate field of the extension. Conversely, if His a

subgroup of the Galois group, we can associate an intermediate field with H
by using

THEOREM 11.6 Let K be an extension field of F. If H is a subgroup of Gal K,
let

Ey={keK|o(k)=k foreveryce H}.

Then Eg is an intermediate field of the extension.
The field Ey is called the fixed field of the subgroup H.

Proof of Theorem 11.6 1Ifc, d € Eyand 0 € H, then
olc+d)=o0(c)+o(d)=c+d and o(cd) = o{c)o(d) = cd.

Therefore Ej is closed under addition and multiplication. Since ¢(0g) = Of
and 6(15) = 1gfor every automorphism, Opand 1zare in Ey. Theorems 3.10
and 7.14 show that for any nonzero ¢ in E4 and any o in H,

g(—c)=—o0clc)=—c and (V) =ale)'=c"1.
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Therefore —c € Ey and ¢! € Ey. Hence Ey is a subfield of K. Since H is a
subgroup of GalzK, a(c) = ¢ for every c € F and every o € H. Therefore
FCEgy. N

EXAMPLE 2.C Consider the subgroup H = {1, } of the Gafois group
{t, 7, o, B} of Q(V3,V2) over Q Since a(V3) = V3, the subfield Q(v3) is
contained in the fixed field Ej of H. To prove that E; = Q(V3), you

must show that the elements of @(V3) are the only ones that are fixed -

by ¢ and ¢; see Exercise 14.

EXAMPLE 1.C As we saw in Example 1.B, GalgC = {t, g}, where g is
the complex conjugation map. Obviously, the fixed field of the iden-
tity subgroup is the entire field C. Since ¢ fixes every real number and
moves every nonreal one, the fixed field of GalgC is the field R.

Unlike the situation in the preceding example, the ground field F need

not always be the fixed field of the group GalzK.

EXAMPLE 3.B Every automorphism in the Galois group of @(¥/2) over
Q must map /2 to a root of x3 — 2 by Theorem 11.2. Example 3.A
shows that ¥2 is the only real root of this polynomial. Since Q(¥/2)
consists entirely of real numbers by Theorem 9.7, every automor-
phism in GalgQ(¥2) must map 2 to itself. Therefore GalgQ(¥2) con-
sists of the identity automorphism alone by Theorem 11.4. So the
fixed field of Galg@(¥2) is the entire field Q(/2).

EXERCISES

NOTE: K is always an extension field of F.

1. If ¢ is an F-automorphism of K. show that 71 is also an F- automor-
phism of K.

2. Assume [K:F] is finite. Is it true that every F-automorphism of K is
completely determined by its action on a basis of K over F?

3. If|K : F]is finite, 0 € GalzK, and u € Kis such that o(u) = u, show that
g€ CalF(u)K

4. Write out the operation table for the group
GalgQ(V3,Y5) = {i, 7, , )
[see Example 2.A].
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5.

Let f(x) € F[x] be separable of degree n and K a splitting field of f(x).
Show that the order of GalzK divides n!.

If K is an extension field of @ and o is an automorphism of K, prove
that g is a @-automorphism. [Hint: 6(1) = 1 implies that o(n) = n for
allneZl)

. (a) Show that GalgQ(v2) has order 2 and hence is isomorphic to Z,.

[Hint: The minimal polynomial is x2 — 2; see Theorem 9.7.]

(b) If d € Q and Vd ¢ Q, show that GalgQ(Vd) is isomorphic to Z,.

8. Show that Galg@(V2) # (1.

10.

i1.

12,
13.

14.

15.

C. 16.

17.

. (a) Let w = (—1 + V3i)/2 be a complex cube root of 1. Find the

minimal polynomial p(x) of w over Q and show that w? is also a
root of p(x). [Hint: w is a root of x> — 1.}

(b) What is GalQ(w)?

(a) Find GalqQ(v2,V3). [Hint: See Example 2.A.]

(b) If p, g are distinct positive primes, find GalqQ(Vp,Vg).

Find GalgQ(v2,i). [Hint: Consider @ C Q(v2) C Q(¥2,i) and pro-
ceed as in Example 2.A ]

Show that GalQ(V2,V3,V5) =Z, X Z, X Z,.

If F has characteristic 0 and K is the splitting field of f(x) € F[x],
prove that the order of GalyK is [K : F]. [Hint: K = F(u) by Theorems
9.17 and 9.18.]

Let H be the subgroup {t, a} of GalgQ(v3,V5) = {1, 1, a, §). Show
that the fixed field of H is Q(v3). [Hint: Verify that Q(V3) C E, C
Q(Y3,V5); what is [Q(V3,V5): @(v3)]?]

(a) Show that every automorphism of R maps positive elements to
positive elements. [Hint: Every positive element of R is a
square.|

(b) Ifa, b e R, a <D, and o € GalgR, prove that o(a) < a(b). |Hint:
a<bifandonlyifb—a> 0]

(¢) Prove that GalgR = (). [Hint: If ¢ <r < d, with ¢, d € Q, then
¢ < o{r) < d; show that this implies o(r) = r.]

Suppose {, {2, . . . , =1 are n distinct roots of " — 1 in some
extension field of Q. Prove that GalgQ({) is abelian.

Let E be an intermediate field that is normal over F and ¢ € Gal ;K.
Prove that o(E) = E.
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11.2  The Fundamental Theorem of Galois Theory

Throughout this section K is a finite-dimensional extension field of F.
The essential idea of Galois theory is to relate properties of the extension to
properties of the Galois group GalgK. The key to doing this is the Funda-
mental Theorem of Galois Theory, which will be proved in this section. It
states (in part) that under suitable hypotheses, there is a one-to-one corre-

spondence between the intermediate fields of the extension and the subgroups
of the Galois group. *

The first step in establishing this correspondence is easy: Given an
intermediate field E, there is a subgroup of GalgK that is naturally asso-
ciated with E, namely GalgK, the subgroup of automorphisms of K that fix E
elementwise. S6 we can define a function from the set S of all intermediate
fields to the set T of all subgroups of Gal ;K by E — GalzK. This function will
be called the Galois correspondence.

Under the Galois correspondence the trivial intermediate fields, Fand
K, correspond to the trivial subgroups of the Galois group: K to the identify
subgroup GalgK and F to the full Galois group GalgK.

EXAMPLE 2.D** Consider the Galois correspondence for the exten-
sion @(V3,V5) of Q and the intermediate field @(v3). By the preceding

remarks and Example 2.B in Section 11.1, we have
Q(V3,Y5) — Galo5.5Q(3,V5) = {1).
Q(V3) — Galg3@(V3,V5) = {¢, ).
Q— GaloQ(\/fS_,x/g) ={, 1, a B}

Example 2.C shows that E = Q(:3) is the fixed field of the sub-
group H= {1, a} = Galg5Q 3.+'5). Furthermore, K = Q(V3,V5) =
Q(\/@I))(\/g) is anormal, separable extension of the fixed field E = Q(v3)
because it’s the splitting field of x2 — 5 (Theorem 9.15) and has char-
acteristic 0 (Theorem 9.17). This is an example of

LEMMA 11.7 Let K be a finite-dimensional extension field of F. If H is a

subgroup of the Galois group Gal¢K and E is the fixed field of H, then K is a
simple, normal, separable extension of E.

Proof Each u € K is algebraic over F by Theorem 9.9 and hence algebraic
over E by Exercise 7 in Section 9.2. Everv automorphism in H must map u to
some root of its minimal polynomial p(x) € E [x] by Theorem 11.2. There-

* That is, a bijective map from the set of all intermediate fields to the set of all subgroups of the
Galois group.
** The numbering scheme for examples in Sections 11.1 and 11.2 is explained on page 346.
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fore u has a finite number of distinct images under automorphisms in H, say
u=u;, Uy, . . . ,u €K

If 0 € Hand u; = 1(u) (with T € H), then o(u,) = o(t(u)). Since s o 1 € H,
we see that g(u,) is also an image of u and hence must be in the set
{uy,uy, . . . ,u}. Since gisinjective, the elements a(u,), . . . , o(u,) are t
distinct images of u and hence must be the elements u,, u,, . . . , u, in
some order. In other words, every automorphism in H permutes u,,
Ug, . . . ,u,. Let

f) =(x—u)lx—ug) + - (x—uy).

Since the u; are distinct, f(x) is separable. We claim that f(x) is actually in
Elx]. To prove this, let 0 € H and recall that ¢ induces an isomorphism
K]|x] = K]|x] (also denoted a), as described on page 280. Then

af (x) = (x — o(uy))(x — o(uy)) - - - (x — o(uy)).

Since o permutes the u,, it simply rearranges the factors of f(x), and hence
af (x) = f(x). Therefore every automorphism of H maps the coeflicients of
the separable polynomial f(x) to themselves, and hence these coeflicients
are in E, the fixed field of H. Since u = u, isaroot of f(x) € E[x], uis separable
over E. Hence K is a separable extension of E.

The field K is finitely generated over F (since [K: F] is finite; see the
example on page 284). Consequently, K is finitely generated over E, and
hence K = E(u) for some u € K by Theorem 9.18. Let f(x) be as in the
preceding paragraph. Then f(x) splits in K[x], and hence K = E(u) is the
splitting field of f(x) over E. Therefore K is normal over E by Theorem
9.15. I

THEOREM 11.8 Let K be a finite-dimensional extension field of F. If His a
subgroup of the Galois group GalgK and E is the fixed field of H, then
H = GalgK and |H|= |K: E]. Therefore the Galois correspondence is surjec-
tive.

Proof Lemma 11.7 shows that K = E(u). If p(x), the minimal polynomial of
u over E, has degree n, then [K: E] = n by Theorem 9.7. Distinct automor-
phisms of GalgK map u onto distinct roots of p(x) by Theorems 11.2 and
11.4. So the number of distinct automorphisms in GalgK is at most n, the
number of roots of p(x). Now H C GalgK by the definition of the fixed field
E. Consequently,

H| = |GalzK|=<n=[K:E].

Let f(x) be as in the proof of Lemma 11.7. Then H contains at least ¢
automorphisms (the number of distinct images of uunder H). Since u = u, is
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a root of f(x), p(x) divides f(x). Hence
|H|=t = deg f(x) = deg p(x) =n = [K: E].
Combining these inequalities, we have
|H|=<|GalgK| = [K: E] < |H|.
Therefore |H| = |GalgK|= [K: E], and hence H= GalgK. §

EXAMPLE 3.C The Galois group Galg@(¥2) = (1) by Example 3.A, so
both of the intermediate fields Q(S\/% and Q are associated with ()
under the Galois correspondence. Note that @(¥2) is not a normal
extension of @ [it doesn’t contain the complex roots of x® — 2, so this
polynomial has a root but doesn’t split in Q(X/2)].

Although the Galois correspondence is surjective by Theorem 11.8,
the preceding example shows that it may not be injective. In order to
guarantee injectivity, additional hvpotheses on the extension are neces-
sary. The preceding proofs and example suggest that normality and separa-
bility are likely candidates.

If K is a finite-dimensional, normal. separable extension field of F, we
say that K is a Galois extension of F or that K is Galois over F. A Galois
extension of characteristic 0 is simply a splitting field by Theorems 9.15 and
9.17.

THEOREM 11.9 Let K be a Galois extension of F and E an intermediate
field. Then E is the fixed field of the subgroup GalgK.

IfE and L are intermediate fields with GalgK = Gal, K, then Theorem
11.9 shows that both E and L are the fixed field of the same group, and
hence E = L. Therefore the Galois correspondence is injective for Galois
extensions.

Proof of Theorem 11.9 The fixed field E; of GalgK contains E by defini-
tion. To show that E; C E, we prove the contrapositive: If u ¢ E, then u is
moved by some automorphism in GalgK, and hence u ¢ E,. Since K is a
Galois extension of the intermediate field E (normal by Theorem 9.15 and
Exercise 5 of Section 9.4; separable by Exercise 1 of Section 9.5), it is an
algebraic extension of E. Consequently, u is algebraic over E with minimal
polynomial p(x) € E[x] of degree = 2 (if deg p(x) = 1, then u would be in E).
The roots of p(x) are distinct by separability, and all of them are in K by
normality. Let v be a root of p(x) other than u. Then there exists 0 € Gal ;K
such that 6(u) = v by Theorem 11.3. Therefore u ¢ E;, and hence E, = E. i
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COROLLARY 11.10 Let K be a finite-dimensional extension field of F. Then
K is Galois over Fif and only if F is the fixed field of the Galois group GalgK.

Proof 1f K is Galois over F, then Theorem 11.9 (with E = F) shows that Fis
the fixed field of GalzK. Conversely, if F is the fixed field of GalzK, then
Lemma 11.7 (with E = F) shows that K is Galois over F. I

In view of Corollary 11.10, a Galois extension is often defined to be a
finite-dimensional one in which Fis the fixed field of GalzK. When reading
other books on Galois theory, it’s a good idea to check which definition is
being used so that you don’t make unwarranted assumptions.

EXAMPLE 2.E The field Q(v3,V5) is a Galois extension of @ because it
is the splitting field of f(x) = (x2 — 3}(x2 — 5). So the Galois corre-
spondence is bijective by Theorem 11.8 and the remarks after
Theorem 11.9. The Galois group GalgQ(v3,V5) = {1, 7, a, ) by Exam-
ple 2.A. Verify the accuracy of the chart below, in which subfields and
subgroups in the same relative position correspond to each other
under the Galois correspondence. For instance, @(V3) corresponds to
{t, a} by Example 2.B.

Intermediate Fields Subgroups

Qi3S {1}

I

@(\/;) Qi 31 Q(\/ 13) Lo} {1} {u B}
i /

S~

Q {1, 1, o, B}

\
/

Note that all of the intermediate fields are themselves Galois
extensions of @ (for instance, Q(V5) is the splitting field of x2 — 5).
Furthermore, the corresponding subgroups of the Galois group are
normal. A similar situation holds in the general case:

THEOREM 11.11 (THE FUNDAMENTAL THEOREM OF GALOIS THEORY)
If K is a Galois extension field of F, then

1. There is bijection between the set S of all intermediate fields of the
extension and the set T of all subgroups of the Galois group GalgK,
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given by assigning each intermediate field E to the subgroup Gal K.
Furthermore,

[K:E|=|GalgK| and [E:F] = [GalgK: GalgK].

2. An intermediate field E is a normal extension of F if and only if the
corresponding group GalgK is a normal subgroup of GalgK, and in
this case GalzE = GalzK/GalK. '

Proof Theorem 11.8 and the remarks after Theorem 11.9 prove the first
statement in part 1. Each intermediate field E is the fixed field of Gal K
by Theorem 11.9. Consequently, [K:E] =|GalgK| by Theorem 11.8. In
particular, if F=E, then [K:F]=|GalgK| Therefore by Lagrange’s
Theorem 7.33 and Theorem 9.4,

[K:E][E:F] = [K: F] =|GalgK| =|GalgK| [GalzK : Gal¢K].
Dividing this equation by [K: E] = |Gal ;K| shows that
[E: F] = |GalzK : GalgK].

To prove part 2, assume first that Gal K is a normal subgroup of Gal ;K.
If p(x) is an irreducible polynomial in F [x] with a root u in E, we must show
that p(x) splits in E[x]. Since K is normal over F, we know that p(x) splits in
K[x]. So we need only show that each root v of p(x) in K is actually in E. There
is an automorphism ¢ in GalgK such that o(u) = v by Theorem 11.3. If 7 is
any element of GalgK, then normality implies 7 © 6 =g © 7, for some 7, €
GalgK. Since u € E, we have 7(v) = 1(o(u)) = o(7,(u)) = o(u) = v. Hence v s
fixed by every element 7 in GalgK and therefore must be in the fixed field of
GalgK, namely E (see Theorem 11.9).

Conversely, assume that E is a normal extension of F. Then E is finite-
dimensional over F by part 1. By Lemma 11.12, which is proved below,
there is a surjective homomorphism of groups 6: GalK — Gal-E whose
kernel is GalgK. Then GalgK is a normal subgroup of GalzK by Theorem
7.26, and GalgK/GalgK = Gal;E by the First Isomorphism Theorem
7.29. 1

EXAMPLE 3.D The splitting field K of x® — 2 is a Galois extension of Q
whose Galois group is a subgroup of S; by Example 3.A.* Note that
QcQX¥2)CK. Since x*—2 is the minimal polynomial of ¥2,
[Q(/2):Q] = 3 by Theorem 9.7. Neither of the other roots 2w
and Y2w?) is a real number, and hence neither is in Q(2). So
[K:Q] > 3. Since [K: Q] = 6 (Theorems 9.13, 9.14) and [K : Q)] is divi-

* We consider S as the group of permutations of the roots ¥2, ¥2w, ¥2w? in this order. For
instance, (12) interchanges ¥2 and Y2 and fixes ¥2w?.
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sible by 3 (Theorem 9.4), we must have [K:Q] = 6. Thus GalgK has
order 6 by Theorem 11.11 and is S;.

The only proper subgroups of S; are the cyclic group ((123)) of
order 3 and three cyclic groups of order 2: ((12)), ((13)), ((23)).
Verify that the Galois correspondence is as follows, where subgroups
and subfields in the same relative position correspond to each other.
The integer by the line connecting two subfields is the dimension of
the larger over the smaller. The integer by the line connecting two
subgroups is the index of the smaller in the larger.

Intermediate Fields

K
2 2 &
3 QEV2) Q(V2w) (V2w?)
@(w)\ 3 3 3
Q
Subgroups

R

123>

[N

S;;

The field Q(w) is an intermediate field because w =
3)¥2)2(Y20w) € K. Q(w) is the splitting field of x2 + x + 1 (Exercise 3)
and hence Galois over Q. The corresponding subgroup is the normal
subgroup ((123)). On the other hand, Example 3.C shows that Q(¥/2)
is not Galois over @, the corresponding subgroup ((23)) is not normal.
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The preceding example illustrates an important fact:
The Galois correspondence is inclusion-reversing,

For instance, Q@ C Q(w), but the corresponding subgroups satisfy the re-
verse inclusion: 3 2 ((123)).
Finally, we complete the proof of the Fundamental Theorem by prov-

ing

LEMMA 11.12 Let K be a finite-dimensional normal extension field of F and
E an intermediate field which is normal over F. Then there is a surjective
homomorphism of groups 6: GalgK — GalzE whose kernel is GalgK.

Proof Let o € GalgK and u € E. Then u is algebraic over F with minimal
polynomial p(x). Since E is a normal extension of F, p(x) splits in E[x], that is,
all the roots of p(x) are in E. Since o(u) must be some root of p(x) by Theorem
11.2, we see that o(u) € E. Therefore o(E) C E for every o € GalzK. Thus the
restriction of ¢ to E (denoted o | E) is an F-isomorphism E = ¢(E). Hence
|E:F] = [o(E): F] by Theorem 9.5. Since FC o(E) C E, we have [E:F]=
|[E:o(E)][o(E) : F] by Theorem 9.4, which forces [E:o(E)] = 1. Therefore
E = o¢(E), and g | E is actually an automorphism in GalzE.

Define a function 8: GalzK — GalE by 6(0) = g | E. It is easy to verify
that 6 is a homomorphism of groups. Its kernel consists of the automor-
phisms of K whose restriction to E is the identity map, that is, the subgroup
GalK.

To show that 6 is surjective, note that K is a splitting field over F by
Theorem 9.15, and hence K is a splitting field of the same polynomial over
E. Consequently, every 7 € GalzE can be extended to an F-automorphism o
in GalgK by Theorem 9.14. This means that g|E =1, that is, 6(0) = 7.
Therefore 6 is surjective. B

In the preceding proof the finite dimensionality and normality of K

were not used until the third paragraph. So the first paragraph proves this

useful fact:

COROLLARY 11.13 Let K be an extension field of F and E an intermediate
field that is normal over F. If 0 € Gal¢K, then o | E € GalgE.

EXERCISES

NOTE: K always denotes an extension field of F.

A. 1. IfKis Galois over F, show that there are only finitely many interme-
diate fields.
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10.

11

If K is a normal extension of Q and [K: Q] = p, with p prime, show
that GalgK =7Z,,.

. (a) Show that w = (—1 + V3i)/2 is a root of x3 — 1.

(b) Show that w and w? are roots of x2 + x + 1. Hence Q(w) is the
splitting field of x2 + x + 1.

. Exhibit the Galois correspondence of intermediate fields and sub-

groups for the given extension of Q:
(a) Q(d), where d € Q, but Vd ¢ Q.

(b) Q(w), where w is as in Exercise 3.

. If K is Galois over F and GalgK is an abelian group of order 10, how

many intermediate fields does the extension have and what are their
dimensions over F?

. Give an example of extension fields K and L of Fsuch thatboth K and

L are Galois over F, K # L, and GalzK = GalL.

. Exhibit the Galois correspondence for the given extension of Q:

(a) QV2,¥3)  (b) Q(i,V2)

. If Kis Galois over F, GalzK is abelian, and E is an intermediate field

that is normal over F, prove that GalzK and GalgzE are abelian.

. Let K be Galois over F and assume GalpK = Z,,.

(a) If E is an intermediate field that is normal over F, prove that
GalgK and GalzE are cyclic.

(b) Show that there is exactly one intermediate field for each posi-
tive divisor of n and that these are the only intermediate fields.

Two intermediate fields E and L are said to be conjugate if there
exists 0 € GalgK such that ¢(E) = L. Prove that E and L are conju-
gate if and only if GalgK and Gal_ K are conjugate subgroups of
GalgK (as defined on page 336).

(a) Show that K = Q (V2,i) is a splitting field of x* — 2 over Q.

(b) Prove that [K:Q)] = 8 and conclude from Theorem 11.11 that
GalgK has order 8. [Hint: Q C Q V2) c Q(V2,i)]

(c) Prove that there exists o € GalgK such that a(¥2) = (¥2)i and
o(i) = i and that ¢ has order 4.

(d) By Corollary 11.13 restriction of the complex conjugation map
to K is an element 7 of GalgK. Show that GalgK = {g, ¢2, a3,

t



11.3 Solvability by Radicals

361

ot =1, 1, 01, 0%1, 6°1}. |Hint: Use Theorem 11.4 to show these
elements are distinct.]

(e) Prove that GalgK = D. [Hint: Map o to r; and 7 to d.]
12. Let K be as in Exercise 11. Prove that GalgyK=1Z,.

C. 13. Let K be as in Exercise 11. Exhibit the Galois correspondence for
this extension. [Among the intermediate fields are Q((1 + #)V2) and
Q((1 —)V2).]

14. Exhibit the Galois correspondence for the extension @(vV2,V3,V5) of
Q. [The Galois group has seven subgroups of order 2 and seven of
order 4.]

11.3  Solvability by Radicals

The solutions of the quadratic equation ax*> + bx + ¢ = 0 are given by
the well-known formula

—b = vb* — 4ac

2a

x =

This fact was known in ancient times. In the sixteenth century formulas for
the solution of cubic and quartic equations were discovered. For instance,
the solutions of x3 + bx + ¢ = 0 are given by

x= V(—c/2) +vd + 3\[(—0/2) —Vd
= oV (=c/2) + d) + w*(¥(—c/2) — Vd)
r= (N (=c/2) + d + wV(=c/2) — Vd),

where d = (b3/27) + (¢?/4), @ = (— 1 + V3i)/2 is a complex cube root of 1,
and the other cube roots are chosen so that

Ni=¢/2) + Vd) (¥ (= ¢/2) — Vd) = —b/3.*

In the early 1800s Ruffini and Abel independently proved that for
n =5, there is no formula for solving all equations of degree n. But the
complete analysis of the problem is due to Galois, who provided a criterion
for determining which polynomial equations are solvable by formula. This
criterion, which is presented here, will able us to exhibit a fifth-degree
polynomial equation that cannot be solved by a formula. To simplify the
discussion, we shall assume that all fields have characteristic 0.

As illustrated above, a “formula” is a specific procedure that starts
with the coeflicients of the polynomial f(x) € F[x] and arrives at the solu-

* The formulas for the general cubic and the quartic are similar but more complicated.



362

11 Galois Theory

tions of the equation f(x) = O by using only the field operations (addition,
subtraction, multiplication, division) and the extraction of roots (square
roots, cube roots, fourth roots, etc.). In this context, an nth root of an
element c in Fis any root of the polynomial ™ — ¢ in some extension field of
F.

If f(x) € F[x], then performing field operations does not get you out of
the coefficient field F (closure!). But taking an nth root may land you in an
extension field. Taking an mth root after that may move you up to still
another extension field. Thus the existence of a formula for the solutions of

f(x) = Ogimplies that these solutions lie in a special kind of extension field of
F.

EXAMPLE Applying the cubic formula above with b = 3, ¢ = 2 shows
that the solutions of x® + 3x + 2 =0 are

V-1+V2+V-1-12,
V=1 +V2 + (wz)m,
(a)“’)m +o¥-1-2.
All of these solutions lie in the extension chain:

Q C Q) CQwV2) C Qw2.¥-1+V2) c Qo V2, ¥-1+ V2, ¥—1 -2
| ! I I Il

F,C F, C F, C F, c F,.

Each field in this chain is a simple extension of the preceding one and is
of the form F,(u), where u” € F; for some n (that is, u is an nth root of
some element of F)):

F, = Fy(w), where w® =1 € F,.

F,=F,(V2), where (V2)2=2¢€F,CF,.

Fy=F,(—1+2), where ¥—1+4v2°2=—1+V2¢F,.

F,=F,(N—1-v2), where ¥~1—V2p3=—1—V2eF,CF,.
Since F, contains all the solutions of x® + 3x + 2 = 0, it also contains a

splitting field of x3 + 3x + 2.

A field Kis said to be a radical extension of a field Fif there is a chain of
fields

F=F0gFlgF2g c gF,=K
such that foreachi=1,2, . . . ¢,

F,=F,_,(u,)) and some power of u, is in F,_,.
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In the last example, for instance, Q(w,x/ﬁ,s\/- 1+ V2, V=1- \/§) isaradical
extension of Q. Every radical extension of F is finite-dimensional over F
(Exercise 3).

Let f(x) € Fx]. The equation f(x) = O is said to be solvable by radicals
if there is a radical extension of F that contains a splitting field of f(x). The
example above shows that x® + 3x + 2 = 0 is solvable by radicals.

The preceding discussion shows that if there is a formula for its solu-
tions, then the equation f(x) = Ois solvable by radicals. Contrapositively, if
f{x) = Ogis not solvable by radicals, then there cannot be a formula (in the
sense discussed above) for finding its solutions.

If f(x) € Flx], then the Galois group of the polynomial f(x) is GalzK,
where K is a splitting field of f(x) over F.* Galois’ Criterion states that

f(x) = Ogis solvable by radicals if and only if the Galois
group of f(x) is a solvable group as defined below.
A group G is said to be solvable if it has a chain of subgroups
G=G2G,2G; D 2G,-1 DG, = (e)
such that each G, is a normal subgroup of the preceding group G,_, and the
quotient group G,_,/G; is abelian.

EXAMPLE Every abelian group G is solvable because every quotient
group of G is abelian, so the sequence G D (e) fulfills the conditions in
the definition.

EXAMPLE Let ((123)) be the cyclic subgroup of order 3 in S;. The
chain S5 2 ((123)) 2 ((1)) shows that S; is solvable. But for other
symmetric groups we have

THEOREM 11.14 For n =5 the group S, is not solvable.

Proof Suppose on the contrary that S, is solvable and that S, = G, D
G 2Gy2 - -+ DG, = ((1))isthe chain of subgroups required by the defi-
nition. Let (rst) be any 3-cycle in S, and let u, v be any elements of {1, 2,

., n} other than r, s, ¢ (u and v exist because n = 5). Since S,/G, is
abelian, Theorem 7.24 (with a = (tus), b = (srv)) shows that G, must con-
tain

(tus)(srv)(tus)”Y(srv)~! = (tus)(srv)(tsu)(svr) = (rst).
Therefore G, contains all the 3-cycles. Since G,/G, is abelian, we can repeat
* Since any two splitting fields of f(x) are isomorphic by Theorem 9.14, it follows that the

corresponding Galois groups are isomorphic. So the Galois group of f(x) is independent of the
choice of K.
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the argument with G, in place of S, and G, in place of G, and conclude that
G, contains all the 3-cycles. The fact that each G,_;/G;is abelian and contin-
ued repetition lead to the conclusion that the identity subgroup G, contains
all the 3-cycles, which is a contradiction. Therefore S, is not solvable. B

This key property of solvable groups will be needed below:

THEOREM 11.15 Every homomorphic image of a solvable group G is solv-
able.

Proof Suppose that f: G — H is a surjective homomorphism and that G =
Go2G1 DGy 2D - -+ DG, = (eg) is the chain of subgroups in the definition
of solvability. For each i, let H; = f(G,) and consider this chain of subgroups:

H=H,DH DH;2 - - DH,=f((eg)) = (en).

Verify that H;is a normal subgroup of H,_, foreachi=1,2, . . . ,t Leta,
b € H,_, . Then there exist ¢, d € G,_; such that f(c) = a and f(d) = b. Since
G,_,/G; is abelian by solvability, cdc 'd~! € G, by Theorem 7.24. Conse-

quently,

aba™'b™' = flO)f (A)f (¢ f(d™Y) = fledc™'d ") € f(G) = H,.
Therefore H,_,/H, is abelian by Theorem 7.24, and H is solvable. B

In order to prove Galois’ solvability criterion, we need more informa-
tion about radical extensions and nth roots. If K is a field and {e K is a
solution of x™ — 1x = Ok, then (is called an nth root of unity. The derivative
nx""! of x® — 1 is nonzero (since K has characteristic 0) and relatively
prime to x™ — 1x. Therefore x™ — 14 is separable by Lemma 9.16. So there
are exactly n distinct nth roots of unity in K. If { and t are nth roots of unity,
then

(G ={tm = 1glg = 1g.

Thus the set of nth roots of unity is closed under multiplication and is
therefore a subgroup of the multiplicative group of the field K (Theorem
7.8). This group is cyclic by Theorem 7.41 or Corollary 10.11. A generator
of this cyclic group is called a primitive nth root of unity. So {is a primitive
nth root of unity ifand only if {, {2, {3, . . . , {® = lpare the n distinct nth
roots of unity.

EXAMPLE The fourth roots of unity in C are 1, —1, i, —i. Since
i2=—1,43=—i,and i*= 1, i is a primitive fourth root of unity. Simi-
larly, —i is also a primitive fourth root of unity. DeMoivre’s Theorem

shows that for any positive n,

cos(2n/n) + i sin(2x/n) is a primitive nth root of unity in C.
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é When n = 3, this states that @ = cos(27/3) + i sin(27/3) = (—1/2) +
4 (¥3/2)iis a primitive cube root of unity.

LEMMA 11.16 Let K be a field and { a primitive nth root of unity in K. Then K
contains a primitive dth root of unity for every positive divisor d of n.

Proof By hypothesis { has order n in the multiplicative group of K. If
n = dt, then ¢ has order d by Theorem 7.5. So {* generates a subgroup of
order d, each of whose elements must have order dividing d by Corollary
7.34. In other words, (({*)¥)? = 1, for every k. Thus the d distinct powers {*,
(02, ..., (&%, ({)? = 1gareroots of x¢ — 1. Since x¢ — 1 has at most
d roots and every dth root of unity is a root of x? — 1, * is a primitive dth
root of unity. B

We can now tie together the preceding themes and prove two
theorems that are special cases of Galois’ Criterion as well as essential tools
for proving the general case.

g

root of unity in some extension field of F. Then K = F({) is a normal extension
of F, and GalgK is abelian.

THEOREM 11.17 Let F be a field of characteristic 0 and { a primitive nth

Proof The field K = F({) contains all the powers of { and is therefore a
splitting field of x® — 1. * Hence K is normal over Fby Theorem 9.15. Every
automorphism in the Galois group must map { onto a root of x” — 15 by
Theorem 11.2. So if o, 7 € GalzK. then ¢({) = & and 7({) = {* for some
positive integers k, t. Consequently.

(0 ° 1)) =0(1({)) = ot = a({) = (&) = {*.
(te0)(&)=1(0({)) = n ) =)= ()=,
Therefore ¢ ° =1 ° ¢ by Theorem 11.4, and GalzK is abelian. B

THEOREM 11.18 Let Fbe a field of characteristic 0 that contains a primitive
nth root of unity. If uis aroot of x — c € F[x] in some extension field of F, then
K = F(u) is a normal extension of F. and GalgK is abelian.

Proof** By hypothesis, u® = c. If {is a primitive nth root of unity in F, then
for any k,

(Cu)r = () = ((M*ur = 1pc = c.

* The field K = F({) is a radical extension of F since {" = 1z. Thus x" — 1= Ogis solvable by
radicals. So the theorem, which says that Gal K (the Galois group of 2" — 1;) is abelian and
hence solvable, is a special case of Galois” Criterion.

** For an alternate proof showing that GalK is actually cyclic, see Exercise 22.
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Consequently, since {, {2, . . ., {"= 1 are distinct elements of F, the
elements (u, {2u, {Pu, . . ., {"u=u are the n distinct roots of x" —c.
Hence K = F(u) is a splitting field of x® — ¢ over F and is therefore normal
over Fby Theorem 9.15.*If 0, 7, € Gal;K, then o(u) = *u and t(u) = Cufor
some k, t by Theorem 11.2. Consequently,

(0 ° D(u) = o(z(u) = o(l'u) = o({)o(w) = T(lu) = {*u.
(r ° 0)(u) = t(o(w)) = 1(C*u) = 1(F)r(u) = K({u) = F**u.
Therefore o ° 7= 1 © g by Theorem 11.4, and GalzK is abelian. &

THEOREM 11.19 (GALOIS* CRITERION) Let F be a field of characteristic
0 and f(x) € Flx]. Then f(x) = O is solvable by radicals if and only if the
Galois group of f(x) is solvable.

We shall prove only the half of the theorem that is needed below; see
Hungerford |7] or Jacobson [8] for the other half.

Proof of Theorem 11.19 Assume that f(x) = Ogis solvable by radicals. The
proof, which is on pages 367 - 369, is in three steps:

1. Theorem 11.21: There is a normal radical extension K of F that
contains a splitting field E of f(x).**

2. The field E is normal over F by Theorem 9.15.

3. Theorem 11.22: Any intermediate field of K that is normal over F
has a solvable Galois group; in particular, GalgE (the Galois group
of f(x)) is solvable.

Before completing the proof of Theorem 11.19, we use it to demon-
strate the insolvability of the quintic.

EXAMPLE We claim that the Galois group of f(x) = 22> — 10x+ 5 ¢
Qlx] is S5, which is not solvable by Theorem 11.14. Consequently, the
equation 2x% — 10x + 5 = 0 is not solvable by radicals by Theorem
11.19. So

there is no formula (involving only field operations and extraction
of roots) for the solution of all fifth-degree polynomial equations.

To prove our claim, note that the derivative of f(x)is 10x* ~ 10, whose

* The field K = F(u) is also a radical extension of F since u” = ¢ € F, so x" — ¢ = 0 is solvable by
radicals. Hence the theorem is another special case of Galois’ Criterion.

** This is a crucial technical detail. The definition of solvability by radicals guarantees only a
radical extension of F containing E. But aradical extension need not be normal over F (Exercise
19), and if it is not, the Fundamental Theorem 11.11 can’t be used.
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only real roots are £ 1 (the others being +i). Then f”(x) = 40x3, and
the second-derivative test of elementary calculus shows that f(x) has
exactly one relative maximum at x = —1, one relative minimum at
x = 1, and one point of inflection at x = 0. So its graph must have the
general shape shown below. In particular, f(x) has exactly three real
roots.

Note that f(x) is irreducible in Q[x] by Eisenstein’s Criterion
(with p = 5). If K is a splitting field of f(x) in C, then GalgK has order
[K:Q] by the Fundamental Theorem. If r is any root of f(x), then
[K:Q] =[K:Q()][Q(r): Q] by Theorem 9.4 and [Q(r):Q]=35 by
Theorem 9.7. So the order of GalgK is divisible by 5. It follows that
GalzK contains an element of order 5.*

The group GalgK, considered as a group of permutations of the
roots of f(x), is a subgroup of S; (Corollary 11.5). But the only ele-
ments of order 5 in Sg are the 5-cvcles (see Exercise 13 in section 7.9).
So GalgK contains a 5-cycle. Complex conjugation induces an auto-
morphism on K (Corollary 11.13). This automorphism interchanges
the two nonreal roots of f(x) and fixes the three real ones. Thus Gal K
contains a transposition. Exercise 8 shows that the only subgroup of Ss
that contains both a 5-cycle and a transposition is S; itself. Therefore
GalK = S5 as claimed.

We now complete the proof of Galois’ Criterion, beginning with a

technical lemma whose import will become clear in the next theorem.

LEMMA 11.20 Let F, E, L be fields of characteristic 0 with

FCECL=E({) and v*eE.

If L is finite-dimensional over F and E is normal over F, then there exists an

* If you have read Chapter 10, use Corollary 10.14; otherwise, use Exercise 9.
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extension field M of L which is a radical extension of E and a normal extension

of F.

Proof By Theorem 9.15, E is the splitting field over F of some g(x) € Fx].
Let p(x) € F[x] be the minimal polynomial of v over F and let M be a splitting
field of g(x)p(x) over F. Then M is normal over Fby Theorem 9.15. Further-
more, FC E C L C M (since L = E(v) and E is generated over F by the roots
of g(x)). Letv =v,, 0,5, . . . ,v,.beallthe roots of p(x) in M. For each i there
exists o, € GalzM such that o,(v) = v, by Theorem 11.3. Corollary 11.13
shows that g,(E) C E. By hypothesis, v* = b € E; so for each 1,

(v)k=o(v)*=0,(t*) = 0,(b) e EC E(v,, . . . ,0;_y).
Consequently,
E (_: L= E(Ul) g E(Ul,v2) g E(Ul,vz,va) g c vt Q E(Dl,vz, PP ,Ur) = M

is a radical extension of E. i

THEOREM 11.21 Let F be a field of characteristic 0 and f(x) € Flx]. If
f(x) = Ogis solvable by radicals, then there is a normal radical extension field
of F that contains a splitting field of f(x).

Proof By definition some splitting field K of f(x) is contained in a radical
extension

F=F0QF1QF2QF3Q ct QF,,

where F,= F,_,(4;) and (u)™isin F,_, foreachi=1, 2, . . . , t. Applying
Lemma 11.20 with E=F, L =F,, and v = u, produces a normal radical
extension field M; of F that contains F;. By hypothesis (u,)" € F; C M,.
Applying Lemma 11.20 with E = M,, v = u,, and L = M, (u,) produces a
normal extension field M, of F that is a radical extension of M; and hence a
radical extenstion of F. Furthermore, M, contains F, = F;(u;). Continued
repetition of this argument leads to a normal radical extension field M, of F
that contains F, and hence contains K. il

THEOREM 11.22 Let K be a normal radical extension field of F and E an
intermediate field, all of characteristic 0. If E isnormal over F, then GalgE isa
solvable group.
Proof By hypothesis there is a chain of subfields

F=F,CF CF,CF,C - CF=K,
where F, = F,_;(u,) and (u,)™isin F,_, foreachi= 1,2, . . . ,t. Letnbe the
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least common multiple ofn,, n,, . . . , n,andlet {be a primitive nth root of
unity. For each i = 0, let E, = F({). Then for eachi=1

E, = F({) = Fi1(w)({) = Fi-y(w,{) = Fi1({)(u) = E,—1(uy).
Since (u)®€F,_,CE,_,fori=1and ("¢ F
FCE,CE, CE,CE;C---CE=L

is a radical extension of F that contains K (and hence E).* The normal

extension K = F, is the splitting field of some polynomial p(x) € F[x| by

Theorem 9.15, and hence L = E, = F,({) is the splitting field of p(x)(x" — 1)

over F. Therefore L is Galois over F by Theorems 9.15 and 9.17.
Consider the following chain of subgroups of GalgL:

GalpL D Galg L D Galg LD Galg, LD - - - DGalg LD Gal L= ().

We shall show that each subgroup is normal in the preceding one and that
each quotient is abelian. Since each n, divides n, E, contains a primitive n,th
root of unity by Lemma 11.16. Consequently, by Theorem 11.18 each E;
(with i = 1) is a normal extension of E,_,, and the Galois group Galg,_ E,is
abelian. Since L is Galois over F, it is Galois over every E;. Applying the
Fundamental Theorem 11.11 to the extension L of E,_,, we see that Galg L
is anormal subgroup of Galg_ L and that the quotient group Gal_ L/Gal gL
is isomorphic to the abelian group Galg,_ E,. Similarly by Theorems 11.11
and 11.17, Ejis normal over F, Galg, L is normal in GalgL, and Gal zL/Gal g, L
is isomorphic to the abelian group GalzE,. Therefore GalgL is a solvable
group.

Since E is normal over F, the Fundamental Theorem shows that Gal gL
is normal in GalgL and Gal¢L/Gal ;L is isomorphic to GalzE. So GalE is the
homomorphic image of the solvable group GalgL (see Theorem 7.28) and is
therefore solvable by Theorem 11.15. B

EXERCISES

NOTE: F denotes a field, and all fields have characteristic 0.

A. 1. Find a radical extension of @ containing the given number:

@@ Vi+v7-¥2+5

* The construction of L does not use the hypothesis that K is normal over F, and, as we shall see
below, every field in the chain is a normal extension of the immediately preceding one. But this
is not enough to guarantee that L is normal (hence Galois) over F (Exercise 19). We need the
hypothesis that K is nomal over F to guarantee this, so that we can use the Fundamental
Theorem on L.
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(b) (VV2 +1)/(¥5)
(¢) (V3—V2)/(4 +2)

. Show that x2 — 3 and x2 — 2x — 2 € Q[x] have the same Galois

group. [Hint: What is the splitting field of each?|

. If K is a radical extension of F, prove that [K:F] is finite. [Hint:

Theorems 9.7 and 9.4.]

4. Show that D, is a solvable group.
5. Show that S, is a solvable group. [Hint: Consider the subgroup

H={(12)(34), (13)(24), (14)(23), (1)} of A, ]

. If G is a simple nonabelian group, prove that G is not solvable.

Conclude that for n = 5, A; is not solvable (see Theorem 10.28).

. List all the nth roots of unity in C when n =

@2 b3 (4 M5 (e)6

. Let G be a subgroup of S5 that contains a transposition o = (rs) and a

5-cycle a. Prove that G = S5 as follows.

(a) Show that for some k, ok is of the form (rsxyz). Let 1 = o* € G; by
relabeling we may assume that 6 = (12) and 7 = (12345).

(b) Show that (12), (23), (34), (45) € G. [Hint: Consider t*o1~* for
k=1].

(c) Show that (13), (14), (15) € G. [Hint: (12)(23)(12) = ?]

(d) Show that every transposition is in G. Therefore G = S5 by
Corollary 7.44.

. Let G be a group of order n. If 5| n, prove that G contains an ele-

ment of order 5 as follows. Let S be the set of all ordered 5-tuples
(r.s,tup) with r, s, t, u, v € G and rstuv = e.

(a) Show that S contains exactly n* 5-tuples. [Hint: If r, s, t,u € Gand
v = (rstu)”!, then (r,s,t,u,v) € S.]

(b) Two 5-tuples in S are said to be equivalent if one is a cyclic
permutation of the other.* Prove that this relation is an equiva-
lence relation on S.

* For instance, (r,s,t,u,0) is equivalent to each of (s,t,u,v,7), (t,u,v,r,5), (u,v,r,s,8), (v,r,5,t,u),
(r.s,t,u,0) and to no other 5-tuples in S.
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10.

11.

12.

13.

14.

15.

16.

17.

(c¢) Prove that an equivalence class in S either has exactly five 5-
tuples in it or consists of a single 5-tuple of the form (r,r,r,r,r).

(d) Prove that there are at least two equivalence classes in § that
contain a single 5-tuple. [Hint: One is {(e,¢,¢,¢,e)}. If this is the
only one, show that n* = 1 (mod 5). But 5 | n, so n* = 0 (mod 5),
which is a contradiction.]

(e) If{{c,c,c,c,c)}, withc # e, is a single-element equivalence class,
prove that ¢ has order 5.

If N is a normal subgroup of G, N is solvable, and G/N is solvable,
prove that G is solvable.

Prove that a subgroup H of a solvable group G is solvable. [Hint: If
G=G,2G,D - 2G,= (e) is the solvable series for G, con-
sider the groups H, = H N G,. To show that H,_,/H,is abelian, verify
that themap H,_,/H, — G,_,/G,givenby Hx — Gxisawell-defined
injective homomorphism.]

Prove that the Galois group of an irreducible quadratic polynomial
is isomorphic to Z,.

Prove that the Galois group of an irreducible cubic polynomial is
isomorphic to Z; or S;.

Prove that the Galois group of an irreducible quartic polynomial is
solvable. [Hint: Corollary 11.5 and Exercises 5 and 11.]

Let p(x), g(x) be irreducible quadratics. Prove that the Galois group
of f(x) = p(x)q(x) is isomorphic to Zy X Z, or Z,. [Hint: If uis aroot of
p(x) and v a root of g(x). then there are two cases: v ¢ F(u) and
v € F(u).|

Use Galois’ Criterion to prove that every polynomial of degree < 4
is solvable by radicals. [Hint: Exercises 12-15.]

Find the Galois group G (up to isomorophism) of the given polyno-
mial in Q[x]:

(a) x®— 4x3+ 4 [Hint: Factor.]

(b) x*—5x2+6

(¢) x5+ 6x3+9x

(d) x*+3x3—2x—6

(e) x5— 10x — 5 [See the example after Theorem 11.19.]
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18.

19.

20.

21.

22.

C. 23.

24,

25.

Determine whether the given equation over @ is solvable by radi-
cals:

() x6+2x3+ 1=0 (b) 325~ 152+ 5
(¢) 2x°—5x*+5=0 (d) x®*—x*—16x+16=0

(a) Prove that @(v2i) is normal over @by showing it is the splitting
field of x% + 2.

(b) Prove that Q(¥2(1 — i)) is normal over Q(v2i) by showing that it
is the splitting field of x2 + 2V2i.

(¢) Show that@ C Q(v2i) C Q(¥2(1 — i))is aradical extension of @
with [Q(Y2(1 — 1)) : Q] = 4 and note that Q contains all second
roots of unity (namely - 1).

(d) Let L = Q(¥2(1 — i)). Show that v = Y2(1+ i) is not in L. [Hint:
If veL and u=%V2(1—1i)eL, show that v/u=i and
(v — u)/2i = Y2 € L, which implies that [L:Q] = [@(V2,i):Q),
contradicting (c) and Exercise 11(b) in Section 11.2.]

(e) Prove that L = Q(V2(1 — i)) is not normal over Q. [Hint: u and v
(as in (d)) are roots of the irreducible polynomial x* + 8.]

Let { be a primitive fifth root of unity. Assume Exercise 20 in
Section 4.5 and prove that GalqgQ({), the Galois group of x® — 1, is
cyclic of order 4.

What is the Galois group of x® + 32 over Q? [Hint: Show that Q({) is
a splitting field, where { is a primitive fifth root of unity; see Exer-
cise 20.]

Prove that the group GalgK in Theorem 11.18 is cyclic. [Hint: De-
fine a map ffrom GalzK to the additive group Z, by f(0) = k, where
o(u) = Cu. Show that fis a well-defined injective hamomorphism
and use Theorem 7.11 !

If p is prime and G is a subgroup of S, that contains a transposition
and a p-cycle, prove that G =§,. [Exercise 8 is the case p = 5]

If f(x) € Q|x] is irreducible of prime degree p and f(x) has exactly
two nonreal roots, prove that the Galois group of f(x) is S,. [The
example after Theorem-11.19 is essentially the case p = 5.]

Construct a polynomial in Q[x] of degree 7 whose Galois groupis S;.



CHAPTER 12
PUBLIC-KEY
CRYPTOGRAPHY

PREREQUISITE: Section 2.3.

Codes have been used for centuries by merchants, spies, armies, and diplo-
mats to transmit secret messages. In recent times, the large volume of
sensitive material in government and corporate computerized data banks
(much of which is transmitted by satellite or over telephone lines) has
increased the need for efficient. high-security codes.

It is easy to construct unbreakable codes for one-time use. Consider
this “code pad™”:

Actual Word: morning evening Monday Tuesday attack
Code Word: bat glxt king button  figle

If I send you the message FIGLE BUTTON BAT, there is no way an enemy
can know for certain that it means attack on Tuesday morning” unless he
or she has a copy of the pad. Of course, if the same code is used again, the
enemy might well be able to break it by analyzing the events that occur after
each message.

Although one-time code pads are unbreakable, they are cumbersome
and inefficient when many long messages must be routinely sent. Even if the
encoding and decoding are done by a computer, it is still necessary to design
and supply a new pad (at least as long as the message) to each participant for
every message and to make all copies of these pads secure from unautho-
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rized persons. This is expensive and impractical when hundreds of thou-
sands of words must be encoded and decoded every day.

For frequent computer-based communication among several parties,
the ideal code system would be one in which

1. Each person has efficient, reusable, computer algorithms for en-
coding and decoding messages.

2. Each person’s decoding algorithm is not obtainable from his or her
encoding algorithm in any reasonable amount of time.

A code system with these properties is called a public-key system. Although
it may not be clear how condition 2 could be satisfied, it is easy to see the
advantages of a public-key system.

The encoding algorithm of each participant could be publicly an-
nounced— perhaps published in a book (like a telephone directory) — thus
eliminating the need for couriers and the security problems associated with
the distribution of code pads. This would not compromise secrecy because
of condition 2: Knowing a person’s encoding algorithm would not enable
you to determine his or her decoding algorithm. So you would have no way
of decoding messages sent to another person in his or her code, even though
you could send coded messages to that person.

Since the encoding algorithms for a public-key system are available to
everyone, forgery appears to be a possibility. Suppose, for example, that a
bank receives a coded message claiming to be from Anne and requesting the
bank to transfer money from Anne’s account into Tom’s account. How can
the bank be sure the message was actually sent by Anne?

The answer is as simple as it is foolproof. Coding and decoding algo-
rithms are inverses of each other: Applying one after the other (in either
order) produces the word you started with. So Anne first uses her secret
decoding algorithm to write her name; say it becomes Gybx. She then
applies the bank’s public encoding algorithm to Gybx and sends the result
(her ““signature’’) along with her message. The bank uses its secret decoding
algorithm on this “‘signature”” and obtains Gybx. It then applies Anne’s
public encoding algorithm to Gybx, which turns it into Anne. The bank can
then be sure the message is from Anne, because no one else could use her
decoding algorithm to produce the word Gybx that is encoded as Anne.

One public-key system was developed by R. Rivest, A. Shamir, and L.
Adleman in 1977. Their system, now called the RSA system, is based on
elementary number theory. Its security depends on the difficulty of factor-
ing large integers (as described in Section 1.4). Here are the mathematical
preliminaries needed to understand the RSA system.

LEMMA 12.1 Letp,r,s,c € Zwithpprime. Ifp | cand rc = sc (mod p), then
r=s (modp).
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Proof Since rc = sc (mod p), p divides rc — sc = (r — s)c. By Theorem 1.8,
p|(r—s)orp|c.Sincep | c, we have p| (r — s), and hence r = s (mod p). B

LEMMA 12.2 (FERMAT'S LITTLE THEOREM) Ifpis prime,a €L andp | a,
then a*~! =1 (mod p).

Proof* None of the numbers a, 2a, 3a, . . . , (p — 1)a is congruent to 0
modulo p by Exercise 1. Consequently, each of them must be congruent to
oneof1,2,3, ... ,p—1 Dby Corollary 2.5 and Theorem 2.3. If two of
them were congruent to the same one, say ra =i = sa (mod p) with

1=irs=sp—1,

then we would have r =5 (mod p) by Lemma 12.1 (with ¢ = a). This is
impossible because no two of the numbers 1, 2,3, . . . , p—1 are con-
gruent modulo p (the difference of any two is less than p and hence not
divisible by p). Therefore in some order a, 24, 3a, . . . , (p— 1)a are
congruentto 1, 2,3, . . . ,p— 1. By repeated use of Theorem 2.2,

a-2a-3a*--(p—1)a=1-2-3:-(p—1)(modp).
Rearranging the left side shows that
araa--a*1-2-3---(p—1)=1-2-3---(p—1) (mod p)
a ' (1-2-3--(p—10=1(1-2-3--+(p—1)) (mod p).

Nowp [(1-2+3- - (p—1)) (ifitdid. p would divide one of the factors by
Corollary 1.9). Therefore a»~! =1 (mod p) by Lemma 12.1 (with ¢=
1-2:3---(p—1). 1

Throughout the rest of this discussion p and q are distinct positive
primes. Let n=pg and k= (p — 1)ig — 1). Choose d such that (d,k) = 1.
Then the equation dx = 1 has a solution in Z; by Corollary 2.9. Therefore
the congruence dx = 1 (mod k) has a solution in Z; call it e.

THEOREM 12.3 Let p, g, n, k, e, d be as above. Then b*® = b (mod n) for
everybel.

Proof Since eis asolution of dx = 1 (mod k), de — 1 = kt for some t. Hence
ed =kt + 1, so that

bed = pht+1 = ppl = pr=1a= D}y = (hp=1)a=Dep,
If p | b, then by Lemma 12.2,
bed = (bp~1)a~Vth = (1)@ V) = b (mod p).

* A shorter alternate proof, using group theory, is outlined in Exercise 15 of Section 7.8.
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If p| b, then b and every one of its powers are congruent to 0 modulo p.
Therefore in every case, b** = b (mod p). A similar argument shows that
b*d = b (mod q). By the definition of congruence,

p|(b*¢ —Db) and q|(b*® —b).

Therefore pq|(b*® — b) by Exercise 2. Since pg=n, this means that
n| (b*® — b), and hence b** = b (mod n). B

The least residue modulo n of an integer c is the remainder r when c is
divided by n. By the Division Algorithm, ¢ = nq + r, so that ¢ — r = ng, and
hence ¢ = r (mod n). Since two numbers strictly between 0 and n cannot be
congruent modulo n, the least residue of c is the only integer between 0 and
n that is congruent to ¢ modulo n.

We can now describe the mechanics of the RSA system, after which we
shall show how it satisfies the conditions for a public-key system. The
message to be sent is first converted to numerical form by replacing each
letter or space by a two-digit number:*

space=00,A=01,B=02, . . . ,Y=257Z=26.

For instance, the word GO is written as the number 0715 and WEST is
written 23051920, so that the message ‘GO WEST”’ becomes the number
07150023051920, which we shall denote by B.

Letp, g, n, k, d, e be as in Theorem 12.3, with p and g chosen so that
B < pg = n. To encode message B, compute the least residue of B* modulo
n; denote it by C. Then C is the coded form of B. Send C in any convenient
way.

The person who receives C decodes it by computing the least residue
of C¢ modulo n. This produces the original message for the following rea-
sons. Since B¢ is congruent modulo n to its least residue C, Theorem 12.3
shows that

C¢ = (B?)4 = B¢ = B (mod n).

The least residue of C%is the only number between 0 and n that is congruent
to C?modulo nand 0 < B < n. So the original message B is the least residue
of C4.

Before presenting a numerical example, we show that the RSA system
satisfies the conditions for a public-key system:

1. When the RSA system is used in practice, p and q are large primes
(on the order of 100 digits each). As noted in Section 1.4 such
primes can be quickly identified by a computer. Even though B, e,

* More numbers could be used for puncutation marks, numerals, special symbols, etc. But this
will be sufficient for illustrating the basic concepts.
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C, d are large numbers, there are fast algorithms for finding the
least residues of B and C? modulo n. They are based on binary
representation of the exponent and do not require direct computa-
tion of B¢ or C? (which would be gigantic numbers). See Knuth [33]
for details. So the encoding and decoding algorithms of the RSA
system are computationally efficient.

2. To use the RSA system, each person in the network uses a computer
to choose appropriate p, g, d and then determines n, k, e. The
numbers ¢ and n for the encoding algorithm are publicly an-
nounced, but the prime factors p, g of n and the numbers d and kare
kept secret. Anyone with a computer can encode messages by
using e and n. But there is no practical way for outsiders to deter-
mine d (and hence the decoding algorithm) without first finding p
and g by factoring n.* With present technology this would take
millions of years, as explained in Section 1.4. So the RSA system
appears secure, as long as new and very fast methods of factoring
are not developed.

Even when n is chosen as above. there may be some messages that in
numerical form are larger than n. In such cases the original message is
broken into several blocks, each of which is less than n. Here is an example,
due to Rivest-Shamir-Adleman.

EXAMPLE Let p =47 and g = 59. Then n=pqg=47 - 59 =2773
and k=(p—1)(g— 1) =46 - 55 = 2668.** Let d =157, which is
easily shown to be relatively prime to 2668. Solving the congruence
157x =1 (mod 2668) shows that ¢ = 17 (see Exercise 15 in Section
13.1). We shall encode the message “IT’S ALL GREEK TO ME.”” We
can encode only numbers less than n = 2773. So we write the message
in two-letter blocks (and denote spaces by #):

I T S = AL L # GR
0920 1900 0112 1200 0718
E E K # T O # M E #
0505 1100 2015 0013 0500.

Then each block is a number less than 2773. The first block, 0920, is
encoded by using e = 17 and a computer to calculate the least residue
of 920'" modulo 2773:

92017 = 948 (mod 2773).

* Alternatively, one might try to find k and then solve the congruence ex =1 (mod k) to get d.
But this can be shown to be computationally equivalent to factoring n, so no time is saved.
** These numbers will illustrate the concepts. But they are too small to provide a secure code
since 2773 can be factored by hand.
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The other blocks are encoded similarly, so the coded form of the
message is

0948 2342 1084 1444 2663
2390 0778 0774 0219 1655.

A person receiving this message would use d = 157 to decode each
block. For instance, to decode 0948, the computer calculates

948157 = 920 (mod 2773).
This is the original first block 0920 =1IT.

For more information on cryptography and the RSA system, see De-
Millo-Davida [36], Diffie-Hellman [37|, Rivest-Shamir-Adleman |38], and
Simmons [39].

EXERCISES

A. 1. Letpbe aprime and k, a € Zsuch that p | aand 0 < k < p. Prove that
ka # 0 (mod p). [Hint: Theorem 1.8.]

2. If p and g are distinct primes such that p | c and g | ¢, prove that pq | c.
[Hint: If ¢ = pk, then g | pk; use Theorem 1.8.]

3. Use a calculator and the RSA encoding algorithm with e=3, n=
2773 to encode these messages:

(a) GOHOME (b) COMEBACK (c) DROP DEAD
[Hint: Use 2-letter blocks and don’t omit spaces.]

4. Prove this version of Fermat’s Little Theorem: If p is a prime and
a € Z, then a? = a (mod p). [Hint: Consider two cases, p|a and p | a;
use Lemma 12.2 in the second case.]

B. 5. Find the decoding algorithm for the code in Exercise 3.

6. Let C be the coded form of a message that was encoded by using the
RSA algorithm. Suppose that you discover that C and the encoding
modulus n are not relatively prime. Explain how you could factor n
and thus find the decoding algorithm. [The probability of such a C
occurring is less than 107 when the prime factors p, g of n have
more than 100 digits.]



CHAPTER 13
THE CHINESE REMAINDER
THEOREM

PREREQUISITES: Section 2.1 and Appendix C for Section 13.1;
Section 3.1 for Section 13.2; Chapter 6 for Section 13.3.

The Chinese Remainder Theorem (Section 13.1) is a famous result in num-
ber theory that was known to Chinese mathematicians in the first century
A.D. It also has practical applications in computer arithmetic (Section 13.2).
An extension of the theorem to rings other than Z has interesting conse-
quences in ring theory (Section 13.3). Although obviously motivated by
Section 13.1, Section 13.3 is independent of the rest of the chapter and may
be read at any time after you have read Chapter 6.

13.1  Proof of the Chinese Remainder Theorem

A congruence is an equation with integer coeflicients in which “=""is
replaced by “= (mod n).” The same equation can lead to different con-
gruences, such as

6x+5=7 (mod 3) or 6x +5=7 (mod 5).

Only integers make sense as solutions of congruences, so the techniques of
solving equations are not always applicable to congruences. For instance,
the equation 6x +5 =7 has x = 1/3 as a solution, but the congruence

379
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6x + 5 = 7 (mod 3) has no solutions (Exercise 3), and 6x + 5 = 7 (mod 5)
has infinitely many solutions (Exercise 4).

A number of theoretical problems and practical applications require
the solving of a system of linear congruences, such as

x =2 (mod 4)
x =5 (mod 7)
x=0 (mod 11)
x = 8 (mod 15)

A solution of the systemis an integer which is a solution of every congruence
in the system. We shall examine some cases in which a system of linear
congruences must have a solution.

LEMMA 13.1 If m and n are relatively prime positive integers and a, b € Z,
then the system

x = a (mod m)
x=b (mod n)

has a solution.

Proof Since (m,n) = 1, there exist (by Theorem 1.3) integers u and v such

that mu + nv = 1. Multiplying this equation by b — a, we have
mulb—a)+nolb—a)=b—a.

(%) a+ mulb—a) =b—nvb— a).

Let t = a + mu(b — a). Then t is a solution of the first congruence in the
system because

t—a=(a+ mulb— a)) — a=mulb— a) = m{ub — ua),

and hence, by the definition of congruence, t = a (mod m). Using equation
(%), we see that

t—b=(a+mub—a)—b=b-—nob—a)—b
= n(va — vbh).
Therefore t = b (mod n), and t is a solution of the system. B
The proof of Lemma 13.1 provides an explicit solution algorithm for
systems of two congruences:

1. Find u and v such that mu + no =1.*
2. Then x = a + mu(b — a) is a solution of the system.

* This can always be done by using Euclidean Algorithm (Theorem 1.6); see the example on
page 10.
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EXAMPLE To solve the system
x =2 (mod 4)
x =5 (mod 7),

apply the algorithm withm =4, n=7,a=2,b=25:
1. It is easy to see that u= 2, v =—1 satisfy 4u + 7o =1.
2. Therefore a solution of the system is:

x=a+mub—a)=2+4-205—2)=2+ 8(3)=26.

THEOREM 13.2 (THE CHINESE REMAINDER THEOREM) Let m,,
My, . . . , m, be pairwise relatively prime positive integers (meaning that
(m,, m;) = 1 whenever i # j). Then for any a, € Z, the system

x = a, (mod m,)

x = da, (mod my)

I

x = g, (mod m,)

x =a, (mod m,)

has a solution. Any two solutions of the system are congruent modulo
mymgms - - *m,. If t is one solution of the system, then an integer z is a
solution if and only if z =t (mod mymymy - - - m,).

Proof Fxistence of a Solution The proof is by induction on the number r
of congruences in the system. If r = 2. then there is a solution by Lemma
13.1 (with m =m,, n=my,, a =a,. b =a,). So suppose inductively that
there is a solution when r = k and consider the system

x=a, (modm,)

x=a, imodmy)

x=a; (modmg)

(%)

x=gq, (modmy)

X = a1 (mod myyy)

By the induction hypothesis, the system consisting of the first k con-
gruences in (+*) has a solution s. Furthermore, mymyms « - - myandmy., are
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relatively prime (Exercise 5). Consequently, by Lemma 13.1, the system
x=s (mod mymgmy- - - my)
(#x)
X = apyy (mod myy ;)
has a solution t. The number ¢ necessarily satisfies
t=s (mod mymgmg- - - my).
Consequently, foreachi=1,2 3, . . .  k,
t=s (mod m,)

(reason: If t — s is divisible by m;mgmy, - - - m,), then it is divisible by each
m,). Now s is a solution of the first k congruences in (x*), so for each i < k

t=s (mod m,) and  s=g, (mod m,).
By transitivity (Theorem 2.1),
t = g, (mod m,) fori=1,2, ... k.

Since ¢ is a solution of (¥++), it must also satisfy t = ;. , (mod Mi4,)- Hence t
is a solution of the system (x*), so that there is a solution when r =k + 1.
Therefore, by induction, every such system has a solution.

Complete Set of Solutions If z is any other solution of the system, then
foreachi=1,2, ...  r
z=a,(modm,) and t=g, (modm,).

By transitivity (Theorem 2.1), z = t (mod m,). Thus

ml'(z_t>s m2'<z_t)> m3|(z—t)"'-7mrl(z—t)‘
Therefore mymymg- - *m,|(z—1t) by Exercise 7. Hence z=1¢ (mod
mymemg - - *m,).
Conversely, if z =t (modmmymg - - - m,), then, as above, z = ¢ (mod
m,) foreachi=1,2, . . .  r Sincet= a, (modm,), transitivity shows that

z = a; (mod m,) for each i. Therefore z is a solution of the system. B

The proof of Theorem 13.2 actually provides an effective computa-
tional algorithm for solving large systems: Solve the first two by Lemma
13.1, then repeat the inductive step as often as needed to determine a
solution of the entire system.

EXAMPLE To solve the system

=2 (mod 4)
x=35 (mod 7)
x=0 (mod 11)

x = 8 (mod 15),
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begin with the first two congruences. The preceding example shows
that x = 26 is a solution of both of them. By the last part of Theorem
13.2, any number that is congruent to 26 modulo 4 - 7 =28 isalso a
solution. Since —2 = 26 (mod 28), —2 is a solution of the first two
congruences.*
The proof of Theorem 13.2 shows that the solutions of the first

three congruences are the same as the solutions of the system:

x=—2(mod4-7) x=—2 (mod 28)

or equivalently,

x= 0 (mod11) x= 0 (mod 11).
Applying Lemma 13.1 with m = 28 and n =11, we find that u =2,
v = —5 satisfy 28u + 11v =1, and hence

s=a+mub—a)=—2+28-2(0—(—2))=110

is a solution of the first three congruences.

The solutions of all four congruences are the same as the solu-
tions of this system:
x=100(mod 4 - 7 - 11) =110 (mod 308)

ivalently,
x= 8 (mod 15) Or eqQUIVAIENEY> = 8 (mod 15).

A bit of work shows that 308(2) + 15(—41) =1, so u= 2 and
t=a+mulb—a)=110+ 308 - 2(8 — 110) = —62,722

is a solution of all four congruences. Since 4 - 7 - 11 - 15 = 4620 and
—62,722 = 1958 (mod 4620). 1958 is also a solution of all four con-
gruences.* Therefore the solutions of the system are all numbers that
are congruent to 1958 modulo 4620.

EXERCISES

A.

1. Ifu = v (mod n) and uis a solution of 6x + 5 = 7 (mod n), then show
that v is also a solution. [Hint: Theorem 2.2.]

2. If6x + 5 = 7 (mod n) has a solution, show that one of the numbers 1,
2.3, ... ,n—lisalsoasolution. [Hint: Exercise 1 and Corollary
2.5.]

3. Show that 6x + 5 = 7 (mod 3) has no solutions. [Hint: Exercise 2.]

4. Show that 6x + 5 = 7 (mod 3) has infinitely many solutions. [Hint:
Exercises 1 and 2.]

*To simplify computations, it is customary to use solutions that are as small as possible in
absolute value.
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5. fmy, my, .. . my, My, are pairwise relatively prime positive

integers (that is, (m,m,) = 1 when i = J), prove that mm, - - “m,
and my, , are relatively prime. [Hint: If they aren’t, then some prime
p divides both of them (why?). Use Corollary 1.9 to reach a contra-
diction. |

. If(m;n)=1and m|d and n |d, prove that mn | d. [Hint: 1f d = mk,

then n | mk; use Theorem 1.5]

- Letmy, my, . . ., m, be pairwise relatively prime positive integers

(thatis, (m,;m)) = 1 wheni = J)- Assume that m, ) d for each i. Prove
that mymamg - - - m, | d. [Hint: Use Exercises 5 and 6 repeatedly.]

In Exercises 8 - 13, solve the system of congruences.

8.

10.

12,

B. 14.

15.

16.

x=5 (mod 6) 9. x=3 (mod 11)
=7 (mod11) x =4 (mod 17)
x=1 (mod 2) 11. x =2 (mod 5)
=2 (mod 3) x =0 (mod 6)
x=3 (mod 5) x =3 (mod 7)
x=1 (mod 5) 13. x=1 (mod 7)
xr=3 (mod 6) x=6 (mod 11)
x=5 (mod1l) x=0(mod 12)
x =10 (mod 13) x=9 (mod 13)
x =0 (mod 17)
(Ancient Chinese Problem) A gang of 17 bandits stole a chest of gold

coins. When they tried to divide the coins equally among them-
selves, there were three left over. This caused a fight in which one
bandit was killed. When the remaining bandits tried to divide the
coins again, there were ten left over. Another fight started, and five
of the bandits were killed. When the survivors divided the coins,
there were four left over. Another fight ensued in which four ban-
dits were killed. The survivors then divided the coins equally among
themselves, with none left over. What is the smallest possible num-
ber of coins in the chest?

If (a,n) = d and d | b, show that ax = b (mod n) has a solution. [Hint:
b = dc for some c, and au + nv = d for some u, v (why?). Multiply
the last equation by ¢; what is aue congruent to modulo n?]

If (a,n) = d and d | b, show that ax = b (mod n) has no solutions.
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17. If (a,n) = 1 and s, t are solutions of ax = b (mod n), prove that s = ¢
(mod n). [Hint: Show that n | (as — at) and use Theorem 1.5.]

18. If (a,n) = d and s, t are solutions of ax = b (mod n), prove that s = ¢

(mod n/d).
19. If (m,n) = d, prove that the system
x = a (mod m)
x = b (mod n)
has a solution if and only if a = b (mod d).

20. If s, t are solutions of the system in Exercise 19, prove that s =1¢
(mod r), where r is the least common multiple of m and n.

13.2 Applications of the Chinese Remainder Theorem

Every computer has a limit on the size of integers that can be used in
machine arithmetic, called the word size. In a large computer this might be
935 Computer arithmetic with integers larger than the word size requires
time-consuming multiprecision techniques. In such cases an alternate
method of addition and multiplication, based on the Chinese Remainder
Theorem, is often faster.

For any numbers r, s, t, nless than the word size, a large computer can
quickly calculate

r+ sand r - s (even when the answer is larger than the word size);

the least residue of t modulo n* (including the case when t exceeds the
word size — see Exercise 2):

sums and products in Z,,.

Finally, a computer can use a slight variation of the Chinese Remainder
Theorem solution algorithm (Theorem 13.2) to solve systems of con-
gruences. But this may involve numbers larger than the word size and hence
require slower multiprecision techniques.

To get an idea of how the alternate method works, imagine that the
word size of our computer is 100, so that multiprecision techniques must be
used for larger numbers. The following example shows how to multiply two
four-digit numbers on such a computer, with minimal use of multiprecision
techniques.

* The least residue module n of a number t is the remainder r when t is divided by n. By the
Division Algorithm, t = ng + r so that t — r = nq and t =7 (mod n).
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EXAMPLE We shall multiply 3456 by 7982 by considering various
systems of congruences and using the Chinese Remainder Theorem.
We begin by choosing several numbers as moduli and finding the least
residues of 3456 and 7982 for each modulus: *

3456 = 74 (mod 89) 7982 = 61 (mod 8Y)
3456 = 36 (mod 95) 7982 = 2 (mod 95)
(+) 3456 = 61 (mod 97) 7982 = 28 (mod 97)
3456 = 26 (mod 98) 7982 = 44 (mod 98)
3456 = 90 (mod 99) 7982 = 62 (mod 99).

Then by Theorem 2.2 we know that 3456 « 7982 = 74 - 61 {mod 89).
Taking the least residue of 74 - 61 modulo 89 and proceeding in
similar fashion for the other congruences, we have

3456 - 7982 =74 - 61 = 64 (mod 89)
3456 - 7982 =36 - 2 = 72 (mod 95)
(%) 3456 - 7982 =61 - 28 = 59 (mod 97)
3456 - 7982 = 26 - 44 = 66 (mod 98)
3456 - 7982 = 90 - 62 = 36 (mod 99).
Therefore 3456 - 7982 is a solution of this system:
x = 64 (mod 89)
x =72 (mod 95)
(%) x = 59 (mod 97)
x = 66 (mod 98)
x = 36 (mod 99).
The Chinese Remainder Theorem** shows that one solution of (¥##) is
27,585,792 and that every solution (including 3456 - 7982) is con-
gruent to this one modulo 89 - 95 - 97 - 98 - 99 = 7,956,949,770
(which we denote hereafter by M). Since no two numbers between 0
and M can be congruent modulo M, 27,585,792 is the only solution
between 0 and M. We know that 0 <3456 - 7982 < 104- 104 =

108 <M. Since 34567982 is a solution, we must have
3456 - 7982 = 27,585,792,

* The reason why 89, 95, 97, 98, and 99 were chosen will be explained below.

** Up to this point all computations have been quickly performed by our imaginary computer.
This is the first place where slower multiprecision calculations may be needed because of
numbers that exceed the word size.
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Now look at this example from a different perspective. If you think of
the least residue of a number modulo n as an element of Z,, then the
congruences in () say that the integer 3456 may be represented by the
element (74,36,61,26,90) in Zgg X Zgy X Zg; X Zgg X Lggy. Similarly, 7982
is represented by (61,2,28,44,62). Saying that 74 - 61 = 64 (mod 89) in
ix*) is the same as saying 75 - 61 = 64 in Zg, . So the congruences in (*x) are
equivalent to multiplication in Zgg X Zgg X Zg; X Zgg X Zgg:

(74, 36, 61, 26, 90)- (61, 2, 28, 44, 62)
=(74-61, 36-2, 61-28, 26-44, 90-62)
= (64, 72, 59, 66, 36).

The solution of (#**) shows that the element (64, 72, 59, 66, 36) of
Zgg X Lgs X Ly; X Lgg X Zyg represents the integer 27, 585, 792.

The procedure in the case of a realistic word size is now clear. Let
my, . . . ,m,be pairwise relatively prime positive integers:

1. Represent each integer t as an element of Z,, X - - - XZ, by
taking the congruence class of t modulo each m,.

2. Do the arithmeticin Z,, X - - - XZ, .

3. Use the Chinese Remainder Theorem to convert the answer into
integer form.

The m,; must be chosen so that their product M is larger than any number
that will result from the computations. Otherwise, the conversion process
in Step 3 may fail (Exercises 3-3). This is sometimes done, as in the exam-
ple, by taking the m, to be as large as possible without exceeding the word
size of the computer. If smaller moduli are chosen, more of them may be
necessary to insure that M is large enough.

The conversion process from integer to modular representation and
back (Steps 1 and 3) requires time that is not needed in conventional integer
multiplication (especially Step 3. which may involve multiprecision tech-
niques). But this need be done only once for each number, at input and
output. The modular representation may be used for all intermediate cal-
culations. It is much faster than direct computation with large integers,
especially in a computer with parallel processing capability, which can
work simultaneously in each Z,,. Under appropriate conditions the speed
advantage in Step 2 outweighs the disadvantage of the extra time required
for Steps 1 and 3. For more details, see Knuth [33].

It is sometimes necessary to find an exact solution (not a decimal
approximation) of a system of linear equations. When there are hundreds of
equations or unknowns in the system and the coeflicients are large integers,
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the usual computer methods will produce only approximate solutions be-
cause they round off very large numbers during the intermediate calula-
tions. The Chinese Remainder Theorem is the basis of a method of finding
exact solutions of such systems.

Very roughly, the idea is this. Let m,, . . . , m, be distinct primes
(and hence pairwise relatively prime).* For each m,, translate the given
system of equations into a system over Z,, by replacing the integer coeffi-
cients by their congruence classes modulo m,. Then solve each of these new
systems by the usual methods (Gauss-Jordan elimination works equally well
over the field Z,, as over R, and round-off is not a problem with the smaller
numbers in Z,, ). Finally, use the Chinese Remainder Theorem and matrix
algebra to convert these solutions modulo m; into a solution of the original
system.** A readable explanation of this method (accessible to anyone who
has had a first course in linear algebra) is given in Mackiw [35].

EXERCISES

A. 1. Assume that your computer has word size 100. Use the method
outlined in the text to find the sum 123684 + 413456, using m, =
95, my, =97, my =98, m, = 99.

2. (a) Find the least residue of 64397 modulo 12, using only arithme-
tic in Z,,. |Hint: Use Theorems 2.2 and 2.3 and the fact that
64397 = (((6 - 10 + 4)10 + 3)10 + 9)10 + 7]

(b) Let n be a positive integer less than the word size of your
computer and t any integer (possibly larger than the word size).
Explain how you might find the least residue of ¢t modulo n,
using only arithmetic in Z, (and thus avoiding the need for
multiprecision methods).

3. Use the method outlined in the text to represent 7 and 8 as elements
of Z; X Z;. Show that the product of these representatives in
Z, X Zs is (2,1). If you use the Chinese Remainder Theorem as in
the text to convert (2,1) to integer form, do you get 56? Why not?

* Considerations of size similar to those discussed above play a role in the selection of the m,.
** This conversion is a bit trickier than may first appear. For instance, the system

8x+ 5y =12 x+5y=35
becomes overZ,.
4x + 5y =10 4x+5y=3

You can verify that x = 4, y = 3 isa solution of the Z, system. It is not immediately clear how to
get from this to the solution of the original system, which is x = 1/2, y = 8/5.
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This example shows why the method won’t work when the product
of the m, is less than the answer to the arithmetic problem in ques-
tion. Also see Exercise 5.

B. 4. LetfiZ —1Z;XZ,XZ,be given by f(t) = ([tls.[t]s,[t]s), where [i],
is the congruence class of tin Z,,. The function fmay be thought of as
representing t as an element of Z; X Z, X Z; by taking its least
residues.

(a) If0 =r, s <60, prove that f(r) = f(s) if and only if r = 5. [Hint:
Theorem 13.2.]

(b) Give an example to show that if r or s is greater than 60, then
part (a) may be false.

5. Let my, my, . . . , m, be pairwise relatively prime positive in-
tegers and f:Z—>Z, XZ, X - - - XZ, the function given by
)= (tn,, [tlmg> - - . .[t]m,), where [t],, is the congruence class of

tinZ, .LetM=mm,- - -m, If0 = r,s <M, prove that f(r) = f(s)
if and only if r = 5. [Exercise 4 is a special case.]

6. Assume Exercise 7(c). If your computer has word size 233, what m,
might you choose in order to do arithmetic with integers as large as
2184 (approximately 2.45 X 10%5)?

C. 7. (a) If a and b are positive integers, prove that the least residue of
24 — 1 modulo 22 — 1 is 2" — 1, where ris the least residue of a
modulo b.

(b) Ifa and b are positive integers, prove that the greatest common
divisor of 2 — 1 and 2% — 1 is 2 — 1, where t is the gcd of a and
b. [Hint: Use the Euclidean algorithm and part (a).]

(c¢) Let a and b be positive integers. Prove that 2¢ — 1 and 22 — 1
are relatively prime if and only if @ and b are relatively prime.

13.3 The Chinese Remainder Theorem for Rings

The Chinese Remainder Theorem for two congruences can be ex-
tended from Z to other rings by expressing it in terms of ideals. The key to
doing this is the definition of congruence modulo an ideal (Section 6.1) and
the following fact: When A and B are ideals in a ring R, the set of sums



390

13 The Chinese Remainder Theorem

{a+blaeA,beB}is denoted A + B and is itself an ideal (Exercise 17 of
Section 6.1).

Let m and n be integers. Let I be the ideal of all multiples of m in Z and
J the ideal of all multiples of n. Then congruence modulo m is the same as
congruence modulo the ideal I. If (m,n) = 1, then mu + nv = 1 for some v,
v € Z. Multiplying this equation by any integer r shows that m(ur) +
n(vr) = r. Thus every integer is the sum of a multiple of m and a multiple of
n, that is, the sum of an element of the ideal I and an element of the ideal ]
Therefore I+ J is the entire ring Z. So the condition (m,n) = 1 amounts to
saying [+ J=17.

When (m,n) =1, the intersection of the ideals I and J is the ideal
consisting of all multiples of mn (Exercise 6 of Section 13.1). So two integers
are congruent modulo mn precisely when they are congruent modulo the ideal
Inj.

The italicized statements in the preceding paragraphs tell us how to
translate the Chinese Remainder Theorem for two congruences into the
language of ideals. By replacing the ideals in that discussion by ideals in any
ring R, we obtain

THEOREM 13.3 (CHINESE REMAINDER THEOREM FOR RINGS) Let 1
and J beidealsin a ring R such that1 + ] = R. Then for any a, b € R, the system
x=a (modI)
x=b (mod])
has a solution. Any two solutions of the system are congruent modulo 1N J.

When R has an identity, the theorem can be extended to the case of
rideals I}, I, . . . , I, and congruences x = g, (mod L), under the hy-

potheses that I, + I, = R whenever i # j (see Exercise 6 and Hungerford
[7; p. 131)).

Proof of Theorem 13.3 Sincel+ J=Randb —a € R, thereexistiel,je€]
such thati+j=b —a. Hencea+i=>b —j. Let t = a + i, then
t—a=(a+i)—a=iel
so that t = a (mod I). Similarly, sincea +i=5b —j
t—b=(@+i)—b=(b—j)~b=—j€].

Hence t = b (mod J), and t is a solution of the system. If z is also a solution,
then

z=a (modI) and t=a (modI) imply that z=t{modI)
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by Theorem 6.2. Similarly, z =1t (mod J). This means that z —t € I and
z—te] Thereforez—telNJandz=¢t(modIN]J). N

THEOREM 13.4 IflandJareidealsinaringRandl + ] = R, thenthereisan
isomorphism of rings

R/IN])=R/IXRJJ.

Proof Define amap f:R— R/IXR/] by f(r)=(r+1I, r+]). Then fis a
homomorphism because

fn+fley=@r+Lr+])+(s+Ls+])

=((r+s)+L{r+s)+])=f(r+s)
and
fOfs)=@C+Lr+])(s+1Ls+])
=(rs+ 1, rs+]J)=f(rs).

To show that fis surjective, let (a + I, b + J) € R/I X R/]. We must find an

element of R whose image under fis (a + I, b + J). By Theorem 13.3 there is
a solution ¢ € R for this system:

x=a (modI)
x=b (mod]J).

But t = a (mod I) implies that ¢t + I = a + I by Theorem 6.4. Similarly, t = b
(mod J) implies t + J = b + ], so that
fO=@¢+Lt+]y=(a+1b+]).
Therefore fis surjective.
Let K be the kernel of f. By the First Isomorphism Theorem 6.11, R/K

isisomorphic to R/I X R/J. Now K consists of all elements r € R such that f(r)
is the zero element in R/I X R/], that is, all r such that

(T+I1r+]>= \OR+I’ 0R+])7
or equivalently,
r+I1=0s+1 and r+J=0g+]

But r + I = 0z + [ means that r = 0z (mod I), and hence r € I. Similarly,
r+ ] = 0g + Jimpliesr € J. Therefore r e IN J.SoI N Jisthe kernel of f, and
R/(IN])=R/Ker f=R/IXR/].

COROLLARY 13.5 If (m,n) = 1, then there is an isomorphism of rings
Z,.=Z,X1Z,.
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Proof IntheringZ, the ideal (m) consists of all multiples of m and the ideal
(n) of all multiples of n. The first three paragraphs of this section show that
(m) + (n) = Z and that (m) N (n) is the ideal (mn) of all multiples of mn.
Furthermore, the quotient rings Z/(mn), Z/(m), and Z/(n) are respectively
Z,., Z,, and Z,. Therefore by Theorem 13.4 (with R =2Z, I = (m), ] = (n))

there is an isomorphism
Z,,=Z[(mn)=Z((m) N (n)) =Z/(m) XZ/(n) =Z, X Z,. B
COROLLARY 13.6 Ifn = p,™py™p;™ - + - p,, where the p, are distinct posi-

tive primes and each n,> 0, then there is an isomorphism of rings Z, =
Zﬂl"‘ X ZPz"’ X ZPS"“ XX Zﬂt""

M+

Proof Since the p; are distinct primes, p/* and the product p[¥} - - - pare
relatively prime for each i. So repeated use of Corollary 13.5 shows that

Z" = Zpl"‘ X ZP2"‘7’3"“' i = Zl’l"‘ X sz"‘ X Zp;,“r Cpm = -
=2, XLy XLy X - X,

EXERCISES

A. 1. (a) Show that Z5 X Z,, is isomorphic to Z; X Z,,.
(b) Is Z, X Z;5 isomorphic to Zg X Z,4?
2. If I'and J are ideals inaring Rand a € I, b € ], show that ab e IN J.

B. 3. If (m,n) # 1, show that Z,, is not isomorphic to Z,, X Z,. [Hint: If
mn
d
phism, then 1 € Z,,, would be mapped to (1,1) € Z,, X Z,,. Reach a

mn ) mn _
7’ 1# OmZ,,m,but—d— (1,1) =

(m,n) =d, then is an integer (why?). If there were an isomor-

contradiction by showing that
(0,0)inZ, XZ,.]

4. Which of the following rings are isomorphic: ZyX Zg X Z,,
Z3 X Z4 X Z7, 284’ Z7 X le, Zg X 23 X ZM, Z4 X 221?

5. If I}, I,, I, are ideals in a ring R with identity such that I, + I, = R
and I, + I; =R, prove that (I, N I,) + I, = R. |Hint: If r € R, then
r=1i,+izand 1z =t, + ¢; for some, i, €I}, t, € I, iy, t; € I. Then
r=(iy +i3)(t; +t3); multiply this out to show that r is in
(I; N 1,) + I,. Exercise 2 may be helpful]
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6. Let I, L, I, be ideals in a ring R with identity such that L+, =R
whenever i # j. If q; € R, prove that the system

X = a, (mOd Il)
ay (mod I,)
das (mOd 13)

has a solution and that any two solutions are congruent modulo
I, N I, N I,. [Hint: If s is a solution of the first two congruences, use
Exercise 5 and Theorem 13.3 to show that the system

x=s(mod I, NI)

x = ay (mod I)

X

X

has a solution, and it is a solution of the original system.]
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CHAPTER 14
LATTICES AND
BOOLEAN ALGEBRAS

PREREQUISITES: Chapter 3; plus Appendix B for Sections 14.1
and 14.2, and Appendix A for Section 14.3. There are also optional
examples and exercises with additional prerequisites. Those
labeled ‘“rings” require Section 6.1; those labeled “’groups,”
Section 7.3; and those labeled ““fields,” Section 9.2.

Lattices (Section 14.1) are a generalization of the properties of the
order relation < in familiar number systems and of the order relation C
among sets. Boolean algebras (Section 14.2) are special types of lattices.
They have applications in logic, circuit theory, probability, classical me-
chanics, and quantum mechanics, some of which are discussed in Section
14.3.

14.1 Lattices

If Sisaset, then any subset of § X Sis called arelation on S. Arelation T
on S is called a partial order provided that the subset T is




14.1 lLattices

395

(i) Reflexive: (a,a) € T for every a € S.
(ii) Antisymmetric: If (a,b) € T and (b,a) € T, then a = b.
(iii) Transitive: If (a,b) € T and (b,c) € T, then (a,c) € T.

A set equipped with a partial-order relation is called a partially ordered set
(or poset).
The symbol < is usually used to denote an arbitrary partial order T:

a<b means (a,b)eT.
In this notation, the conditions defining a partial order become

(i) Reflexive: a = afor everyaeS.
(ii) Antisymmetric: Ifa<bandb =aq, thena=b.
(iii) Transitive:Ifa<bandb=<¢, thena=c.

When this notation is used, a partial order on § is usually defined without
explicit reference to a subset of § X' S. We shall also adopt the usual nota-
tion:

b=a means a=<bh.

EXAMPLE 1 The set Z of integers is a partially ordered set in which
a < b has its usual meaning. The same is true of the set Q of rational
numbers and the set R of real numbers.

EXAMPLE 2 Let S be the set of all subsets of {x, y, z} and define A = B
to mean A is a subset of B. The relation C is reflexive, antisymmetric,
and transitive (see Appendix B). So S is a partially ordered set. The
ordering can be schematically displayed by this diagram, in which a
line connecting two sets means that the lower of the two is a subset of

the higher:
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We don’t draw a line from {x} to {x,y,z}, for example, because we can
use transitivity to move upward from {x} to {x,y,z} by means of the
lines from {x} to {x,y} and from {x,y} to {x,y,z}.

EXAMPLE 3 If X is any set (possibly infinite), then the set P(X) of all
subsets of X is a partially ordered set in which A < B means A C B.

EXAMPLE 4 Define a relation on the set P of positive integers by:
a < b means a|b.* Then |is a partial order on P:

Reflexive: a|a for every ae Psincea=a - 1.

Antisymmetric: If a|b and b|a, then b =au and a = bv. Hence
b = (bv)u, which implies uvo = 1. Since u and v are positive in-
tegers, v = 1, and hence a =bv =b.

Transitive: If a|b and b|c, then b=ar and ¢ = bs. Hence ¢ =
(ar)s = a(rs) and a | c.

EXAMPLE5 ThessetS = {r,s,t,u,0,w,x} is a partially ordered set whose
partial order is given by this diagram, in which @ = b means that either
a = b or alies below b and there is a path of line segments froma to b
that never moves downward:

kel

L
t
\ |
Thus r = u and r = w, but it is not true that r < 5. Similarly, a < w for
every a € S except x.

Let Bbe asubset of a partially ordered set S. An element u of Sis said to
be an upper bound of B if b < u for every b € B. The set B may have many
upper bounds, some of which are not in B itself, or B may have no upper

bounds.

* Although = is used in general discussions of partially ordered sets, we use | for the partial
ordering of divisibility to avoid any confusion with the usual meaning of < for integers.
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EXAMPLE In Example 5, the only upper bounds of the subset B =
{t,u} are v and w. The subset {r,u,s} has four upper bounds (u,v,w,x). In
the set Z of integers with the usual ordering (Example 1), the subset of
even integers has no upper bound.

If uis an upper bound of B such that u = v for every other upper bound

v of B, then u is the least upper bound (or 1.u.b. or supremum) of B.

EXAMPLE In Example 5, v is the least upper bound of {t,u}, and u is
the least upper bound of {r,u,s}.

EXAMPLE The subset {2,3,6} of the set P of positive integers ordered
by divisibility (Example 4) has every multiple of 6 as an upper bound
(because 2, 3, and 6 divide every multiple of 6) and 6 itself is the least
upper bound.

EXAMPLE In the set Q with the usual ordering (Example 1), the

subset B={b € Q| b*> < 2} has many upper bounds (any rational larger
than v2) but no least upper bound (Exercise 9).

Let Bbe a subset of a partially ordered set A. An element w of A is said

to be a lower bound of Bif w < b for every b € B. If w is alower bound of B
such that v = w for every other lower bound v of B, then w is the greatest
lower bound (or g.Lb. or infimum) of B.

i

EXAMPLE In the set Z with the usual ordering (Example 1), the set P
of positive integers has 1, 0. and every negative integer as a lower
bound and 1 as a greatest lower bound. The set B of negative integers
has no lower bound and hence no g.1.b.

Observe that the definition of “‘lower bound” is identical to that of

“upper bound,” provided = is replaced by =. Consequently, we have the

PRINCIPLE OF DUALITY A true statement about partially ordered set
remains true when < is replaced by = and ““(least) upper bound” is re-
placed by “(greatest) lower bound.”

The examples above show that a set B need not have a least upper

bound or a greatest lower bound. But if Bdoes have an l.u.b., ithas only one;
and similarly for g.1.b.’s:
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THEOREM 14.1 Let B be a nonempty subset of a partially ordered set S. If B
has a least upper bound, then this l.u.b. is unique. If B has a greatest lower
bound, then this g.L.b. is unique.

Proof Suppose both u, and u, are least upper bounds of B. By the definition
of least upper bound, u; =< v for every other upper bound v of B. In particu-
lar, since uy is an upper bound of B, u, =< u,. Conversely, since u, is a least
upper bound of B, u, = v for every other upper bound v of B. In particular,
uy = u,. Therefore, u; = u, by the antisymmetric property. So B has a
unique least upper bound.

The corresponding statement for greatest lower bounds is now an
immediate consequence of the Principle of Duality. (In other words, it can
be proved by repeating the argument above with = in place of = , “lower”
in place of “upper,” and “greatest” in place of “least.”) B

Alattice is a partially ordered set L in which every pair of elements has
both a least upper bound and a greatest lower bound. If ¢, b € L, then their
least upper bound is denoted a \V b and called the join of @ and b. The
greatest lower bound of a and b is denoted a /\ b and called their meet.

EXAMPLE The set of positive integers ordered by divisibility (Exam-
ple 4) is a lattice. The l.u.b. of integers b and c is their least common
multiple, and the g.1.b. of b, ¢ is their greatest common divisor (Exer-
cise 10). The partially ordered sets in Examples 1 and 2 are also lattices
(Exercise 4). The set in Example 5 is not a lattice because w and x have
no Lu.b.

EXAMPLE The set P(X) of all subsets of X (Example 3) is a lattice. If A
and B are subsets of X, their L.u.b. is AU B and their g.l.b. is AN B
(Exercise 11).

EXAMPLE (RINGS)* If R is a ring, then the set S of all ideals of R,
partially ordered by set-theoretic inclusion (C), is a lattice (Exercise
19). The g.1.b. of ideals I and J is the ideal I N J. The union of two ideals
may not be anideal, so I U Jis not the least upper bound of I and J in this
lattice. The l.u.b. of I and J is the ideal I + J (defined in Exercise 17 of
Section 6.1).

EXAMPLE (GROUPS) If Gisagroup, then the set S of all subgroups of
G, partially ordered by set-theoretic inclusion, is a lattice (Exercise

* Items labeled ““rings,” ““‘groups,” or “fields” are optional and should be omitted by those
who have not covered the appropriate sections of Chapters 6, 7, and 9, respectively.
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20). The g.1b. of subgroups H and K is the subgroup HN K. The set
é H U K may not be a subgroup; the Lu.b. of H and K is the subgroup
generated by the set HU K (see Theorem 7.12).
Let L be alattice. Ifa, b € L, then a \V bis also an element of L. Hence
V is a binary operation on L (as defined in Appendix B). Similarly, A\ is also a
binary operation on L.

THEOREM 14.2 If L is a lattice, then the binary operations \/ and /\ satisfy
these conditions for all a, b, c € L:

1. Commutative Laws:
aVb=bVa and aANb=bAa.

2. Associative Laws:

3. Absorption Laws:
aV@Nb)=a and aN{aVb)=a.
4. Idempotent Laws:

aVa=a and aNa=a.

Proof 1In view of the Principle of Duality, we need only prove the first
statement in each part.

1. By the definition, a \V b is the least upper bound of {a,b} and b \ a
is the 1.u.b. of {b,a}. Since {a,b} is the same set as {b,a}, we must have
aV b=bYV aby Theorem 14.1.

2. We first show that (a \V b) \V ¢ is an upper bound of {a,b,c}. Let
d = a \VV b. By the definition of upperbound,c=d VV ¢ = (a V b) V c. Simi-
larly,

a<aVb and avVb=d=dVec=(@Vb) Ve

Hence a = (a V b) V ¢ by transitivity. A similar argument shows that b <
(a V b) V c. Therefore (a \VV b) \V c is an upper bound of {a,b,c}.

Next we show that (a \V b) V cis a least upper bound of {a,b,c}. If v is
any other upper bound of {a,b,c}, thena=vandb=v,sothatd=aVV b=
v by the definition of the least upper bound a V b. Since d < vand ¢ < v, we
have d V ¢ = v by the definition of 1.u.b. once again. Hence (a \V b) VV ¢ =
d V ¢ =v. Therefore (a \V b) V ¢ is the least upper bound of {a,b,c}. A
similar argument shows thata \V (b V c)isalso aleast upper bound of {a,b,c}
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(Exercise 13). Hence aV (b V ¢) = {(a V b) V ¢ by Theorem 14.1 (with
B = {a,b,c}).

3. Lett=a /A b. Then a V tis an upper bound of {a,t}, soa=a \V t.
Since a /\ bis lower bound of {a,b}, we have t = a /A b < a. Since a < a, we
must have a \V t < a by the definition of the least upper bound a v 1. By the
antisymmetric property,a=a\Vt=a\ (a /\ b).

4. The join a \V ais the least upper bound of the set {a,a} = {a}. But a
itself is obviously the least upper bound of {a}. So a \VV a = a by Theorem
14.1. 0

Theorem 14.2 says that a lattice is an algebraic system with two binary
operations that satisfy certain conditions. Conversely, any such algebraic
system is a lattice:

THEOREM 14.3 Let L be a nonempty set equipped with two binary opera-
tions, \/ and /\, that obey the commutative, associative, absorption, and
idempotent laws. Define a relation=on Lby: a < b ifand onlyifa\/ b =b.
Then L is a lattice with respect to < such that for all a, b € L:

Lub. {a,by=aV b and glb. {a,by=aNb.

Although we have denoted the operations on L by the same symbols
used earlier for L.u.b. and g.1.b., we are not assuming that L comes equipped
with a partial order. We could just have well used other symbols (for
instance + and - ) for the two operations. The point of the theorem is that
two operations with the stated algebraic properties can be used to construct
a partial order under which L is a lattice.

Proof of Theorem 14.3 We first show that = is a partial order on L.

Reflexive: a V a = a by the idempotent law; hence a < a.

Antisymmetric: If a<b and b=a, then aVVb=>b and bV a=a.
Hence by commutativity,a=bVa=aV b=b.

Transitive: Ifa = band b < c,thena VV b = band b V ¢ = c¢. Therefore
by associativity,
aVe=aV bVc)=@VbVe=bVc=c
Hence a =c.

To complete the proof, we must show that foranya,b € L,a \V bis the
lL.u.b. and a N\ b is the g.1.b. of {a, b}. By the commutative, associative, and
idempotent laws,

bV (@Vbh)=@VbVb=aV (bVb=aVb.
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Hence b = a \V b. Similarly,
aVi{aVb=@\VavVb=aVbh,

so that a = a \V b. Therefore a \V b is an upper bound of {a,b}. If w is any
other upper bound of {a, b}, then a = w and b = w, thatis, a V w = w and
b V w = w. Therefore by associativity

{aVbhVw=aV{bVw=aVw=uw.

Hence a V b = w, so that a \V b is the least upper bound of {a,b}. Finally,
Exercise 18 shows that

aVb=b ifandonlyif aAb=a
Use this fact to show thata A\ bis the greatest lower bound of {a,b} (Exercise
18). &

Theorem 14.3 shows that lattices can be defined in purely algebraic
terms as systems whose operations satisfy the commutative, associative,
absorption, and idempotent laws. This is sometimes more useful than view-
ing lattices as special types of partially ordered sets.

EXERCISES

A. 1. LetS=1{1,2,3,4,6,12)be the set of positive integer divisors of 12.

(a) Show that S is a partially ordered set under divisibility (that is,
a=bmeans alb).

(b) Draw adiagram of the partial order on S, as in Examples 2 and 5.

(c) Verify that S is a lattice in which a V b is the least common
multiple of @, b and a / b is their greatest common divisor.

2. Do Exercise 1 when Sis the set of all positive integers that divide 60.

3. Explain why divisibility (¢ = b means a|b) is not a partial order on
the set of all nonzero integers.

4. Show that Z with the usual meaning of = is a lattice. [Hint: Ifa < b,
show that a is the g.1.b. and b the L.u.b. of {a,b}.]

5. Do Exercise 4 with Q in place of Z; do it with R in place of Z.

6. [Groups] Sketch the partial order of the lattice of all subgroups of Z
(as in Example 2).

7. |Groups] Do Exercise 6 with S in place of Zg.
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8.

10.

11.

12,

13.

14.

15.

16.

17.

If S and T are partially ordered sets, define an order relation on
SX Thy

(s:t) < (up)ifandonlyif s<yinSand t<ovin T.
(a) Show that this relation is a partial order on § X T.
(b) If S and T are lattices, show that S X T'is a lattice.

Assume that there exists a rational number between any two real
numbers and that V2 is irrational. In the set Q@ with the usual order-
ing, prove that B= {b € Q| b? < 2} has no least upper bound.

Prove that the partially ordered set P in Example 4 is a lattice by
showing that for a, b € P,

(a) The greatest common divisor of a, b is the g.lb. of {a,b}. [Hint:
Corollary 1.4.]

(b) The least common multiple of g, b is the Lu.b. of {a,b}. [Hint:
Exercise 31 of Section 1.2.]

Let A be a set. Prove that the set P(X) of all subsets of X, partially
ordered by C, is a lattice in which A U B is the Lu.b. of A and B and
AN Bis their g.1b.

Let L be a lattice and a, b € L. Prove that the following statements
are equivalent:

(i) a=<b; (ii) a V b=b; (iii) a A b=a.

Complete the proof of Theorem 14.2 by showing thata \V (b \ ¢) is
an Lu.b. of {a,b,c}.

Prove that every finite subset of a lattice L has both an Lu.b. and a
glb. [Hint: The proof of part 2 of Theorem 14.2 shows that
(aV b) V cisthel.u.b. of {a,b,c}. Adapt this proof and use induction
to show that (a, V - - - VVq,) V @,y is the Lub. of {a,, . . . .
a,+1}. Use the Principle of Duality for the g.lb.]

Show by example that Exercise 14 may be false if “finite” is re-
placed by “infinite.”

If Lis alattice and @, b, c € L, with a = b, prove that
(@aVe=sbVe

(b) aNc=bAec.

If L is a lattice and a, b, c€ L, prove that
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18.

19.

20.

21.
22,

23.

24.
25.

(@) aANb)V(@aNc)=aN bV o).
(byaVbNe)=(aVb)N(aVec).

Let L be a nonempty set equipped with two binary operations, v
and /\, that obey the commutative, associative, absorption, and
idempotent laws. Complete the proof of Theorem 14.3 by showing
that

(a) aVb=bifandonlyifa AN b=a.
(b) If a =b means a Vb= Db, then a N\ b is the g.1.b. of {a,b}.

[Rings] Let Sbe the set of all ideals in aring R, partially ordered by C.
Prove that Sis alattice in which I + Jisthel.u.b. of Iand J,and I N J
is their g.1.b. [See Exercise 17 in Section 6.1.]

[Groups] Let S be the set of all subgroups of a group G, partially
ordered by C. Prove that Sis a lattice in which H N Kisthe g.1.b. of H
and K, and the subgroup generated by the set HU K is their Lu.b.
[See Theorem 7.12.]

[Rings] Describe the lattice of ideals of the ring Z.

[Fields] Let K be an extension field of F. Prove that the set of all
intermediate fields is a lattice under C. [Hint: Show that the g.1.b. of
E, and E, is E, N E,, and that their L.u.b. is the intersection of all
intermediate fields that contain both E, and E,; see Exercise 1 in
Section 9.2.]

Let S be a partially ordered set with this property:
ifa,beS, then eithera=borb=a.
Then S is said to be a totally ordered set or a chain.
(a) Verify that the setsZ, Q, R in Example 1 are totally ordered sets.

(b) Show that the set P in Example 4 is not a totally ordered set by
exhibiting specific integers a, b such thata [band b | a.

(c) Show that the set S in Example 2 is not a totally ordered set.
Prove that a totally ordered set [Exercise 23] is a lattice.

An element c¢ of a partially ordered set S is said to be maximal if
there isno element bin Ssuch thatb # candc < b. Anelement d of §
is said to be minimal if there isno b € Ssuchthatb# dand b < d.

(a) Show that the set P in Example 4 has one minimal element and
no maximal elements.
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(b) Show that the set § in Example 5 has exactly two maximal and
two minimal elements.

(¢) Give an example of a partially ordered set with exactly one
maximal and exactly one minimal element.

(d) Give an example of a partially ordered set with no maximal or
minimal elements,

26. If L and M are partially ordered sets, then a function f: L — M is
order-preserving if a < b in L implies that f(a) < f(b) in M. If L and
M are lattices, then a lattice homomorphism is a function f: L — M
such that f(a \V b) = f(a) V f(b) and f(a /\ b) = f(a) /\ f(b) forall a,
beL.

(a) Prove that every lattice homomorphism is order-preserving.

(b) Show by example that an order-preserving map of lattices need
not be a lattice homomorphism.

14.2 Boolean Algebras

A Boolean algebra is a special kind of lattice. The basic model that
motivates the definitions below is the lattice P(X) of all subsets of the set X.
Recall that

A e P(X) means ACXK,
and for A, B € P(X),
A<B means ACB.

In this lattice, AV B=AUB and A A B= AN B (Exercise 11 of Section
14.1).

By the definition of P(X), A C X for every A € P(X). Thus X itself is the
largest element in P(X). Since @ € P(X) and @ C A for every A € P(X), the
empty set @ is the smallest element of p(X). Furthermore, for any A € P(X),

AUZ=A and ANX=A.
For each A € P(X), let A’ denote the relative complement of A in X, that
is,
A=X—A={x|xeXandx¢A}.
It follows immediately that
A VA=A UA=X  (the largest element in P(X)),
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and
AANA=A'"NA=C  (the smallest element in P(X)).
Finally, it is easy to verify that for any A, B, C € P(X),
AN(BUC)=(ANBU{ANC).
If you write N as multiplication and U as addition, this identity is just the

distributive law A(B+ C) = AB + AC. Verify that reversing the roles of
union and intersection produces another distributive law in P(X):

AUBNC)={(AUB N{AUC).

Now we extend these ideas to arbitrary lattices. An element I of a
partially ordered set S is a largest element if a = I for every a € S. An ele-
ment O of a partially ordered set S is a smallest element if O < q for every
a € S. A partially ordered set may not have a largest element, but if there is
one, it is unique (Exercise 1). Similar remarks apply to smallest elements.

EXAMPLE The largest element in P(X) is X, and the smallest element
is @, as explained above.

EXAMPLE In the lattice P of all positive integers ordered by divisibil-
ity, there is no largest element (that is, no integer that is divisible by
every integer). But 1 is a smallest element since 1 |a for every a € P.

Let L be a lattice with a largest element I and a smallest element O. If
a € L, then O = a = Hence by Exercise 12 of Section 14.1,

aVO=a and aNlI=a.

A lattice L with a largest element I and a smallest element O is said to
be complemented if for each a € L, there exists a’ € L such that

aVa= and aNa =0.

The element a’ is called the complement of a.

EXAMPLE The lattice P(X) is a complemented lattice, as explained
above.

EXAMPLE ThesetL ={1,2,3,4,6,12}ofall positive integer divisors
of 12, ordered by divisibility, is a lattice in whicha V b = 1.c.m. of a, b
and a A\ b =g.c.d. of a, b (Exercise 1 of Section 14.1). Clearly, 12 is
the largest and 1 the smallest element of L. But L is not a comple-
mented lattice because 6 has no complement (Exercise 4).
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A lattice L is said to be distributive if the following distributive law
holds:

aNbVe)y=(@NAb)V(a/Nc) foralla, b, ceL.

We saw above that the lattice P(X) is distributive. The fact that a second
distributive law holds in P(X) (with the roles of A and V reversed) is a
special case of

THEOREM 14.4 A lattice L is distributive if and only if
aV(bANc)=(@Vb)N\(@a\Vc)foralla, b, celL.

Proof Assume L is distributive. Then

aV{bNcy=[aVaNolVbNc) [absorption law]
=aV[aNc)V(bANc) [associative law]
=aV[(c/Na)V (c \Db)] [commutative law]
=aV[cN{(aV D) [distributive law]
=aV]aV b)Nc| [commutative law]

=[laN(@VDb)]V][aVb)ANc [absorption law]|
=[laVb)Nal]V]@Vb)N\c] [commutativelaw]

=@VbNaVec). [distributive law applied to
aV b, a, and ]

The Principle of Duality proves the converse. B

A Boolean algebra* is a lattice with greatest element I and smallest
element O that is both complemented and distributive.

EXAMPLE The lattice P(X) of subsets of X is a Boolean algebra. The
set {1,3,5,7,9, 15, 21, 35, 105} of positive integer divisors of 105,
i  ordered by divisibility, is also a Boolean algebra (Exercise 5). But the
¥ set{1, 2, 3, 4, 6, 12} of positive divisors of 12 ordered by divisibility is
% not a Boolean algebra because it is not complemented (Exercise 4).

In Section 14.1 we saw that lattices may be described algebraically in
terms of the binary operations \V and /\, without any reference to an order
relation. The same is true of Boolean algebras:

* Named for George Boole (1815~ 1864). Boolean algebras were the first lattices to be stud-
ied. Boole used them to formalize basic logic and the calculus of propositions. See Section 14.3
for more details.
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THEOREM 14.5 A nonempty set B is a Boolean algebra if and only if there
are binary operations \/ and /\ on B such that

1. Foralla, b, c € B, \/ and N\ obey the
Commutative Laws:
aVb=bVa and aAb=bAa
Associative Laws:
aVbVec)=(@Vb)Vc
aN(bANc)y=(@ANAb)Nc.
Distributive Laws:
aNbVe)=(@NAb)V(a/Nc)
aVbNc)=(@Vb)N@Veo).
9. There exists I, O € B such that
aVO=a and aNI=a  foreveryaéeB.
3. For each a € B, there exists a’ € B such that
aVa=1 and aNad=0.

Proof If BisaBoolean algebra with greatest element I and least element O,
then the definitions of distributive and complemented, together with
Theorems 14.2 and 14.4, show that 1-3 hold with a \V b defined as
Lu.b. {a, b}, a N\ b defined as g.1.b. {a, b}, and a’ as the complement of a.
Conversely, if Bis a set with binary operations satisfying 1, then B will
be a distributive lattice by Theorem 14.3 provided that B satisfies the
idempotent and absorption laws. The first idempotent law holds because

a=aVO=aV(ad Na) (2, 3, and commutative law]
=@Vad)N@Va) [distributive law]
=IN{(aVa) [3]
=aVa. [2 applied to a V 4]

The other idempotent law is proved similarly. The first absorption law also

holds:
aV@NAby={@NI)\V(aNDb) [2]
=a AN (IV D). [distributive law]
But Exercise 8 shows that I \/ b = I. Hence by 2,
aVi{iaAb)y=aN(IVb=aNl=a.
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The other absorption law is proved similarly. Therefore, by Theorem 14.3,
B is a distributive lattice in which a = b meansa \V b = b.

If a € B, then OV a=a by 2 and commutativity. Hence O < ¢ for
every a. The condition a VV b =b is equivalent to a A\ b = a by Exercise
18(a) of Section 14.1. Hence the second half of 2 (@ A I = a) implies that
a =< I'for every a € B. Therefore I is the greatest and O the smallest element
in B. B is a complemented lattice by 3 and hence is a Boolean algebra. B

Theorem 14.5 is often used as a definition of Boolean algebras. Here
are the other important algebraic facts about Boolean algebras.
THEOREM 14.6 If B is a Boolean algebra and a, b, c € B, then

1. aVI=I and a/\NO=0.
2. This cancellation law holds:

IfaVb=aVcandaNb=a/Ac,thenb=c.

3. a has a unique complement; that is,
IfaNVe=IlandaNc=0,thenc=a'.

4 (d) =a.

5. O=Iand T = O.

6. De Morgan’s laws hold:

(a\V by =a AV and (a Ab) =a' \V b,

Proof 1. Exercise 8.
2. faVb=aVcanda Ab=aAc,then

b=bV (bANa) [absorption law]

=bV (a/N\Db) [commutative law]
=bV(aNc) l[aANb=aAc]
=bVaNbVec) [distributive law]
=@VbNbVc [commutative law]
=@aVc)NbVec [avVb=aV
=cVa)AN({cVb [commutative law]
=cV (a/NDb) [distributive law]
=cV(aNc) l[aNb=aAc]
=cV (c/N\a) [commutative law]

=c [absorption law]
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3. IfaVc=Ianda AN c=0,thenaVc=aVaandaNc=aANa
Hence ¢ = a’ by the cancellation law.

4. We know that @’ Va=1I and a’ N\ a= O. Applying 3 (with &’ in
place of a and a in place of ¢), we have a = (a’)".

5. Exercise 9.

6. According to 3 (with a \V b in place of @ and @’ /\ b’ in place of ¢),
we need only show that

(aVb)Vi{@NAb)=1 and (aVbyN(@ANb)=0
to conclude that @ A b" = (a \V b)’. But
(aVvb)V(a N\Db)

=aVbV@NDb)) |associative law]
=aV ({(bVa)NDbVD)) [distributive law]
=aV(bVa)NI) |definition of b’]
=aV (bVa) [definition of I]
={(aVbVd [associative law]
=a' V(aVb) [commutative law]
=@VaVhb [associative law]
=IVb [definition of a’|
=1 [1]

(@ b) N\ (@ \D)
=@ NANb)N\{aVDb [commutative law]

(@ ANB)YNa)V ita~ b)Y\ Db) [distributive law]
(@ Na)y \Nb)NV a " b N\Db)) [commutative

and associative laws]
=(OND)YV (@ N O |definition of a’, b’|
=0V O0O=0. |1 and definition of O]

The Principle of Duality now proves the second of De Morgan’s laws. i

The remainder of this section is not needed for Section 14.3 and may be
omitted if desired. Two Boolean algebras, Band C, are said to be isomorphic
if there is a bijective function f: B — C such that

flaVb)=fla)V fb) and  fla/\b)=fla) Nfb)

for all a, b € B; f is called an isomorphism. This definition is consistent with
the definition of isomorphism for rings —in each case there is a bijective
map that preserves the binary operations of the systems.
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Here is one reason why the Boolean algebra P(X) of all subsets of a set
X is the primary example of Boolean algebras:

THEOREM 14.7 If Bis a finite Boolean algebra, then there exists a finite set
X such that B is isomorphic to P(X).

The proof of the theorem is outlined in Exercise 31. The example on
page 499 in Appendix C shows that if a set X has n elements, then P(X ) has 2"
elements. Hence

COROLLARY 14.8 A finite Boolean algebra has 2" elements for some
integer n.

Theorem 14.7 is false for infinite Boolean algebras. But M. H. Stone
[44] proved an analogous result in that case: If Bis any Boolean algebra, then
there exists a set X such that B is isomorphic to the Boolean algebra formed
by some collection of subsets of X (possibly not all of them).

The description of Boolean algebras in Theorem 14.5 shows that a
Boolean algebra is almost a commutative ring with identity. If \V is taken as
addition and A as multiplication, then O is the zero element and I the
multiplicative identity. The only ring axiom that fails is the existence of
negatives (additive inverses); see Exercise 32. Nevertheless, every Boolean
algebra does have a commutative ring associated with it:

THEOREM 14.9 Let B be a Boolean algebra and define binary operations +
and - on B by

at+b=(@Nb)V(a@N\b) and a-b=aA/b.
Under these operations B is a commutative ring with identity such that

a-a=aforeveryaeB.

Exercises 11 and 36 in Section 3.1 are special cases of this theorem
(because for sets, AN B’= A — B).

Proof of Theorem 14.9 B is closed under + and - because it is closed
under V and A. Since N and V are commutative, so is +:

atb=@NAVb)V(@ANAb)=(@Nb)V(aNb)
=bANad)V (B Na)=b+a.
By the definition of + we have
(at+b)+ec=[((@aN\Nb)V (@ AD)NIV][(@Nb)V (@ N\Db) N\c.
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Exercise 17 shows that
((@aNnb)V (@ NADb)=(@Nb)V (@ NDb).

This fact and the distributive, associative, and commutative laws for \/
and A\ show that

(a+b)+c=[((@a \Nb)V(@NAb)N|V[laNb)V (@ Ab)) Nc]
=@ AP)YNC)V ({(a@ AND) NV
[{((a \Nb) Nc)V ((@ N\Db') N\c)
=@NAbNHNV@NANbN)NV(@NbANc)V (@ Nb Ne).

The commutativity of +, the preceding fact (applied to b, c,ainplace of a, b,
¢), and the commutativity of \/, /\ show that

at+tb+c)=(b+c)ta
—bACA)NV B AcA)NV BAcADN B A A a)
=@AbN)NV@ANbNI)NV@NbNc)V(a ANb'" Nc)
=(a+Db)+ec.
Therefore addition is associative. The zero element is O because by
Theorems 14.5 and 14.6
a+O0=@NO0)V @ NO0O)
=@aN)V @ NO)=aVO=a
Each a € B is its own negative because by Theorem 14.5
ata=@Na)Vvia@Na=0VO=0.

Multiplication - (= /\) is commutative and associative with identity ele-
ment I by Theorem 14.5. By absorption and Theorem 14.5,

aa=alNa=a(aVO)=a.
To complete the proof, we need only verify the distributive law:
ab+ac=[aNb)N(@Nc)]V[a b NaANc)
=[(@aADb)N@Vc)VIaVb)NaNcd)
=[(aNbyNa)V ((aN\Nb) NV
o’ NaNc) VN (@N )
={(@aNaY\Nb)V(@NbBN)NV (@ Na)yNe)V (' N (ac))
=OAb)NV(@NbN)NVONc)V (@B Nc))
=0V@NbAN)VOV(aNd Nc)
=@NbN)V(@aNb Nc)
=aN[bN)V B Nc)=a-(b+c). B
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A ring with identity in which aa = a for every element a is called a
Boolean ring. Exercise 21 in Section 3.2 shows that every Boolean ring R is
commutative and that a + a = Og for every a € R. Theorem 14.9 says that
every Boolean algebra defines a Boolean ring. The converse is also true:

THEOREM 14.10 Let R be a Boolean ring and define binary operations \V/
and /\ on R by

aVbhb=a+b—ab and a/N\b=ab.

Under these operations R is a Boolean algebra.

Proof Exercise 33. R

EXERCISES
A. 1. Show that a partially ordered set contains at most one largest ele-
ment and one smallest element.

2. Show that the five-element lattice whose ordering is given by the
diagram below is not complemented.

//\
\(}/
|

3. In the five-element lattice whose ordering is given by the diagram
below, find an element with two complements.

L/

¢

4. Show that 6 does not have a complement in the lattice {1, 2, 3, 4, 6,
12} ordered by divisibility. [Hint: A complement ¢ of 6 must satisfy
l.em. {6, c} =12 and g.c.d. {6, c} = 1.]
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5.

. 10.

11.

12.

13.

14.

15.

16.
17.

Show that the lattice of all positive integer divisors of 105, ordered
by divisibility, is a complemented lattice.

Show that the five-element lattice whose ordering is given by the
diagram below is not distributive.

IS

~_
/

I

. Show that the lattice of all positive integer divisors of 15, ordered

by divisibility, is a Boolean algebra.

. If Bis a Boolean algebra, prove thataVI=Tand a A\ O = O for

every a € B.

. If Bis a Boolean algebra, prove that O’ =Tand I' = O.

Let p, g be distinct positive primes and let L be the lattice of all
positive integer divisors of p?q. ordered by divisibility. Show that pg
has no complement. [Exercise 1 is a special case.]

Let p, g, r be distinct positive primes and let L be the lattice of all
positive integer divisors of pgr, ordered by divisibility. Prove that L
is a complemented lattice. [Exercise 5 is a special case.]|

Alattice Lis said tobe modularifforalla, b, ¢ € L, a = cimplies that
aV {(b/Nc)=(aV b) N c Prove that every distributive lattice is
modular. [The converse is false; see Exercise 35.]

Prove that the lattice P of positive integers ordered by divisibility is
distributive.

Let Sbe a nonempty set. D a distributive lattice, and L the set of all
functions from S to D. Define an order relation on Lby f < gin L if
and only if f(x) = g(x) in D for all x € S. Prove that L is a distributive
lattice.

I Lis adistributive lattice, prove that the cancellation law holds in L
(see Theorem 14.6).

Prove that in a Boolean algebra, a = b if and only if b’ = o’
Let B be a Boolean algebra. Prove that for all a, b € B,
((@NA\D)V (@ NDb))y =(@\b)V (a@ \D).
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18. In a Boolean algebra, prove that a = b if and only if

(aNb)YV(a N\b)=0.

19. Let B be a Boolean algebra and @, b, ce B. Iff aVb=aV ¢ and

20.

a’Vb=a Ve, prove that b=c.

Let B be the set {0, 1}, with ordering given by 0 < 1. For each
positive integer n, let B" be the Cartesian product B X - - - X Bofn
copies of B. Define an operation \V on B* by

(ay, . . .,a,)V (b, ...,b)=(c1, - - . ,¢.),
where for each i, ¢; = maximum of g,, b,. Similarly, define
(ay, .. .,a)N\(by, ... ,b)=(d,, ... .,d,),

where for each i, d, = minimum of g, b,. Finally, define

(al7 o 0 C 7an),=(alla e ’an,)’

where 0’ =1 and 1’ = 0. Prove that B" is a Boolean algebra with
0=(0,0,...,0andI=(,1,...,1).

NOTE: The following definitions are used in Exercise 21-31. Let B be a
Boolean algebra. Then a <b means a <b and a # b. An element a € B is an
atom if O < a, and there is no element b such that O <b < a.

21.

22.

23.

24,

25.

Prove that a is an atom in a Boolean algebra Bif and only ifa # O and
for every b € B, eithera ANb=aora Ab=0.

Let Bbe a Boolean algebra and a, b, ¢, d € B, with a an atom. Prove
(a) d=bANcifandonlyifd=bandd=c

(b) a=bVcifandonlyifa=bora<c. [Hint: ifa=<bV c, then
a=a/\ (bV c). Usedistributivity and Exercise 21 to show that
aNb=aora/N\c=al]

In the Boolean algebra P(X ) of all subsets of X, show that A is an atom
if and only if A is a one-element subset of X.

Let B be a finite Boolean algebra and b € B, with b # O. Prove that
there exists an atom a € B such that a = b. [Hint: If b is an atom, let
a = b. If not, there exists a; € B such that O < a, <b (why?). If g, is
not an atom, there exists a, € Bsuch that O < a, < a, <b. Continue
in this way; why must the process end with an atom?]

If @, and a, are atoms in a Boolean algebra Band a; N\ ay # O, prove
that a, = a,. [Hint: Exercise 21.]
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26.

27.

28.

29.

30.

31.

32.

33.

Let B be a Boolean algebra and b, ¢ € B. Prove that the following
conditions are equivalent:

(i) b=c; {ii) b =0, (iii) b’V c=1

[Hint: (i) = (ii) b < ¢ implies b \V ¢ = ¢; use substitution and De
Morgan’s laws. (ii) = (iii) De Morgan. (iii)= (i))b=bAN 1=
b A (b’ V c); use distributivity.]

Let Bbe a finite Boolean algebra and b, ¢ € B, with b # c. Prove that
there exists an atom a € B such that a = b and a # c. [Hint: Exercises
26 and 24.]

Let Bbe a finite Boolean algebraand b € B.Ifa;,a,, . . . ,a,areall
the atoms in B that are < b, prove that b=q, Va, VvV - - - Va,.
[Hint: Let c=a;V * + - V a,,; then ¢ =b (why?). To show that
b = ¢, assume, on the contrary, that b # ¢ and use Exercise 27 to
reach a contradiction.]

Let Bbe a finite Boolean algebraand b € B.lf aand a, , a,, . . . ,a,
are atoms in Bsuchthata=bandb=q, Va,V * - - V a,,, prove
that a=ga for some i. |[Hint: a=a/Ab (why?)=
a/l(a;,Va,V -+ Va,) Use distributivity and Exercise 25.]

Let B be a finite Boolean algebra and beB. If b=
ayVa,V - Va,andb=c, Ve,V -+ Vg, with the g, dis-
tinct atoms and the ¢, distinct atoms, prove that m = k and (after
reordering and reindexing, if necessary) a, = ¢, for every i. [Hint:
Exercise 29.]

Prove Theorem 14.7: If B is a finite Boolean algebra, then there
exists a set X such that B is isomorphic to P(X). [Hint: Let X be
the set of atoms of B. By Exercises 28 and 30, every element of

B can be written uniquely in the forma; V a, V - - - V a,,, with
the a; distinct elements of X. Define 6:B— P(X) by
0a, Vay,V + -+ NVa,) =la . a,, . ..,a,). Whyis 0 surjective?

Use Exercise 27 to show that § is injective and Exercise 22 to show

that 8(b V ¢) = 6(b) \V 8ic) and 8(b N\ ¢) = 8(b) N\ 0(c).]

If X is a set with more than two elements, show that the Boolean
algebra P(X) is not a ring with the operations of U as addition and N
as multiplication.

Prove Theorem 14.10: A Boolean ring R is a Boolean algebra with
binary operations V and N\ defined by

aVb=a+b—ab and a/\b=ab.
[Hint: Let I = 1z, O = Og, and @’ = 1z — a; use Theorem 14.5.]
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34. For each Boolean algebra B, let $(B) denote the ring defined by B, as
in Theorem 14.9. For each Boolean ring R, let T(R) denote the
Boolean algebra defined by R, as in Theorem 14.10. Show that the
concepts of Boolean algebra and Boolean ring are equivalent by
proving

(a) For any Boolean algebra B, T(S(B)) = B.
(b) For any Boolean ring R, S(T(R)) = R.

C. 35. (Groups) Prove that the set of all normal subgroups of a group Gisa
modular lattice that may not be distributive. [See Exercise 12.]

14.3  Applications of Boolean Algebras

This section consists of two independent subsections that may be read
in either order. The first deals with symbolic logic, where Boolean algebras
originated and still have useful applications. The second presents one of the
most important practical applications of Boolean algebras: modeling, ana-
lyzing, and simplifying switching or relay circuits.

PROPOSITIONAL LOGIC

If p and g are statements (as defined in Appendix A), then the state-
ment “p or ¢~ will be denoted p VV g and the statement “pand ¢ by p N gq.
The negation of the statement p will be denoted p’. The truth or falsity of
such compound statements depends on the truth or falsity of the compo-
nents p and q. The following charts (called truth tables) summarize the basic
rules of logic that were developed in Appendix A:

p q | prNg P 4| pVg p | P
T T T T T T T | F
T F F T F T FI T
F T F F T T
F F F F F F

For example, the first chart shows that ““p and ¢ is true when both p and ¢
are true, and false otherwise.

Let p;, ps, - . . , p, be statements. Two compound statements,
formed by using the p,, \V/, /\,’, and parentheses, are said to be equivalent if
they have the same truth value for every possible combination of truth
values for p;, pg, - . . , Pp-
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EXAMPLE The statement p A (qVr) is equivalent to
(p A\ q) V (p A r). To prove this we must determine the truth value of
each statement for every possible choice of truth values for p, ¢, and r.
For instance, when p, g are true and r false, then g \V r is true, and
hence p A (g \V 1) is also true. Also when p, g are true and r false, then
p A gistrue,p A risfalse, and hence (p A\ q) V (p A r)istrue. So the
two statements have the same truth value in this case. This argument is
summarized in row 2 of the following truth table, which includes all
the possibilities for the truth values of p, g, and -

<

gVr pN@gVr) pANg pANr (pNgV(p/Ar)

Mmoo
Mo
o
LT
o = =
o
o -
e e e

The two statements are equivalent because the two columns in bold-
face are identical.

If p and g are equivalent statements, we shall treat them as being the
same and write p = g.* In this terminology, the preceding example states
that p A(gVr)=(pAq V (p/ rl. So the distributive law holds for
statements. In fact, we have

THEOREM 14.11 Letp,,p;, . - . p, be statements and let B be the set of
all statements that can be formed by using thep,, \/, /\,’, and parentheses.**
Then B is a Boolean algebra under the operations of \/ and /\.

* This is analogous to treating 1 and 4 as the same element of Z, and writing 1 = 4 instead of
[1] = [4]. Readers who prefer a formal treatment can easily adapt the discussion as follows. The
relation of equivalence on a set of statements is an equivalence relation, as defined in Appendix
D. When p and q are equivalent statements. their equivalence classes are equal: [p] = [q].
Writing p = q instead of [p] = [q] is a convenient shorthand. Thus ““statements” in the follow-
ing discussion are actually ““‘equivalence classes of statements.”

** In a formal development, the elements of B are equivalence classes of statements formed in
this way. The operations on Bare defined by [p] \ [q] = [p \V gl and [p] A lg] = [p /\ q]. These
definitions do not depend on the choice of representatives in each class because by Exercise
11, if pis equivalent to p* and g is equivalent to ¢ * (that is, [p] = [p*] and [q] = [¢*]), thenp \/ ¢
is equivalent to p* \V ¢* (that is, [p \VV g] = [p* VV ¢*)); and similarly for A.
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Proof If p and g are statements formed by using the p,, \V, A, ’, and
parentheses, then the same is true of p VV g and p A g. So VV and N are
actually binary operations on B.

By Theorem 14.5 we must verify that \/ and A satisfy the commuta-
tive, associative, and distributive laws. The preceding example shows that
the first distributive law holds. The other laws are proved similarly, using
appropriate truth tables (Exercise 5).

B contains statements that are always false (Exercise 1), and any two
such statements are necessarily equivalent. Let O be a statement in B that is
always false. If p € B, then p VV O is true exactly when p is true and false
exactly when p is false. So p V O is equivalent to p; that is, p V O = p for
every p € B. Furthermore, p N\ p’ = O since p N\ p’ is always false (because
one component is always false). Similarly, any two statements that are
always true are equivalent. Let I be a statement in B that is always true and
verify thatp A I=pandp V p’ = Ifor every p € B. Therefore BisaBoolean
algebra by Theorem 14.5. 11

The Boolean algebra Bin Theorem 14.11 provides a useful mathemat-
ical model of the logic of compound statements discussed in Appendix A.
This model also includes conditional statements. To see why, let p, g € Band
compare the truth table for the conditional statement p = q (as determined
by the rules of logic in Appendix A) and the table for the statement p’ V g:

P g | p=g P 4q|p pVg
T T T T T | F T
T F F T F|F F
F T T F T | T T
F F T F FIT T

Since the last columns are identical, we see that p = ¢ is equivalent to the
statement p’ V g in B. The Boolean algebra B also contains biconditional
statements [“p < ¢ means “p = g and g = p”” and thus is equivalent to
(p'V a) N(q"V p)l

The properties of Boolean algebras can be used to verify other logical
equivalents. For example, the conditional statement p = q is equivalent to
its contrapositive ¢’ = p’ because

(g=p)=@)Vp =qVp =p Vg=(p=4q).

Similarly, the rules for negating statements involving the connectives
“and”” and “‘or” are just De Morgan’s laws:

(pNg'=pVqg and (pVq)=p N¢q.



14.3 Applications of Boolean Algebras 419

SWITCHING CIRCUITS

We shall speak of switches as mechanical devices for controlling the
flow of electricity through a circuit. If the switch is closed, the current can
flow through the circuit, and if the switch is open, the current cannot flow,
as schematically shown here:

4_/-_’—._1‘

open switch: closed switch:
current does current flows
not flow

But the discussion applies to a wide variety of two-state devices, such as
magnetic dipoles, electronic transistors, fluid control valves, relay
switches, traffic lights, and photocells. Depending on the context, the ana-
logue of current flowing or not might be charged —uncharged, positively
magnetized —negatively magnetized. high potential -low potential, traffic
moves — traffic stops, etc.

In the schematic diagrams below. switches will usually be denoted by
lower case letters (a, b, ¢, . . . ). Two different switches will be labeled
with the same letter if they are linked in such a way that they are always
both open or both closed. The prime notation will be used to indicated
switches that are oppositely linked, meaning that switch a’ is open when
switch a is closed, and a’ is closed when a is open.

Two switches are said to be connected in series provided that the
current flows when both switches are closed and does not flow when at least
one switch is open:

series connection: a b

If switches a and b are connected in series, we write a - b (or simply ab).If 1
indicates that current flows (switch closed) and O that it doesn’t (switch
open), then the current flow for a pair of switches connected in series is
given by this chart:

a b 1 ab
0 0 0
1 0 0
0 1 0
1 1 1

Two switches are said to be connected in parallel provided that the
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current flows when at least one switch is closed and does not flow only when
both switches are open:

parallel connection:

b

If switches a and b are connected in parallel, we write a + b. Here is the
current-flow chart for a pair of switches connected in parallel:

a b I at+b
0 0 0
1 0 1
0 1 1
1 1 1

EXAMPLE The circuit given by this diagram is represented algebraic-
ally by a +a’ (b +¢).

a

b

’
o ——

C

Leta,,a,, . . . ,a,denote switches and let B be the set of all circuits
(connecting two terminals) that can be built from the g, using series and
parallel connections, and allowing linked and oppositely linked switches.
The preceding example shows one of the many circuits that can be built
from switches a, b, c. Two circuits C and D in B are said to be equivalent if for
every possible choice of open and closed positions for a,, as, . . . , a,,
current flows through C if and only if it flows through D. In this case we
write C=D.*

EXAMPLE These circuits are not equivalent because current flows
through the left-hand one, but not the right-hand one, when a is closed
and b, c are open:

* Strictly speaking, equivalence of circuits is an equivalence relation on B, and C=D is
shorthand for the statement that the equivalence class of C is equal to the equivalence class of
D. See the footnote on page 417 (with “circuit” in place of “statement,” + in place of \/,
and - in place of N\).
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a a b

b

. ,

a a ¢
¢

a+a’b+c) la+a’)(h+c)

EXAMPLE These two circuits are equivalent:

b a b

C a C

alb +c) ab + ac

To prove this claim, we must verify the current flow is the same for
every possible combination of open/closed for a, b, c:

ab + ac

o
I
(o

b+c alb+¢) ab

—_ o O e e s O

— e = OO O O A
—_—O OO - O S~
bt et (OO OO
—_——_0 oo o
_— o= OO0 00
—_——0 O oo o0
—e OO OO

1

The two columns in boldface show that current flows through a(b + ¢)
if and only if it flows through ab + ac. Hence a(b + ¢) = ab + ac, and
the distributive law holds for circuits.

0
E

THEOREM 14.12 Leta,,a,, . . . ,a,beswitches and Bthe set of all circuits
(connecting two terminals) that can be built from the a, using series and
parallel connections, and allowing linked and oppositely linked switches.
Then B is a Boolean algebra under the operations + and -

Proof It is easy to verify that + and - are binary operations on B. By using
current flow charts, as in the preceding example, verify that the commuta-
tive, associative, and distributive laws hold. There exist circuits in B
through which current always flows (for instance, a + a’ for any a € B), and
any two such circuits are equivalent. Let I be a circuit in B through which
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current always flows and verify that for every a ¢ B
aI=a and ata =1L

Similarly, let O be a circuit through which current never flows and verify
that
a+O=a and a-a'=0.

Therefore B is a Boolean algebra by Theorem 14.5 (with+ as
V and - as N\). 1

The properties of Boolean algebras can now be used to simplify var-
ious circuits.

EXAMPLE To simplify the circuit

[ a’

a b b’

we express it algebraically and use Theorem 14.5 to compute:
(a+ab)(@’ +b')=ala +b) [absorption law]
=aa’ + ab’
=0+ ab’
=ab’

So the original circuit may be replaced by this simpler equivalent one:

;?i a b’

EXERCISES

A. 1. Let p be a statement.

(a) List acompound statement involving p that is always false. [See
the proof of Theorem 14.11.]

(b) List a compound statement involving p that is always true.
2. Write out the truth tables for each of these statements:

(@ (pVag=¢q

(b)y (p Ng')=(qVr)

(© (pANgNAn)=(pVq) Nr)
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3. A compound statement that is true in every case is called a tautol-
ogy. Use truth tables or the properties of Boolean algebras to verify
that each of these statements is a tautology.

() (p') =p

(b) (p=q)=(pNq)

© (pN(p=9q)=gq

) [p=@AnN=p=q9 N (p=r)
) [p=ag Ng=n]l={p=r)

4. If a, b, ¢ are switches, sketch the circuit:
(a) ab+c
(b) (a+b)a+rc)
(c) alb+ 'Y+ a'c
(d) ac+ ab’ + bela + b')

5. Complete the proof of Theorem 14.11 by proving the commuta-
tive, associative, and distributive laws for the Boolean algebra of
statements.

6. Sketch a diagram for a circuit (connecting two terminals) with
switches a, b, and c that satisfies the given conditions:

(a) Current flows through the circuit if and only if at least one of q,
b, c is closed.

(b) Current flows through the circuit if and only if at most one of q,
b, cis closed.

(c) Current flows through the circuit if and only if exactly one of a,
b, c is closed.

7. In each part, are the two circuits equivalent?

(a)

«a h— “ ¢

4 _dll(l

) — b ¢
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d b’ o and  —

8. Complete the proof of Theorem 14.12.

9. Use the properties of Boolean algebras to simplify this circuit; then
sketch the simplified circuit.

o

’ ’
a ——

b b b

’
« «

¢

10. Let p;, ps, . . . , p, be statements. Let p and p* be compound
statements formed by using the p,, V, /\,’, and parentheses. Prove
that p and p* are equivalent if and only if the statement p < g is
always true.

11. Letpy, pg, . . . , p, be statements and p, p*, ¢, g* compound state-
ments formed by using the p,, V, /\,’, and parentheses. If pis equiv-
alent top*and g is equivalent to g*, prove thatp \V qis equivalent to
p*V g*and p N q is equivalent to p* N\ g*. [Hint: Exercise 10.]



CHAPTER 15
GEOMETRIC
CONSTRUCTIONS

PREREQUISITES: Sections 4.1, 4.4, and 4.5.

Since the sixth century B.c. mathematicians have studied geometric con-
structions with straightedge (unmarked ruler) and compass. Despite their
prowess in geometry, the ancient Greeks were never able to perform cer-
tain constructions using only straightedge and compass, such as

Duplication of the Cube: Construct the edge of a cube having twice the
volume of a given cube.

Trisection of the Angle: Construct an angle one-third the size of a given
angle.

Finally in the last century, it was proved that these constructions are impos-
sible. This chapter presents an elementary version of this proof.

To say that a construction is impossible does not mean, for example,
that you can never trisect an angle. Many angles, such as 90°, are easily
trisectable with straightedge and compass (Exercise 3). If you permit a
straightedge with just one mark on it, then any angle can be trisected. The
issue here is whether every angle can be trisected using only an unmarked
straightedge and a compass. We begin with an example of a typical straight-
edge-and-compass construction to give you a feel for what we are dealing
with,

425
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EXAMPLE Given points O and P, construct a line perpendicular to
line OP through O as follows. Construct the circle with center O and
radius OP; it intersects line OP at points R and P, as shown on the left
side of Figure 1. Segments OR and OP are radii of the circle and thus
have the same length. Now construct the circle with center R and
radius RP and the circle with center P and radius RP. These circles
intersect in points A and B as shown in the center of Figure 1. Seg-
ments RP, RA, and PA have the same length (why?).

- - T~ A -— —~ A
= 1IN N
<o / /
/ A\ \
Ry Q 4 R{ O P |
\ ) 1 /' /' R O P
~_ 7 \ \ / /
\ AN Vs
h ~ > — -
—— B e —
FIGURE 1

Draw the line AO. In triangle RAP, shown on the right of Figure
1, the sides RA and PA are congruent, as are the sides OR and OP. Side
OA is congruent to itself. Therefore triangles ORA and OPA are con-
gruent by side-side-side. Since angles ROA and POA are congruent
and supplementary, each of them must be aright angle. Therefore line
AO is perpendicular to line OP at O.

We now give a formal mathematical description of straightedge-and-
compass constructions, such as the preceding one, that begin with two
points O and P. Let S be the set {O, P}. Form the line determined by the two
points of S. Form the two circles with centers O and P and radius OP. Let S,
be the set of all points of intersection of this line and these circles, together
with the points O, Pin the original set S. Repeat this process with S, . Form
every line determined by pairs of points in S;. Form every circle whose
radius is the distance between some pair of points in §; and whose centeris a
point in S, . Let S, be the set of all points of intersection of these lines and
circles, together with the pointsin S, . Repeat the process with S,. Continu-
ing in this way produces a sequence of sets

S5CS5CS,CS;,C -

A constructible point is any point that lies in some S;. A constructible line is
aline that contains at least two constructible points. A constructible circle is
one whose center is a constructible point and whose radius has length equal
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to the distance between some pair of constructible points. For example, all
of the labeled points and all of the lines and circles in Figure 1 are construct-
ible. Note that points of intersection of constructible lines and circles are
constructible points.

Now we coordinatize the plane by taking O as the origin, the distance
from O to P as the unit length, and the line OP as the x-axis, and P having
coordinates (1,0). Figure 1 shows that the y-axis (the line AO) is a construct-
ible line. The point (0,1) is constructible since it is the intersection of the
y-axis and the constructible circle with center O and radius OP. A similar
argument shows that

(,0) is constructible if and only if (0,7) is constructible.

A real number ris said to be a constructible number if the point (r,0) is
a constructible point. Every integer is a constructible number (Exercise 4).
If r is the distance between two constructible points A and B, then r is a
constructible number because (r,0) is the intersection of the constructible
x-axis and the constructible circle with center O and radius r. Exercise 18
shows that

a point is constructible if and only if
its coordinates are constructible numbers.

THEOREM 15.1 Let a, b, ¢, d be constructible numbers with ¢ # 0 and
d > 0. Then each of a+ b, a — b, ab. a/c and Vd is a constructible number.

Proof We first assume a and c are positive and show that a/c is a construct-
ible number. Since a and ¢ are constructible numbers, the points (a,0) and
(0,¢) are constructible and so is the line L they determine. The line through
the constructible point (0,1) parallel to L is constructible (Exercise 19). It
intersects the x-axis at the constructible point (x,0), as shown on the left side
of Figure 2 below. Hence x is a constructible number. Use similar triangles

1 =« .
to show that — = =, which implies that x = a/c. Whena = 0 or whenaor cis
c a

negative, Exercise 13 shows that a ¢ is a constructible.

1 / ~
/ ~
16 A ~Ap

x 7 ] e

FIGURE 2
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If b =0, then ab = 0 is certainly constructible. If b # 0, then 1/b is
constructible by the previous paragraph, and hence a/(1/b) = ab is also
constructible. Exercise 2 shows that a + b and @ — b are constructible.

The number d + 1 is constructible by Exercise 2. So the midpoint A of
the line segment joining the constructible points (0,0) and (d 1 1,0) is
constructible (Exercise 20). Hence the circle with center A and radius
(d + 1)/2 is constructible. The constructible line that is perpendicular to
the x-axis at the point (1,0) intersects this circle at the constructible point
B = (1,y), as shown on the right of Figure 2. A theorem in plane geometry
states that an angle that is inscribed in a semi-circle (such as OBD) is a right
angle. Use right triangles and the Pythagorean Theorem to show that y2 = d
and therefore y = \/Zig It follows that y = Vd is a constructible number. B

COROLLARY 15.2 Every rational number is constructible.

Proof Every integer is constructible (Exercise 4). Therefore every quo-
tient of a pair of integers (rational number) is constructible by Theorem
15.1. 1

In order to determine exactly which real numbers are constructible,
we must examine the equations of constructible lines and circles.

LEMMA 15.3 Let F be a subfield of the field R of real numbers.
(1) If a line contains two points whose coordinates are in F, then the line
has an equation of the form

ax+ by +c=0, where a, b, ceF.

(2) If the center of a circle is a point whose coordinates are in F and the
radius of the circle is a number whose square is in F, then the circle has an
equation of the form

2+ +rx+sy+t=0, wherer, s, teF.
Proof (1)Suppose (x;,y,) and (x4,y,) are points on the line with x,, y, € F. If

x; # xy, the two-point formula for the equation of aline shows that the line
has equation

y_ylzyz_% (x = xy)
Xg ™ Xy
(y2 yl)x_ly+[_xl(y2 yl)+ 1)] =0
Xg — X Xo ™%
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Since Fisafield and x, y, € F, each of a, b, cis in F. The case when x, = x, is
left to the reader.
(2) If (x,,y,) is the center and k the radius, with x,, y;, k2 € F, then the
equation of the circle is
(x—x1)* + (y —y)2 =k*

Ky (-2 (- 29y + 5 + gt — K =0
The coeflicients are in F.

LEMMA 15.4 Let F be a subfield of R and k a positive element of F such
that Vk ¢ F. Let F(Vk) be the set {(a + bVk | a, b € F). Then

(1) F(Jk) is a subfield of R that contains F.
(2) Every element of F(Vk) can be written uniquely in the forma + bVk,
witha, b eF.

Proof (1)Exercise 15.(2)Ifa + bvk = a; + b,Vk, witha, b, al,b € F, then
a—a,= (b, —bVk.Ifb—b, #Othen\@f —a,)(b, — b)™!, which is
an element of F. This contradicts the fact that vk ¢ F. Hence b — b = (0, and
therefore a — a, = (OWk=0. Thusa =a, and b=b,. 1

The field F(Vk) is called a quadratic extension field of F. Quadratic
extension fields play a crucial role in determining which numbers are con-
structible.

LEMMA 15.5 Let Fbe asubfield of R. Let L, and L be lines whose equations
have coefficients in F. Let C, and C, be circles whose equations have coeffi-
cients in F. Then

(1) If L, intersects L,, then the point of intersection has coordinates
in F.
(2) IfC, intersects C,, then the points of intersection have coordinates
in F or in some quadratic extension field F(Vk).
(3) IfL, intersects C,, then the points of intersection have coordinates
in F or in some quadratic extension field F(Vk).
Proof (1) Suppose L, and L, have equations
Li:axx+by=c
Lz: agx + bzy = Cy
with a;, b,, ¢, € F. Since L, intersects L, these equations have a simultaneous
solution. By using elimination or determinants we see that this solution is

boc; — byc a,Cy — ayCy
_bermhiey _ 3iCp 430,

N alb2 - azbl y= a1b2 - azbl'
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Since a;, b,, c, € F, the point of intersection (x,y) has coordinates in the field
F.
(2) Suppose C; and C, have equations

Ciox2+y>+rix+siy+t,=0
Cox?+y?+rpxtsy+it,=0

with 1,, s;, t, € F. The coordinates of the intersection points satisfy both
equations and hence must satisfy the equation obtained by subtracting the
second equation from the first:

(ry—ra)x+ (s —sx)y+ (t; —ta) = 0.

This is the equation of a line, and its coeflicients are in F. Since the intersec-
tion points of C; and C, lie on this line and on the circle C;, we need only
prove (3) to complete the proof of the theorem.

(3) Let L; and C, have the equations given above. Atleast one of a, , b,
must be nonzero, say b; # 0. Solve the equation of L, for y and substitute
this result in the equation for C, . Verify that this leads to an equation of the
form ax2 + bx + ¢ =0, and a, b, ¢ € F. The solutions of this equation are

b+ B
x= b_zl; 4aC=A-_f'B\/z,

where A = —b/2a, B=1/2a, and k = b? — 4ac are elements of F. Since L,
and C, intersect we know that k = 0. Using the equation for L, we see that
the coordinates of the points of intersection of L, and C, are

aq—aA aoB

x=A+B%k and y= b, b, k
x=A—BJk and y=cl—_a—1A—M k.
b, b,

If k = 0, these reduce to a single point of intersection. Since b, # 0, all of
these coordinates lie either in F (if vk € F) or in the quadratic extension

F(Vk) (if VK¢ F). B

THEOREM 15.6 If a real number r is constructible, then there is a finite
chain of fieldsQ=F,C F, CF,C - - - CF,CRsuchthatr€F, and eachF,
is a quadratic extension of the preceding field, that is,

F,=Q(c), F,=F(c), F=F(c), ..., F,=F,_ (e, ,)
where ¢, € F,but Ve, ¢ F, fori=0,1,2, . . . ,n—1.

A finite chain of fields as in the theorem is called a quadratic extension
chain.
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Proof of Theorem 15.6 Let r be a constructible number. Then the point
(r,0) can be constructed from the points O = (0,0) and P = (1,0) by a finite
sequence of operations of the following types:

(i) Form the line determined by A and B, where A,B are previously
constructed points or elements of {O,P};

(ii) Form the circle with center A and radius the distance from Bto C,
where A, B, C are previously constructed points or elements of
{O,P};

(iii) Determine the points of intersection of lines and circles formed in

(i) and (ii).

This process begins with the points O and P whose coordinates are in Q.
Lines or circles determined by them will have equations with rational coef-
ficients by Lemma 15.3. The intersections of such lines and circles will be
points whose coordinates are either in @ or in some quadratic extension
Q(Yc,) by Lemma 15.5. The lines and circles determined by these points
will have equations with coefficients in the field F, = Q(\/clo) by Lemma
15.3. The intersections of such lines and circles will have coefficients either
in F, or in some quadratic extension F,(vc,) by Lemma 15.5. Continuing in
this fashion we see that at each stage of the construction of (r,0) the points in
question have coordinates in some field F, and at the next stage the newly
created points have coordinates in F, or in a quadratic extension F,(Vc,).
After a finite number of such steps we reach the point (r,0), which necessar-
ily has coordinates in the last field of the quadratic extension chain Q =
F,CF,CF,C---CF, 1

There are two ways to show that some real numbers are not construct-
ible. The method presented here is elementary and depends only on Chap-
ter 4. But if you’ve covered Sections 9.1 and 9.2, read the footnote and skip
to page 433.*

LEMMA 15.7 Let F be a subfield of R and f(x) € Fx]. Suppose that k € F
but Jk ¢ F. If a + bVk is a root of f(x), then a — bVk is also a root of f(x).

Proof If u=r+ s'k € F(Vk), let i denote r — svk. This operation is well
defined because every element of F(Vk) can be written uniquely in the

*If k € F and Vk ¢ F, then x2 — k € F[x| is the minimal polynomial of vk over F, and hence
[F(Vk): F] = 2 by Theorem 9.7. If @QC - - - CF, is a quadratic extension chain, then [F,: Q]
must be a power of 2 by Theorem 9.4. Therefore the minimal polynomial of a constructible
number u has degree 2* for some k (since this degree is the dimension [Q@(u) : @], which must
divide [F,:Q}). Consequently, no constructible number can be the root of an irreducible cubic
in @[x]. Since a cubic polynomial in Q[x] with no rational roots is irreducible by Corollary 4.14,
no such polynomial can have a constructible number as a root.
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form r+ svk (r, s € F) by Lemma 15.4. Verify that for any u, v € F(Vk),
{uFv)=u+vanduv=u - v. Also note that u = wif and only if s = 0, that
is, if and only if u € F. The rest of the proofis identical to the proof of Lemma

4.24, which is the special case when F=R, k=—1, and vk =i.

LEMMA 15.8 Let F be a subfield of a field K. Let f(x), g(x) € Fx] and
h(x) € K|[x]. If f(x) = g(x)h(x), then h(x) is actually in Fix].

Proof By the Division Algorithm in F{x], there are polynomials k(x) and
r(x) in F[x] such that f(x) = g(x)k(x) + r(x), with r(x) = 0 or deg r(x) <
deg g(x). Since F C K, all of these polynomials are in K{x]. Now consider the
Division Algorithm in K[x]|, which says that there is a unique quotient and
remainder. We have f(x) = g(x)k(x) + r(x), and by hypothesis we also have
f(x) = g(x)h(x) + 0. By uniqueness we must have r(x) = 0 and h(x) = k(x).
Since k(x) € Flx], the lemma is proved. B

THEOREM 15.9 Let f(x) be a cubic polynomial in Q|x]. If f (x) has no roots
in Q, then f(x) has no constructible numbers as roots.

The theorem implies, for example, that 2 is not a constructible num-
ber because it is a root of x3 — 2, which has no rational roots by the Rational
Root Test (Theorem 4.16).

Proof of Theorem 15.9 Suppose on the contrary that f(x) has real roots
that are constructible. Each such root lies in a quadratic extension chain of
Q by Theorem 15.6. Among all the quadratic extension chains containing a
root of f(x), choose one of the smallest possible length, say Q = F, C F, C
-+ + CF,. This means that f(x) has a root r in F, and that no quadratic
extension chain of length n — 1 or less contains any root of f(x). Note that
F, + Q since f(x) has no rational roots. By the Factor Theorem 4.12 f(x) =
(x — rt(x) for some t(x) € F,[x]. Now r € F,, and by the definition of a qua-
dratic extension chain F, = F,_,(Vk) for some b € F,_, with vk ¢ F,_,. There-
forer = a + bvk witha, b € F,_,. We must have b # 0; otherwise r would be
in the chain F,C F, C - - + CF,_,, contradicting the fact that f(x) has no
roots in a chain of lengthn — 1. By Lemma 15.7 7 = a — bVk is also a root of
flx) = (x — n)t(x). Sincer # r(becauseb # 0) rmust be aroot of t(x). By the
Factor Theorem f(x) = (x — r){x — nh(x) for some h(x) € F,[x]. Let g(x) =
(x — r){(x — r) and observe that the coefficients of g(x) are in F,_,:

g(x) = (x — (a + bVB)(x — (a — bVk) = x® — 2ax + (a* — kb2).

Therefore f(x) = g(x)h(x) with f(x), g(x) € F,_,[x]. Consequently, h(x) €
F,_,|x] by Lemma 15.8. Now f(x) has degree 3 and g(x) has degree 2, so h(x)
must have degree 1 by Theorem 4.1. Since every first-degree polynomial
over a field has a root in that field, h{x)—and hence f(x)—has a root in
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F,_,. This contradicts the choice of Fy C F, C + - - CF, as a quadratic ex-
tension chain of minimal length containing a root of f(x). Therefore f{x) has
no constructible numbers as roots. i

Finally, we are in a position to prove the impossibility of the construc-
tions discussed at the beginning of the chapter. In what follows, it is as-
sumed that whenever a point, line, radius, etc. may be chosen arbitrarily, a
constructible point, line, radius, etc. will be chosen. This guarantees that all
points, lines, etc. produced by the construction process will be construct-
ible ones.

Duplication of the Cube Label the endpoints of one edge of the given
cube as O and P and use this edge OP as the unit segment for coordinatizing
the plane. Since the given cube has side length 1, its volume is also 1. If
there were some way to construct with straightedge and compass the side of
a cube of volume 2, then the length ¢ of this side would be a constructible
number such that ¢® = 2. Thus ¢ would be a root of x® — 2. But this polyno-
mial has no rational roots by the Rational Root Test, and hence no construct-
ible ones by Theorem 15.9. This contradiction shows that duplication of the
cube by straightedge and compass is impossible.

Trisection of the Angle It suffices to prove that an angle of 60° cannot
be trisected by straightedge and compass. Choose two points O, P and
coordinatize the plane with O as origin and P= (1,0). The point Q =
(1/2,¥3/2) is constructible since its coordinates are constructible numbers
by Theorem 15.1 and Corollary 15.2. Furthermore, Q lies on the unit circle
x2 4+ y2 = 1. Therefore angle POQ has cosine 1/2 (the first coordinate of Q)
and hence has measure 60°. If it were possible to trisect this angle with
straightedge and compass, there would be a finite sequence of construc-
tions that would result in a constructible point R such that the angle ROPhas
measure 20°, as shown in Figure 3.

<
1

1 o—
|

L
O 20° ) P

FIGURE 3
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The point T where the constructible line OR meets the construct-
ible unit circle is a constructible point. Hence its first coordinate, which is
cos 20°, is a constructible number. Therefore 2 cos 20° is a constructible
number by Theorem 15.1. But for any angle of t degrees, elementary trigo-
nometry (Exercise 5) shows that

cos 3t = 4 cos’t — 3 cos t.
If t = 20°, then this identity becomes
cos 60° = 4 cos320° — 3 cos 20°
1 =4 c0s320° — 3 cos 20°
Multiplying by 2 and rearranging, we have
(2 cos 20°)%3 — 3(2 cos 20°) — 1 =0.

Thus the supposedly constructible number 2 cos 20° is a root of x® — 3x —
1. The Rational Root Test shows that this polynomial has no rational roots,
and hence no constructible ones by Theorem 15.9. This is a contradiction.
Therefore an angle of 60° cannot be trisected by straightedge and compass.

EXERCISES
A. 1. Prove that r is a constructible number if and only if —ris construct-
ible.
2. Let a, b be constructible numbers. Prove that a + b and a — b are
constructible.

3. Use straightedge and compass to construct an angle of
(a) 30° (b) 45°

(¢) Show that angles of 90° and 45° can be trisected with straight-
edge and compass.

4. Prove that every integer is a constructible number. [Hint: 1 is con-
structible (why?); construct a circle with center (1,0) and radius 1 to
show 2 is constructible.]

5. Prove that cos 3t = 4 cos® t — 3 cos t. [Hint: These identities may be
helpful: (1) cos(t, +t;) = cos t; cos t, — sin t; sin ty; (2) cos 2t =
2 cos? t — 1 and sin 2t = 2 sin t cos t; (3) sin® t + cos? t = 1.}

6. Isit possible to trisect an angle of 3t degrees if cos 3t = 1/3? What if
cos 3t = 11/16?
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10.

11.

12.

13.

14.
15.

16.

17.

Consider a rectangular box with a square bottom of edge x and
height y. Assume the volume of the box is 3 cubic units and its
surface area is 7 square units. Can the edges of such a box be
constructed with straightedge and compass?

. Use straightedge and compass to construct a line segment of length

1 + V3, beginning with the unit segment.

. Is it possible to construct with straightedge and compass an iso-

sceles triangle of perimeter 8 and area 1?

(a) Prove that the sum of two constructible angles is constructible.
[A constructible angle is an angle whose sides are constructible
lines.|

(b) Prove that it is impossible to construct an angle of 1° with
straightedge and compass, starting with the unit segment. [Hint:
If it were possible, what could be said about an angle of 20°?]

Prove that an angle of t degrees is constructible ifand only if cos tis a
constructible number.

Prove that r is a constructible number if and only if a line segment of
length |r| can be constructed by straightedge and compass, begin-
ning with a segment of length 1.

Let a, ¢ be constructible numbers with ¢ # 0. Prove that a/c is
constructible. [The case when a > 0, ¢ > 0 was done in the proof of
Theorem 15.1.]

Prove that the set of all constructible numbers is a field.

Let F be a subfield of R and k € F. Prove that F(Vk) = {a + bVk| a,
b € F} is a subfield of C that contains F. If k > 0, show that Fis a
subfield of R. [Hint: Adapt the hint for Exercise 28 in Section 3.1.]

Prove the converse of Theorem 15.6: If r is in some quadratic ex-
tension chain, then ris a constructible number. [Hint: Theorem 15.1
and Corollary 15.2.]

Let Cbe a constructible point and L a constructible line. Prove that
the line through C perpendicular to L is constructible. [Hint: The
case when Cis on L was done in the example on page 426. If Cis not
on L and D is a constructible point on L, the circle with center C and
radius CD is constructible and meets L at the constructible points D
and E. The circles with center D, radius CD and center E, radius CE
intersect at constructible points C and Q. Show that line CQ is
perpendicular to L.|
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18.

19.

20.

C. 21.

Prove that (r,s) is a constructible point if and only if r and s are
constructible numbers. |Hint: The lines through (r,s) perpendicular
to the axes are constructible by Exercise 17.]

Let A be a constructible point not on the constructible line L. Prove
that the line through A parallel to L is constructible. [Hint: Use
Exercise 17 to find a constructible line M through A, perpendicular
to L. Then construct a line through A perpendicular to M.}

Prove that the midpoint of the line segment between two construct-
ible points is a constructible point. [Hint: Adapt the hint to Exercise
17.]

Squaring the Circle Given a circle of radius r, show that it is impos-
sible to construct by straightedge and compass the side of a square
whose area is the same as that of the given circle. You may assume
the nontrivial fact that # is not the root of any polynomial in Q[x].



CHAPTER 16
ALGEBRAIC CODING
THEORY

PREREQUISITES: Section 7.4 and Appendix F for Section 16.1;
Section 7.8 (through Lagrange’s Theorem) for Section 16.2;
Section 9.6 for Section 16.3.

Coding theory deals with the fast and accurate transmission of messages
over an electronic “channel” (telephone, telegraph, radio, TV, satellite,
computer relay, etc.) that is subject to “noise” (atmospheric conditions,
interference from nearby electronic devices, equipment failures, etc.). The
noise may cause errors so that the message received is not the same as the
one that was sent. The aim of coding theory is to enable the receiver to
detect such errors and, if possible, to correct them.*

The use of abstract algebra to solve coding problems was pioneered by
Richard W. Hamming, whose name appears several times in this chapter. In
1950 he developed a large class of error-correcting codes, some of which
are presented here.

* Thus coding theory has virtually no connection with the secret codes discussed in Chapter
12. The purpose of the latter was to conceal the message, whereas the purpose here is to
guarantee its clarity.
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16.1 Linear Codes

Verbal messages are normally converted to numerical form for elec-
tronic transmission. When computers are involved, this is usually donc by
means of abinary code, in which messages are expressed as strings of 0’s and
1’s. Such messages are easily handled because the internal processing units
on most computers represent letters, numerals, and symbols in this way.
The discussion here deals only with such binary codes.*

Throughout this chapter we assume that we have a binary symmetric
channel, meaning that:

1. The probability of a 0 being incorrectly received as a 1 is the same
as the probability of a 1 being incorrectly received as a 0;

2. The probability of a transmission error in a single digit is less than
.5, and

3. Multiple transmission errors occur independently. **

Here is a simple example that gives a flavor of the subject.

EXAMPLE Suppose that the message tobe sent is a single digit, either
1 or 0. The message might be, for example, a signal to tell a satellite
whether or not to orbit a distant planet. With a single-digit message,
the receiver has no way to tell if an error has occurred. But suppose
instead that a four-digit message is sent: 1111 for 1 or 0000 for 0. Then
this code can correct single errors. For instance, if 1101 is received,
then it seems likely that a single error has been made and that 1111 is
the correct message. It’s possible, of course, that three errors were
made and the correct message is 0000. But this is much less likely than
a single error.t The code can detect double errors, but not correct
them. For instance, if 1100 is received, then two errors probably have
been made, but the intended message isn’t clear.

This example illustrates in simplified form the basic components of
coding theory. The numerical message words (0 and 1) are translated into
codewords (0000 and 1111). Only codewords are transmitted, but in the
example any four-digit string of 0’s and 1’s is a possible received word. By

* “Binary” refers to the fact that these codes are based on Z,. Although binary codes are the
most common, other codes can be constructed by using any finite field in place of Z,.

** The accuracy rate of message transmission depends on these probabilities. Since elemen-
tary probability is not a prerequisite for this book, our discussion of such questions will be
minimal; see Exercises 27 -31.

1 If the probability of receiving a wrong digit is .01, then three or four errors occur in a message
word less than .0004% of the time (once in 250,000 transmissions), see Exercise 27.
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comparing received words with codewords and deciding the most likely
error, a decoder detects errors and, when possible, corrects them. * Finally,
the corrected codewords are translated back to message words, or an error
is signaled for received words that can’t be corrected.

Any method of assigning each message word to aunique codeword can
be used for translating between message and codewords. If we had decided,
for example, that 1111 would be the codeword for 0 and 0000 the code-
word for 1, the process for detecting and correcting transmission errors
would be exactly the same as before because it depends only on the code-
words, not on what they mean. In terms of transmission and decoding, this is
the same code as before, even though the codewords have different mean-
ings.

We can develop a usable definition of “code” in the general case by
considering the preceding example from a different viewpoint. If we think
of the message words 0 and 1 as elements of Z,, then the received words can
be considered as elements of the additive group Zy X Z, X Z, X Z 4 by writ-
ing (1,0,1,1), for instance, as 1010 or (0,0,0,0) as 0000. Addition in this
group is performed coordinatewise; for example, 1010 + 1011 = 0001
(remember 1+ 1 =0 in Z,). The set of codewords C = {0000, 1111} is
closed under addition, so it is a subgroup of Z, X Z, X Z, X Z3 by Theorem
7.8.

For each positive integer n, B(n) denotes the Cartesian product
Lo X Ty XLy X + -+ XZyofncopies of Z,. With coordinatewise addition,
B(n) is an additive group of order 2" (Exercise 10). The elements of B(n) will
be written as strings of 0’s and 1’s of length n. If 0 <k <n, then an (n,k)
binary linear code consists of a subgroup C of B(n) of order 2*. For conve-
nience, C is often called an (n,k) code. a linear code, or just a code.** The
elements of C are called codewords. Only codewords are transmitted, but
any element of B(n) can be a received word.

In the preceding example, C = {0000, 1111}isa (4,1) code since Cis
a subgroup of order 2! of the group B(4) = Zy X Zy X Zy X Z, of order 24.
In this case the set of message words is just Z,. Similarly, when dealing with
any (n,k) code we shall consider the group Bk) =Z,XZyX - -+ XZ,
(k copies of Z,), which has order 2%, to be the set of message words.

EXAMPLE In the (6,5) parity-check code, the message words are the
elements of B(5), that is, all five-digit strings of 0’s and 1’s. Message
words are converted to codewords (elements of B(6)) by adding an
extra digit at the end of the string; the extra digit is the sum (in Z,) of
the digits in the message word. For instance, 110110 € B(6) is the

* This is sometimes called maximum-likelihood decoding.
** Linear codes are also called block codes or group codes.
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eachn =2, an (n, n — 1) parity-check code can be constructed in the
same way.

B codeword for 11011 because 1 +1+ 0+ 1+ 1= 0inZ,. Similarly,
| 10101 € B(5) is converted to the codeword 101011 € B(6).

¢ An element of B(6) is a codeword if and only if the sum of its digits
. is 0. [Reason: If the sum of the message-word digits is 0, a 0 is added to
% make the codeword; if the sum of the message-word digitsis 1, a 1 is
gé added for the codeword and 1 + 1 = 0; see Exercise 12 for the con-
. verse.] Using this property, it is easy to show that the set C of code-
- words is a subgroup of B(6) (Exercise 13).

% This code can detect single transmission errors (1 isreceived as 0
¢ or0as1)because the sum of the digits in the received word is 1 instead
§f§ of 0. The same is true for any odd number of errors. But it cannot
% detect an even number of errors, nor can it correct any errors. For

5

When retransmission of messages is easy, a parity-check code can be
very useful. Such codes are frequently used in banking and in the internal
arithmetic of computers. But when retransmission is expensive, difficult, or
impossible, an error-correcting code is more desirable. We now develop
the mathematical tools for determining the number of errors a code can
detect or correct.

DEFINITION The Hamming weight of an element u of B(n) is the number of
nonzero coordinates in u; it is denoted Wi(u).

: EXAMPLE If u=11011 in B(5), then Wt(u) = 4. Similarly, v=
i 1010010 € B(7) has weight 3, and 0000000 has weight 0.

DEFINITION Let u, v € B(n). The Hamming distance between u and v,
denoted d(u,v), is the number of coordinates in which u and v differ.*

EXAMPLE If u= 00101 and v = 10111 in B(5), then d(u,v) = 2 be-
cause u and v differ in the first and fourth coordinates. In B(4) the
distance between 0000 and 1111 is 4.

LEMMA 16.1 Ifu, v, w € B(n), then

(1) d(u,v) = Wt(u—v);
(2) d(u,v) =d(uw) + d(w,v).

* In other words, if u =u,u, - - - y,and o= 0,0, - - - v, (with each u,, v, either 1 or 0), then
d(u,v) is the number of indices i such that u, # v,.
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Proof (1) A coordinate of u — v is nonzero if and only if u and v differ in
that coordinate. So the number of nonzero coordinates in u — v, namely
Wt(u — v), is the same as the number of coordinates in which u and v differ,
namely d(u,v).

(2) It suffices by (1) to prove that Wt(u — v) = Wt(u — w) +
Wt(w — v). The left side of this inequality is the number of nonzero coordi-
nates of u — v, and the right side is the total number of nonzero coordinates
inu — wandw — v. So we need only verify that whenever u — vhasnonzero
ith coordinate, at least one of u — w and w — v also has nonzero ith coordi-
nate. Using the subscript i to denote ith coordinates, suppose the ith coordi-
nate u; — v; of u — v is nonzero. If the ith coordinate u, — w, of u — w is
nonzero, then there is nothing to prove. If u; — w, = 0, then u, = w;, and
hence w; — v, = u; — v; # 0. Therefore the ith coordinate w;, — v,of w — v is
nonzero. i

If a codeword u is transmitted and the word w is received, then the
number of errors in the transmission is the number of coordinates in which u
and w differ, that is, the Hamming distance from u to w. Since a large
number of transmission errors is less likely than a small number (Exercise
27), the nearest codeword to a received word is most likely to be the
codeword that was transmitted. Therefore, a received word is decoded as
the codeword that is nearest to it in Homming distance. If there is more than
one codeword nearest to it, the decoder signals an error.* This process is
called nearest-neighbor decoding. **

A linear code is said to correct t errors if every codeword that is
transmitted with ¢ or fewer errors is correctly decoded by nearest-neighbor
decoding.

THEOREM 16.2 A linear code corrects t errors if and only if the Hamming
distance between any two codewords is at least 2t + 1.

Proof Assume that the distance between any two codewords is at least
2t + 1. If the codeword u is transmitted with t or fewer errors and received
as w, then d(u,w) = ¢ If v is anv other codeword, then d(u,v) =2t + 1
hypothesis. Hence by Lemma 16.1.

2t + 1 =d(u,v) = duw.w) + dw,v) =t + d{w,v).

* Alternatively, the decoder can be programmed to choose one of the nearest codewords
arbitrarily. This is usually done when retransmission is difficult or impossible.

** Under our assumptions in this chapter. nearest-neighbor decoding coincides with
maximum-likelihood decoding.
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Subtracting ¢ from both sides of 2¢ + 1 = ¢ + d(w,v) shows that d(w,v) =
t + 1. Since d(u, w) = t, uis the closest codeword to w, so nearest-neighbor
decoding correctly decodes w as u. Hence the code corrects ¢ errors. The
proof of the converse is Exercise 15. il

Since only codewords are transmitted, errors are detected whenever a
received word is not a codeword. A linear code is said to detect t errorsif the
received word in any transmission with at least one, but no more than ¢
errors, is not a codeword.

THEOREM 16.3 A linear code detects t errors if and only if the Hamming
distance between any two codewords is at least t + 1.

Proof Assume that the distance between any two codewords is at least
t + 1. If the codeword u is transmitted with at least one, but not more than ¢
errors, and received as w, then

0 <d(uw)=t, and hence duw) <t+1.

So w cannot be a codeword. Therefore the code detects ¢ errors. The proof
of the converse is Exercise 16. il

If u and v are distinct codewords, then d(u,v) is the weight of the
nonzero codeword u — v by Lemma 16.1. Conversely, the weight of any
nonzero codeword w is the distance between the distinct codewords w and
0=000 - - 0€ B(n) because Wt(w) =Wt(w — 0) = d(w,0). Therefore
the minimum Hamming distance between any two codewords is the same as
the smallest Hamming weight of all the nonzero codewords. Combining this
fact with Theorems 16.2 and 16.3 yields

COROLLARY 16.4 Alinear code detects 2t errors and corrects t errorsifand
only if the Hamming weight of every nonzero codeword is at least 2t + 1.

EXAMPLE Let the message words be 00, 10, 01, 11 € B(2) and con-
struct a (10,2) code by assigning to each message word the codeword
(element of B(10)) obtained by repeating the message word five times:

0000000000, 1010101010, 0101010101, 111111111l.

The set C of codewords is closed under addition and hence a subgroup
of order 2% (Theorem 7.8). So C is a (10,2) code. Every nonzero
codeword has Hamming weight at least 5= 2 - 2 + 1. By Corollary
16.4 (with t = 2), the code C corrects two errors and detects four
errors.
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By constructing codes that repeat the message words a large number
of times (five in the last example), you can always guarantee a high degree of
error detection and correction. The disadvantage to such repetition codesis
their inefficiency when long messages must be sent. It is time-consuming
and expensive to transmit a large number of digits for each message word.
So the goal is to construct codes that achieve an acceptable accuracy rate
without unnecessarily reducing the transmission rate.

One efficient technique for constructing linear codes is based on ma-
trix multiplication. Codes constructed in this way are automatically
equipped with an encoding algorithm that assigns each message word to a
unique codeword.

EXAMPLE We shall construct a (7,4) code. The message words will be
the elements of B(4), and the codewords elements of B(7). Message
words are considered as row vectors and converted to codewords by
right multiplying by the following matrix, whose entries are in Z,:

1000011
c_[0 100101
0010110
0001111

For instance, the message word 1101 is converted to the codeword
1101001 because

SO

0
1
0

— o O

(1 1 0 1)

0
0
0 =(11010 0 1)
1

b D
Pt bt O
—O = b

0 0 0

The complete set C of codewords may be found similarly:

Message Word Codeword Message Word Codeword
0000 0000000 1000 1000011
0001 0001111 1001 1001100
0010 - 0010110 1010 1010101
0011 0011001 1011 1011010
01060 0100101 1100 1100110
0101 0101010 1101 1101001
0110 0110011 1110 1110000
0111 0111100 1111 1111111

Theorem 16.6 below shows that C is actually a subgroup of B(7). So C
isa (7,4) code, called the (7,4) Hamming code. The table above shows
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that every nonzero codeword has Hamming weight at least 3 =
2 -1+ 1. Hence by Corollary 16.4 (with ¢t = 1) this code corrects
single errors and detects double errors.

The table above shows that codewords in the Hamming (7,4) code
have a special form: The first four digits of each codeword form the corre-
sponding message word. For instance, 1101001 is the codeword for 1101 *
An (nk) code in which the first k digits of each codeword form the corre-
sponding message word is called a systematic code. All of the examples
above are systematic codes. Systematic codes are convenient because
codewords are easily translated back to message words: Just take the first k
digits.

We can construct other systematic codes by following a procedure
similar to that in the last example. A k X n standard generator matrix is a
k X n matrix G with entries in Z, of the form

1 00 --- 0 0 a Ay a—k

01 0 --- 0 0 ay Tt A

SR SRR S e
0 00 -+ 1 0 ag-1n *°° G—ppsk

O 0 0 e O 1 [%] M Ay p—f

where I is the k X k identity matrix and A is a k X (n — k) matrix. For
instance, the matrix G in the preceding example is a 4 X 7 standard genera-
tor matrix. It has the form (I,| A), where A is a 4 X 3 matrix.

A standard generator matrix can be used as an encoding algorithm to
convert elements of B(k) into codewords (elements of B(n)) by right multi-
plication. Each u € B(k) is considered as a row vector of length k. The matrix
product uG is then a row vector of length n, that is, an element of B(n).
Because the first k columns of G form the identity matrix I, the first k
coordinates of the codeword uG form the corresponding message word u €
B(k) (Exercise 23). In order to justify calling 4G a “codeword,”” we must
show that the set of all such elements is a subgroup of B(n).

LEMMA 16.5 If f:B(k) — B(n) is an injective homomorphism of groups,
then the image of fis an (n,k) code.

Proof 1Im fis a subgroup of B(n) that is isomorphic to B(k) by Theorem
7.14. Therefore Im f has order 2% and hence is an (n,k) code. i

THEOREM 16.6 If G is a kXn standard generator matrix, then
{uG | u € B(k)} is a systematic (n,k) code.

* The last three digits of each codeword are check digits that can be used to determine if a
received word is a codeword; see Exercise 22.
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Proof Define a function f: B(k) = B(n) by f(u) = uG. The image of f is
{f(u)|u e B(k)} = {uG|u € B(k)}. By Lemma 16.5 and the italicized remarks
preceding it, we need only show that fis an injective homomorphism of
groups. Since matrix multiplication is distributive,

flutov)=(u+0)G=uG+ vG=f(u) + f(v).

Hence fis a homomorphism of groups.

If u=uyu, -+ u;eBk), then the first k coordinates of uG are
ujuy © * * uy because G is a standard generator matrix, and similarly for
v=1v,0y * * - v; € B(k). We use this fact to show that fis injective. If f(u) =
f(v), then in B(n):

Uty © * ° Ug *¥kkx = uG =f(u> =f(v) =pQ = D0y * * ¢ U KrEkER

where the *’s indicate the remaining coordinates of uG and vG. Since these
elements of B(n) are equal, they must be equal in every coordinate. In
particular, u; = v;,uy, =v,, . . . ,u = v;. Therefore u = vin B(k), and fis
injective. B

EXAMPLE By Theorem 16.6, the standard generator matrix

1 0 0011
G=|0 1 01 01
001110

generates the (6,3) code {uG | u € B(3)}. Verify that the encoding algo-
rithm u — uG produces these codewords:

AR e e

s

Message Word Codeword Message Word Codeword
000 000000 100 100011
001 001110 101 101101
010 010101 110 110110
011 011011 111 111000

Since the Hamming weight of every nonzero codeword is at least 3,
this code corrects single errors and detects double errors by Corollary
16.4 (witht=1).

Describing a large code by means of a standard generator matrix is
much more efficient than listing all the codewords. For instance, in a
(50,30) code there are only 1500 entries in the 30 X 50 generator matrix
but more than a billion codewords.

Linear algebra can be used to show that every systematic linear code is
given by a standard generator matrix. The standard generator matrices for
the codes in the examples above are in Exercises 7-9.
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EXERCISES
A. 1. Show that C = {0000, 0101, 1010, 1111} is a (4,2) code.
2. Find the Hamming weight of
(a) 0110110 € B(7) (b) 11110011 € B(8)
(¢) 000001 € B(6) (d) 101101101101 ¢ B(12)
3. Find the Hamming distance between

~1

(a) 0010101 and 1010101

(b) 110010101 and 100110010
(c) 111111 and 000011

(d) 00001000 and 10001000

. Use nearest-neighbor decoding in the Hamming (7,4) code to de-

tect errors and, if possible, decode these received words:

(a) 0111000 (b) 1101001
(¢) 1011100 (d) 0010010
. List all codewords generated by the standard generator matrix:
1 0 0 0O 1 0111
(a) (o 11 1) (b) (o 1 01 0)
1 0 0 1 1 001 11
©fo 1 01 d]o 101 01
0 01 0 0 01 110

. Determine the number of errors that each of the codes in Exercise 5

will detect and the number of errors each will correct.

. Show that the standard generator matrix

0

Il
SO0 O -~

o

-

o
O OO0
ot

1

generates the (6,5) parity-check code on page 439. [Hin¢: List all
the codewords generated by G; then list all the codewords in the
parity-check code; compare the two lists.]
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10.

. 11.

12.

13.

14.

15.

16.

17.
18.
19.

. Show that the standard generator matrix

G=1010101010
61 01010101

generates the (10,2) repetition code on page 442. [See the hint for
Exercise 7.]

. Show that 1 X 4 standard generator matrix (1 1 1 1)generates

the code in the example on page 438.

Prove that B(n) =Z, X Zy X Z, X - - - X Z, with coordinatewise
addition is an abelian group of order 2".

Prove that for any u, v, w € B(n),
(a) d(u,0) = d(v,u).

(b) d(u,v) =0 if and only if u = ©.
(¢) d(u,0) =du+w, v+ w).

Prove that an element of B(6) is a codeword in the (6,5) parity-check
code if the sum of its digits is 0. [Hint: Compare the sum of the first
five digits with the sixth digit.]

Prove that the set of all codewords in the (6,5) parity-check code isa
subgroup of B(6). [Hint: Use Exercise 12.]

If u and v are distinct codewords of a code that corrects t errors,
explain why d(u,v) = t.

Complete the proof of Theorem 16.2 by showng that if a code
corrects t errors, then the Hamming distance between any two
codewords is at least 2t + 1. [Hint: If u, v are codewords with
d(u,v) = 2t, obtain a contradiction by constructing a word w that
differs from u in exactly ¢ coordinates and from v in ¢t or fewer
coordinates; see Exercise 14.]

Complete the proof of Theorem 16.3 by showing that if a code
detects t errors, then the Hamming distance between any two code-
words is at least ¢ + 1.

Construct a (5,2) code that corrects single errors.
Show that no (6,3) code corrects double errors.

Construct a (7,3) code in which every nonzero codeword has Ham-
ming weight at least 4.
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20.

21.

22,

23.

24.

25.

26.

Is there a (6,2) code in which every nonzero codeword has Ham-
ming weight at least 4?

Suppose only three messages are needed (for instance, ““go,” “‘slow
down,” “stop”). Find the smallest possible n so that these messages
may be transmitted in an (n,k) code that corrects single errors.

Let G be the standard generator matrix for the (7,4) Hamming code
on page 443.

(a) If u= (u;,uy,u3,u,) is a message word, show that the corre-
sponding codeword uG is

(uy,ug,ug,ug, ug +us+uy, g +us +uy, uy +uy +uy,).

(b) If v = (v;,04,03,04,05,06,07) € B(7), show that v is a codeword if
and only if its last three coordinates (the check digits) satisfy
these equations:

Us =0y T 03+ v,
Vg =0; T 03+ v,
vy =1, + 0y + vy
If Gisak X nstandard generating matrixandu = u,ugu; - * - uzisa

message word, show that the first k digits of the codeword uG are
Uy, Ug, - o ., Up.

If C is a linear code, prove that either every codeword has even
Hamming weight or exactly half of the codewords have even Ham-
ming weight.

Prove that the elements of even Hamming weight in B(n) form an
(n, n — 1) code.

If k <n and f: B(k) — B(n) is a homomorphism of groups, is Im fa
linear code? Is Im f an (n,k) linear code?

NOTE: A knowledge of elementary probability and a calculator are needed for
Exercises 27-31.

27.

28.

Assume that the probability of transmitting a single digit incorrectly
is .01 and that a four-digit codeword is transmitted. Construct a
suitable probability tree and compute the probability that the
codeword is transmitted with

(a) no errors; (b) one error;
(¢) two errors; (d) three errors;
(e) four errors; (f) at least three errors.

Do Exercise 27 for a five-digit codeword.
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29. Suppose the probability of transmitting a single digit incorrectly is
greater than .5. Explain why “inverse decoding” (decoding 1 as 0
and 0 as 1) should be employed.

30.

31.

16.2

Assume that the probability of transmitting a single digit incorrectly
is .01 and that M is a 500-digit message.

(a) What is the probability that M will be transmitted with no

(b)

(b)

errors?

Suppose each digit is transmitted three times (111 for each 1,
000 for each 0) and that each received digit is decoded by
“majority rule” (111, 110, 101, 011 are decoded as 1 and 000,
001, 010, 100 as 0). What is the probability that the message
received when M is transmitted will be correctly decoded?
[Hint: Find the probability that a single digit will be correctly
decoded after transmission. |

Show that the number of ways that k errors can occur in an
n

n-digit message is (Z) where ( k) is the binomial coefficient.

If p is the probability that a single digit is transmitted incor-
rectly and g is the probability that it is transmitted correctly,
show that the probability that k errors occur in an n-digit mes-

sage is Z)p"q"—".

Decoding Techniques

Nearest-neighbor decoding for an (n,k) code was implemented in Sec-
tion 16.1 by comparing each received word with all 2¥ codewords in order
to decode it. But when k is very large, this brute-force technique may be
impractical or impossible. So we now develop decoding techniques that are
sometimes more efficient. One of them is based on groups and cosets.

EXAMPLE Let C be the (5,2) code {00000, 10110, 01101, 11011}.
From the elements of B(5) not in C, choose one of smallest weight
(which in this case is weight 1), say e, = 10000. Form its coset e¢; + C
by adding e, successively to the elements of C and list the coset ele-
ments, with e; + ¢ directly below ¢ for each c € C:

C: 00000 | 10110 01101 11011
e,+C: 10000 | 00110 11101 01011
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Thus, for example, 11101 is directly below 01101 € C because ¢, +
01101 = 10000+ 01101 =11101. Among the elements not listed
above, choose one of smallest weight, say e, = 01000, and list its coset
in the same way (with e, + ¢ below c € C):

C: 00000 l 10110 01101 11011

e, +C: 10000 00110 11101 01011
e, + C: 01000 11110 00101 10011

Among the elements not yet listed, choose one of smallest weight and
list its coset, and continue in this way until every element of B(5) is on
the table. Verify that this is a complete table:

00000 10110 01101 11011 Codewords

10000 00110 11101 01011
01000 11110 00101 10011
00100 10010 01001 11111 Received Words
00010 10100 01111 11001
00001 10111 01100 11010
11000 01110 10101 00011
10001 00111 11100 01010

The decoding rule (which will be justified below) is: Decode a received
word w as the codeword at the top of the column in which w appears.
Forinstance, 01001 (fourthrow) isdecodedas01101;and 01010 (last
row) is decoded as 11011. Similarly, 11000 (seventh row) is decoded
as 00000.

The decoding table in the example is called a standard array, and the
decoding rule standard-array decoding or coset decoding. The same proce-
dure can be used to construct a standard array for any code C. Its rows are
the cosets of C, with Citself as the first row. Each is of the form ¢ + C, where
e is the coset leader (an element of smallest weight in the coset and listed
first in the row). The element e + ¢ (with ¢ € C) islisted in the column below
¢ and is decoded as c.

THEOREM 16.7 Let C be an (n,k) code. Standard-array decoding for C is
nearest-neighbor decoding.

Proof Ifw € B(n), thenw = e + v € e + C, where eis a coset leader and v is
the codeword at the top of the column containing w. Standard-array decod-
ing decodes w as v. We must show that v is a nearest codeword tow. If u € C
is any other codeword, then w — u is an element of w + C. But w + Cis the
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coset of e (because e = w — v € w + C). By construction, the coset leader ¢
has smallest weight in its coset, so Wt(w — u) = Wt(e). Therefore, by
Lemma 16.1,

d(w,u) = Wt(w — u) = Wt(e) = Wt(w — v) = d(w,v).

Thus v is a nearest codeword to w.

When nearest-neighbor decoding is implemented by a standard array,
a codeword is automatically chosen whenever there is more than one code-
word that is nearest to a received word w (rather than an error being
signaled). So incorrect decoding may occur in such cases. The code in the
last example corrects single errors (every codeword has weight at least 3;
see Corollary 16.4). Since two or more errors are much less likely than a
single one, standard-array decoding for this code has a high rate of accuracy
(Exercise 18).

Once a standard array has been constructed, it’s much more efficient
for decoding than brute-force comparison with all codewords. Unfortu-
nately, constructing a standard array for a large code may require as much
computer time and memory as brute force. But when a code is given by a
generator matrix, a much shorter decoding array is possible, as we now see.

Consider an (n,k) code with k X n standard generator matrix G =
(Iz | A). The parity-check matrix of the code is the n X (n — k) matrix H =

A *

In—k

EXAMPLE Verify that the standard generator matrix for the (5,2)
code {00000, 10110, 01101, 11011} of the previous example is

_(1 0 1 1 0)_
G‘(o 1 10 1)_(I2|A>'

Here k=2, n=35, n—k=3, and A is 2 X 3. So the parity-check
matrix is the 5 X 3 matrix

O O b it
O = OO

* Since the generator matrix can always be obtained from the parity-check matrix, many books
on coding theory define a code in terms of its parity-check matrix rather than its generator
matrix. In most books, the parity-check matrix is defined to be the transpose of our matrix H,
that is, the (k — n) X n matrix whose ith row is the same as the ith column of H. The matrix H is
more convenient here, and, in any case, all the results are easily translated from one notation to
the other.
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Verify that the product matrix GH is the 2 X 3 zero matrix. This phe-
nomenon occurs in the general case as well:
LEMMA 16.8 If G = (I, |A) is the standard generator matrix for a linear

code and H = ( A
In—k

is its parity-check matrix, then GH is the zero matrix.

Proof The entry inrow i and columnj of GH is the product of the ith row of
C (see page 444) and the jth column of H:*

alj
azj

ay

(000 - - 5ij T Oplnly C ay * am—k) S
14
Oy

5,

Op—k;
=0yay;+ 0pagy+ - - - +ouayt+ - - - +pay
+ a,-1511+a,2(52j+ < +a,j5ﬂ+ C F @y-yOp—ny; -
Since J,, = 0 whenever r # s and since addition is in Z,, this sum reduces to
Oyay + a0y = layt+ayl =a;+a;=0. 8
In an (n,k) code with k X n standard generator matrix G, every re-
ceived word w € B(n) is a row vector of length n. Since the parity-check

matrix Hisn X (n — k), the product wH is a row vector of length n — k, that
is. an element of B(n — k). Let 0 denote 000 - - - 0 € B(n — k).

EXAMPLE Let H be the 5 X 3 parity-check matrix for the (5,2) code
in the previous example. Then 11000H =011 and 10110H = 0:

(1 1 0 0 0 =0 1 1) and

O O i b =
Ot OO
—_0 O O

* The Kronecker delta symbol J,, is explained in Appendix F.
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1 1 0

1 0 1
1o0o110|100]|=00 o),

01 0

0 0 1
The fact that 10110 is a codeword in this code and 10110H = 0 is an

example of

THEOREM 16.9 Let C be an (n.k) code with standard generator matrix G
and parity-check matrix H. Then an element w in B(n) is a codeword if and
only if wH = 0,

Proof Define a function f: B(n) — B(n — k) by f(w) = wH. Then fis a ho-
momorphism of groups (same argument as in the proof of Theorem 16.6).
Now wis a codeword ifand only if w € C. Also, w € K (the kernel of f) if and
only if wH = 0. So we must prove that « € Cif and only if w € K, that is, that
C = K. By the definition of generator matrix, every element of C is of the
form uG for some u € B(k). But (uG)H = u(GH) = 0 because GH is the zero
matrix (Lemma 16.8). Therefore C C K. Since C is a subgroup of order 2*,
we need only show that K has order 2* in order to conclude that C = K,
Exercise 14 shows that f is surjective. By the First Isomorphism
Theorem 7.29, B(n — k) = B(n)/K, and hence by Lagrange’s Theorem 7.33,

2" =(B(n)|= K|[B(n) : K]
=|K| - |B(n)/K|= K| - |B(n —k)|=|K] - 2"k
Dividing the first and last terms of this equation by 2"~* shows that |K| =
2k B

COROLLARY 16.10 Let C be a linear code with parity-check matrix H and
letu, v € B(n). Then uand v are in the same coset of C if and only if uH = vH.

Proof To say that u and v are in the same coset means u+ C=0v+ C.
Theorem 7.18 in additive notation shows that

u+C=v+Cifandonly ifu—veC.
By Theorem 16.9,
u—v e Cif and only if (u —v)H=0.

Since matrix multiplication is distributive, (u—v)H=uH — vH. Also,
uH — vH = 0 is equivalent to uH = vH, Hence

(u —v)H = 0 if and only if uH = vH.

Combining the three centered statements above proves the theorem. B



454

16 Algebraic Coding Theory

If w € B(n) and H is the parity-check matrix, then wH is called the
syndrome of w. By Corollary 16.10, w and its coset leader e have the same
syndrome. If w = e + v with v € C, the standard array decodes w as v =
w — e. Therefore standard-array (nearest-neighbor) decoding can be im-
plemented as follows:

1. If wis areceived word, compute the syndrome of w (that is, wH).
2. Find the cosetleader e with the same syndrome (that is, eH = wH).
3. Decode w as w — e.

Since this procedure (called syndrome decoding) requires only that you
know the syndromes of the coset leaders, the standard array can be replaced
by a much shorter table.

EXAMPLE The coset leaders for the (5,2) code {00000, 10110,
01101, 11011} in the examples above are

00000, 10000, 01000, 00100, 00010, 00001, 11000, 10001.
Multiplying each of them by the parity-check matrix H given in the
preceding example produces its syndrome:
Syndrome I 000 I 110 | 101 | 100 ‘ 010 I 001 | 011 | 111
Coset Leader|00000110000/01000(00100/00010/000001 111000110001

To decode w = 01001, for example, we compute 01001 H = 100. The
table shows that the coset leader with this syndrome is e = 00100. So
we decode w as w —e= 01001 — 00100 =01101.

Depending on the size of the code and whether or not coset leaders
can be determined without constructing the entire standard array, syn-
drome decoding may be more efficient than brute-force nearest-neighbor
decoding. For example, a (56,48) code has 248 (approximately 2.8 X 104)
codewords but only 28 = 256 cosets.

Standard-array and syndrome decoding are complete decoding
schemes, meaning that they always find a nearest codeword for each re-
ceived word. When retransmission of the message is impractical, complete
decoding is a necessity. But when retransmission is feasible, it may be better
to use an incomplete decoding scheme that corrects ¢ errors and requests
retransmission when more than t errors are detected. We now describe one
such scheme.

Let ¢, € H(n) denote the row vector with 1 in coordinate i and 0 in
every other coordinate. In B(3), for instance, ¢, = 100, ¢, = 010, and e; =
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001. Each e, has weight 1; in fact
e, €, . - . ,e,are the only elements of weight 1 in B(n).

Consider the product of e, € B(3) and this matrix H:

1 0 1
eeH=(0 1 0)l0o 1 1]=(0 1 1)=row?2ofH.
1 1 1

Exercise 10 shows that the same thing happens in the general case. If
e; € B(n) and H is a matrix with n rows, then

e;H is the ith row of the matrix H.

Now assume that C is alinear code with parity-check matrix H and that
the rows of H are nonzero and no two of them are the same. Then ¢,H = ith
row of H # 0 by hypothesis; hence by Theorem 16.9,

e; is not a codeword.

Furthermore, if i # j, then ¢, and ¢, cannot be in the same coset of C (other-
wise row i of H= ¢,H = ¢,H = row j of H by Corollary 16.10). Thus

e; is the only element of weight 1 in its coset.

So every other element in the coset of ¢, has weight at least 2.* Conse-
quently,

e; is always the coset leader in its coset.

Finally, if the syndrome of a received word w is the ith row of H, then
wH = ¢,H, so w and ¢, are in the same coset by Corollary 16.10.

The preceding paragraph suggests a convenient way to implement
(possibly incomplete) syndrome decoding when the rows of H are nonzero
and distinct:

1. If w is received, compute its syndrome wH.

2. If wH =0, decode w as w (because w is a codeword by Theorem
16.9).

3. fwH # 0 and wH is the ith row of H, decode w by changing its ith
coordinate (that is, decode w as w — ¢, because e, is w’s coset

leader).
4. If wH # 0 and wH is not a row of H, do not decode and request a
retransmission.
* The only element of weight 0is000 - - - 0, whose coset is C. Cis not the coset of ¢,because ¢,

is not a codeword.
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This scheme (called parity-check matrix decoding) can be easily imple-
mented with large codes because there is no need to compute cosets or find
coset leaders. Furthermore,

THEOREM 16.11 Let C be a linear code with parity-check matrix H. If every
row of H is nonzero and no two are the same, then parity-check matrix
decoding corrects all single errors.

Proof When a codeword u is transmitted with exactly one error in coordi-
nate i and received as w, then w —u=1¢,. Hence g, =w —uew + C, so ¢,
must be the coset leader for w. Therefore w is correctly decoded as w —
e=u. 1l

EXAMPLE Let C be the (5,2) code whose parity-check matrix H is
given on page 451. If 10011 is received, its syndrome is

110
1 0 1
(1 601 DH=(1 0 0 1 1)|1 0 O
01 0
001

=(1 0 1)=row?2ofH.

Therefore 10011 is decoded as 10011 —e,= 10011 — 01000 =
11011. If 11000 is received, verify that its syndrome is 011, which is
not arow of H. Therefore 11000 is not decoded, and a retransmission
is requested.

In one important class of codes, parity-check matrix decoding is actu-
ally complete syndrome (nearest-neighbor) decoding.

EXAMPLE The standard generator matrix for the Hamming (7,4)
code was given on page 443. Its parity-check matrix H has distinct,
Nnonzero rows:

ay

I
fon W S SR TR SR Y
OO O
—0 O O e

The possible syndromes of a received word w in this code are 000 and
the seven nonzero elements of B(3). But all the nonzero elements of
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B(3) appear asrows of H. So every syndrome either is 000 (decode w as
itself) or is the ith row of H for some i (decode w by changing its ith
coordinate). Therefore every received word is decoded.

This example is one of an infinite class of codes that can be described
by using the fact that a linear code is completely determined by its parity-
check matrix (from which a standard generator matrix is easily found). Let
r= 2 be an integer and letn=2"—1and k=2"—1—r. Thenn— k= r.
The preceding example is the case r = 3. Let H be the n X (n — k) matrix
whose last r rows are the identity matrix I, and whose n rows consist of all
the nonzero elements of B(r). Since the number of nonzero elements in B(r)
is 27 — 1 = n, each nonzero element appears exactly once as a row of H. So
the rows of H are distinct and nenzero. The code with this parity-check
matrix is called a Hamming code.

In every Hamming code, all possible syndromes are rows of H. So
parity-check matrix decoding is complete svndrome decoding that corrects
all single errors.

EXERCISES

A. 1. Find the parity-check matrix of each standard generator matrix in
Exercise 5 of Section 16.1.

2. Find the parity-check matrix for the code in the last example in
Section 16.1.

3. Findthe parity-check matrix for the parity-check code on page 439.
[See Exercise 7 in Section 16.1 ]

4. Find the parity-check matrix for the (10,2) repetition code on page
442. [See Exercise 8 in Section 16.1.]

5. Find a parity-check matrix for the (15,11) Hamming code.

1 0
01
6. Show that the linear code C with parity-check matrix (1) (1) can-
1 0
01

not correct every single error.
7. Let C be the (4,2) code with standard generator matrix G=

<(1) (1) (1) }) Construct a standard array for C and find the syn-

drome of each coset leader.
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10.

B. 11.

12.

13.

14.

15.

16.

17.

18.

. Construct a standard array for the (6,3) code in the last example in

Section 16.1 and find the syndrome of each coset leader.

. Choose new coset leaders (when possible) for the (5,2) code on

pages 449450 and use them to construct a standard array. How
does this array compare with the one on page 450?

Let ¢,=00 -+ - 010 - - - 00 € B(n) have 1 in coordinate i and 0
elsewhere. If H is a matrix with n rows, shows that ¢;H is the ith row
of H.

Suppose a codeword u is transmitted and w is received. Show that
standard-array decoding will decode w as u if and only if w —uisa
coset leader.

If every element of weight <tis a coset leader in a standard array for
a code C, show that C corrects ¢ errors.

If a codeword u is transmitted and w is received, then e = w — u is
called an error pattern. Prove that an error will be detected if and
only if the corresponding error pattern is not a codeword.

Prove that the function f: B(n) — B(n — k) in the proof of Theorem
16.9 is surjective. [Hint: If v =v,v, * - + v, € B(n — k), show that
o= f(u), where u =000 - - - Ovyvg * * - v,_; € B(n).]

Let C be a linear code with parity-check matrix H. Prove that C
corrects single errors if and only if the rows of H are distinct and
nonzero.

Show by example that parity-check matrix decoding with the Ham-
ming (7,4) code cannot detect two or more errors.

Show that in any Hamming code, every nonzero codeword has
weight at least 3.

[Probability required] In the (5,2) code on pages 449-450, sup-
pose that the probability of a transmission error in a single digit is
01.

{a) Show that the probability of a single codeword being transmit-
ted without error is .95099.

(b) Show that the probability of a 100-word message being trans-
mitted without error is less than .01.

(¢) Show that the probability of a single codeword being transmit-
ted with exactly one error is .04803.

(d) Show that the probability that a single codeword is correctly
decoded by the standard array on page 450 is at least .99921.
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(e) Show that the probability of a 100-word message being cor-
rectly decoded by the standard array is at least .92. [Compare
with part (b).]

16.3 BCH Codes

The Hamming codes in the last section have efficient decoding algo-
rithms that correct all single errors. The same is true of the BCH codes*
presented here. But these codes are even more useful because they correct
multiple errors.

The construction of a BCH code uses a finite ring whose additive
group is (isomorphic to) some B(n). Each ideal in such a ring is a linear code
because its additive group is (isomorphic to) a subgroup of B(n). The addi-
tional algebraic structure of the ring provides efficient error-correcting
decoding algorithms for the code.

The finite rings in question are constructed as follows. Let n be a
positive integer and (x" — 1) the principal ideal in Z,[x] consisting of all
multiples of x® — 1. The elements of the quotient ring Zy[x]/(x® — 1) are the
congruence classes (cosets) modulo x" — 1. By Corollary 5.5, the distinct
congruence classesinZ,y|x]/(x™ — 1) are in one-to-one correspondence with
the polynomials of the form

(%) agtayx+ax2+ - g, _x" 1, witha, € Z,.

Each such polynomial has n coefficients, and there are two possibilities for
each coefficient. Hence Z,[x]/(x" — 1) is a ring with 2" elements. Further-
more, the n coefficients (ay,a,.,a,. . . . ,a,_,) of the polynomial (x) may be
considered as an element of the group B(n) =Z, X -+ - XZ,.

THEOREM 16.12 The function f:Z,lx]/(x"— 1)—> B(n) given by
f(lag+aix+agx®+ - - - a,_1x"" 1) = (ag,8,,a5, . . . ,a,_1) is an iso-
morphism of additive groups.

Proof Exercise 7. B

Theorem 16.12 shows that every ideal of Z4[x]/(x™ — 1) can be consid-
ered as a linear code since it is (up to isomorphism) a subgroup of B(n). In
particular, if g(x) € Z,|x], then the congruence class (coset) of g(x) generates
a principal ideal I in Z4[x]/(x" — 1). The ideal I consists of all congruence
classes of the form [h(x)g(x)] with h(x) € Z,[x]. BCH codes are of this type.

* The initials BCH stand for Bose, Chaudhuri, and Hocquenghem, who invented these codes in
1959 -60.
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In order to define a BCH code that corrects ¢ errors, choose a positive

integer r such that + <2771 Let n =27~ 1. Then g(x) is determined by
considering a finite field of order 27, as explained below.

|
i

EXAMPLE Welett=2and r=4, so thatn =24~ 1 = 15. We shall
construct a code in Z,[x]/(x'5 — 1) that corrects all double errors by
finding an appropriate g(x). To do this we need a field of order 24 =
16.

The polynomial 1 + x + x* is irreducible in Z, [x] (Exercise 3).
Hence K= 1Z,[x|/(1 + x + x%) is a field of order 16 by Theorem 5.9
(and the remarks after it). By Theorem 5.10, K contains a root « of
1 + x + x*. Using the fact that

l+a+at=0, and hence, at=1+a*

we can compute the powers of a. For example, af=qa2at=
a®(1 + a) = a® + o, Similarly, we obtain

o' =« a’=o%+al a'=a+a®+a®

a? = ot a’=1+a+a® a?=1+a+a?+a
a’=qa? at=1+a? a¥=1+a%+a®
a*=1+a a’=a+ad at=1+o®

o’ =q+ o al®=1+a+ o alb =1

These elements are distinct and nonzero by Theorem 9.7. Therefore
they are all the nonzero elements of K, and « is a generator of the
multiplicative group of K.

To construct the polynomial g(x), we first find the minimum
polynomials of , o, a®, a* over Z,. By the construction of K, the
minimal polynomial of ais m,(x) = 1 + x + x*. This polynomial m(x)
is also the minimal polynomial of ® and a%; for instance, by the Fresh-
man’s Dream (Lemma 9.24),

my(a?®) =1+ (a?) + (a?)*
=12+ (@2 + (@*)*=(1+a+a)2=02=0.
Verify that the minimum polynomial of o2 is my(x) =1+x+x2+

x% + x* (Exercise 5). The polynomial g(x) is defined as the product
mq(x)m,(x), so that

glx)=(1+x+xH(1+x+22+x3+2x)
=1+ax*+x8+ 27+ x8 € Z,y[x].

*Remember, 1 =—1inZ,.
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Let Cbe the ideal generated by [g(x)] in Z4[x]/(x'® — 1). Then Cis
a code by Theorem 16.12. We shall see below that Cis a (15,7) code
that corrects all single and double errors.

Just what do the codewords of Clook like? By Corollary 5.5, each
congruence class in Zy[x]/(x'® — 1) is the class of a unique polynomial
of the form

(x%) o+ ayx+agx?+ - - - +axB 4 a0 witha, e Z,.

So we shall denote the class by this polynomial. * When convenient,
this polynomial will be identified (as in Theorem 16.12) with the
element aga,a, - -+ a,,= (a¢,a;.a,, . . . ,a;4) of B(15). The code-
words consist of the classes of polynomial multiples of g(x). For exam-
ple,

Codeword in polynomial form In B(15) form
g(x) =1+ x4+ x5 + x7 + 8 100010111000000
xg(x) = x(1 +x* + x5 4+ 27 + x8)
=x+ x5+ 27 + 28+ x° 010001011100000

(1 +x%g(x) = (1 + 281 + x* + x5 + x7 + x8)
=1+xt+x7+ x84+ 110+ 2124+ x84+ 414 100010011010111

If g(x) is multiplied by a polynomial h(x) of degree =7, then the
codeword h(x)g(x) has degree =15 and is not of the form (). For
example, if h(x) = x8, then

h(x)g(x) = x8g(x) = x5(1 + x* + x5+ x7 + «8)
= x® + x12 4+ x4 + x5 + 16,
The polynomial of the form (*=) that is in the same class as h(x)g(x) is
the remainder when h(x)g(x) is divided by x5 — 1 (see Corollary 5.5).
Verify that
h(x)g(x) = (1 + x)(x?® — 1) + (1 + x + 8 + x12 + x14).

Hence [f(x)g(x)] is the codeword 1 + x + x® 4+ x!2 + x4, or equiva-
lently, 110000001000101.

The procedure in the example is readily generalized. If tis the number
of errors the code should correct, let n = 27 — 1, where r is chosen so that
t < 277! (in the example, t = 2, r = 4). By Corollary 9.26, there is a finite
field K of order 27. By Theorem 9.28, K = Z,(«x), where a is a generator of

* This is analogous to what was done on pages 33-34, when we began writing elements
(classes) in Z,, in the form k rather than [k].
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the multiplicative group of nonzero elements of K (and so has multiplicative
order 2"— 1 =n). Let

my(x), ma(x), my(x), . . ., Ma(x) € Lyx]
be the minimal polynomials of the elements
o, e ad, ... ,a¥ek.

Let g(x) be the product in Z,[x] of the distinct polynomials on the list m, (x).
mg(x), . . . , my(x).

The ideal C generated by [g(x)] in Z4[x]/(x" — 1) is called the (primitive
narrow-sense) BCH code of length n and designed distance 2t + 1 with
generator polynomial g(x). So the code in the last example is a BCH code of
length 15 and designed distance 5 (=2 - 2 + 1). If g(x) has degree m, then
Exercise 14 shows that the code C is an (n,k) code, where k =n — m.

THEOREM 16.13 A BCH code of length n and designed distance 2t + 1
corrects t errors.

Proof The proof requires a knowledge of determinants; see Lidl-Pilz [34;
page 230] or Mackiw [35; page 60]. B

Theorem 16.13 shows that there are BCH codes that will correct any
desired number of errors. More important, from a practical viewpoint,
there are efficient algorithms for decoding large BCH codes.* A complete
description of them would take us too far afield. But here, in simplified
form, is the underlying idea of the error-correcting procedure.

Let Cbe a BCH code of designed distance 2¢ + 1 and generator poly-
nomial g(x). By the definition of g(x), each minimal polynomial m,(x) divides
g(x). Hence g(a!) = Oforeachi=1,2, . . . ,2t. If[ f(x)] isacodewordin C,
then f(x) = h(x)g(x) for some h(x), and therefore

flet) = hie)g(a’) = h(a') - 0=0.

Conversely, if f(x) € Z,[x] has every o as a root, then every m,(x) divides
f(x) by Theorem 9.6. This implies that g(x) | f(x) (Exercise 8). Therefore

[ f(x)] is a codeword if and only if f(a') =0 for 1 < i =< 2t.

The decoder receives the word aga, - - * a; which represents the
(class of) the polynomial
r(x) =ao+ a;x + agx?+ - - - + apxk.

* This is one reason BCH codes are widely used. For example, the European and trans-Atlantic
communication system uses a BCH code with ¢ =6 and r= 8. It is a (255,231) code that
corrects six errors with a failure probability of only 1 in 16 million.
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The decoder computes these elements of the field K = Z,(a):
(o), r(e?), ra®), . . ., r(a®).

If all of them are 0, then r(x) is a codeword by the remarks above. If certain
ones are nonzero, the decoder uses them (according to a specified proce-
dure) to construct a polynomial D(x) € K|x], called the error-locator polyno-
mial. Since K is finite, the nonzero roots of D(x) in K can be found by
substituting each o € K in D(x)].

If no more than t errors have been made, the nonzero roots of D(x) give
the location of the transmission errors. For instance, if «” is aroot, then a, is
incorrectin the received word r(x); similarly if @® = 1isaroot, then an error
occurred in transmitting ag.

If D(x) has no roots in K or if certain of the r(a') are 0, so that D(x)
cannot be constructed, then more than ¢ errors have been made. So the
decoder follows set procedures (omitted here) to choose arbitrarily a near-
est codeword to r(x).

EXAMPLE In the (15,7) BCH code of the previous example, suppose
this word is received:

r(x) =x+x7 + x8=010000011000000.

Using the table on page 460 and the fact that u + u =0 for every
element u in K (Exercise 1), we have

rly=at+ta’+abt=a+(1+a+ad+(1+a?)
=al+ad=0ab.
rie®) =a®+ (a®)7 + (a®)?®
=a*t+a+a=c+a’+a®
=a’+ (*+ta’~ata®)=ata?+aod=a'l.
Exercise 6 shows that

r(@?) = r(a)? = (a%? = a'%;
r(a?) = ria)t* = (a%)* = a* =a’.

The error-locator polynomial is given by this formula (which is justi-
fied in Exercise 15):

D(x) = x?+ r(a)x + (r(a2) + 1;‘((‘:;2;))

Using the table on page 460 we see that

11

D(x) = x* + afx + <a12 + %6—) =x2 + o + (2 + af)

= x2 4+ abx + a4
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By substituting each of the nonzero elements of K in D(x), we discover
that

D(a5) = (a%)* + aba® + o't = a!® + a! + o't
=(1l+at+ta?)+(@ato®+a®)+(1+a®)=0;

D(a®) = (a®)*+ afa® +att=a®+a®+at=a3+ 1+ o
=a®+1+(1+a%=0.

Therefore a® and a® are the roots of D(x), so errors occurred in the
coefficients of x5 and x®. The received word

r{x) =x +x7 4+ 2% = 010000011000000
is corrected as
clx)=x+x5+x7+x3+x%=010001011100000,

which is a codeword (see page 461).

Similarly, if r(x) =x2+ x84+ x° + x1°=001000100110000 is
received, then

rl@ =0 rla*)=a  r@’)=a’  and

D(x) = x* + r(@)x + [r(az) + ) ] =2+ adx + (a + —9)
=x2+abr+ (a+a) =22+ adx=x(x + ab).

The only nonzero root of D(x) is &8, so a single error occurred in the
coefficient of x8, and the correct word is

c(x) =x2+ x84+ x8 4+ x% + x1°=001000101110000.
Finally, if 1 + x + x* is received, then
rf)=1+a+a*=0 and r(e®)=1+a+a'2=ab

So D(x) cannot be constructed, and we conclude that more than two
errors have occurred. Similarly, if 1 + x + x3 is received, then verify
that D(x) = x2 + a"x + a® and that D(x) has no roots in K. Once again,
more than two errors have occurred.

EXERCISES

NOTE: Unless stated otherwise, K is the field Z,[x]/(1 + x + x*) of order 16
and « is a root of 1 + x + x%, as in the example on pages 460—461.

1. (a) Prove that f(x) + f(x) = 0 for every f(x) € Z,}x].
(b) Prove that u + u = 0 for every u in the field K.
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. Show that the only irreducible quadratic in Zy[x] is x2 4+ x + 1.
[Hint: List all the quadratics and use Corollary 4.14.]

. Prove that 1 + x + x* is irreducible in Z,[x]. [Hint: Exercise 2 and
Corollary 4.14.]

. Prove that the minimal polynomial of a® over Z,is 1 + x + x2. [Use
the table on page 460.]

. (a) Prove that the minimal polynomial of a® over Z, is 1 +x +
x2 + x3 + x*. [Hint: Exercise 2, Corollary 4.14, and the table on
page 460.]

(b) Show that a* is also a root of 1 4 x + x4

. If f(x) € Z,]x] and « is an element in some extension field of Z,,
prove that for every k = 1, f(a®) = f(a*)2. [Hint: Lemma 9.24.]

. (a) Show that the function f: Z,[x]/(x® — 1) — B(n) given by
flag+ax+agx®+ - -+ +a,1x"7Y])=
(ag,a1,a0, - . . ,Gu_y)
is surjective.
(b) Prove that fis a homomorphism of additive groups.

(c) Prove that fis injective [Hint: Theorem 7.27 in additive nota-
tion.]

. (a) Let Fbe afield and f(x) € F[x]. If p(x) and g(x) are distinct monic
irreducibles in F[x] such that p(x) | f(x) and g(x) | f(x), prove that
p(x)g(x) | f(x). [Hint: If f(x) = g(x)h(x), then p(x) | g(x)h(x); use
part 2 of Theorem 4.8.]

(b) If my(x), my(x), . . . . my(x) are distinct monic irreducibles in
Flx] such that each m(x) divides f(x), prove that g(x) =
my(x)mg(x) - - - mg(x) divides f(x).

. Let Cbe the (15,7) BCH code of the examples in the text. Use the
error-correction technique presented there to correct these re-
ceived words or to determine that three or more errors have been
made.

(a) 1+ x=110000000000000.

(b) 1 +x%+x*+x5=100111000000000.

(¢) 1+x2+x*+x"=101010010000000.

(d) 1 +=x%+x7+ x84+ x%=100000111100000.
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10.

11.

12,

13.

C. 14.

15.

Show that the generator polynomial for the BCH code with ¢t = 3,
r=4,n=151is glx) =1+ x+ x>+ x* + x5+ «% + x1°. [Exercises
3 -5 may be helpful ]

Let K=17Z,(c) be a finite field of order 2, whose multiplicative
group is generated by o.. For each i, let m,(x) be the minimal polyno-
mial of o' over Z,. If n=2"— 1, prove that each m,(x) divides
x" — 1. [Hint: a” = 1 (why?); use Theorem 9.6.]

If g(x) is the generator polynomial of a BCH code in Z,[x]/(x" — 1),
prove that g(x) divides ™ — 1. [Hint: Exercises 11 and 8(b).]

Let g(x) € Z,[x] be a divisor of x — 1 and let C be the principal ideal
generated by [g(x)] in Zg[x]/(x® — 1). Then C is a code. Prove that
C is cyclic, meaning that C (with codewords written as elements
of B(n)) has this property: If (cg,cy, . .. ,c,—;) €C, then
(Cam1-C05C1s - + - sCn—g) €C. [Hint: ooy +cox+ + + + +cpgx™ 1=
x(cotext o o2 ) —c, (x" —1).]

Let C be the code in Exercise 13. Assume g(x) has degree m and let
k =n — m. Let ] be the set of all polynomials in Z,[x] of the form
ot ayx+ax + - - +ap 2L

(a) Prove that every element in C is of the form [s(x)g(x)]
with s(x) € J. [Hint: Let [h(x)g(x)] e C. By the Division
Algorithm, h(x)g(x) = e(x)(x™ — 1) + r(x), with deg (x) < n and
[h(x)g(x)] = [r(x)]. Show that r(x)=s(x)g(x), where s(x)=
h(x) — e(x)f(x) and g(x)f(x) = x® — 1. Use Theorem 4.1 to show
s(x) €].]

(b) Prove that Chas order 2% and hence Cis an (n,k) code. [Hint: Use
Corollary 5.5 to show that if s(x) # t(x) in J, then [s(x)g(x)] #
[t(x)g(x)] in C. How many elements are in J?]

Let C be the (15,7) BCH code of the examples in the text, with
codewords written as polynomials of degree <14. Suppose the
codeword c(x) is transmitted with errors in the coefficients of x* and
x/ and r(x) is received. Then D(x) = (x + &*)(x + of) € K[x], whose
roots are o' and o, is the error-locator polynomial. Express the
coefficients of D(x) in terms of r(a), r(a?), r(a®) as follows.

(a) Show that r(x) — ¢(x) = x* + «/.

(b) Show that r(a*) = o™+ a¥ for k=1, 2, 3. [See the boldface
statement on page 462.]

(c) Show that D(x) = x2 + (&' + od)x + &' = 22 + r(a)x + a'*.
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3
(d) Show that a‘+f=r(a2)+%((%7)-. [Hint: Show that r(a)®=

(@ + &) = a® + a¥ + a'H(a! + o) = r(a®) + rle)a't
and solve for a'*/; note that r(a)? = r(a?).]

16. Show that a BCH code with ¢t = 1 is actually a Hamming code (see
page 457).






APPENDIX A
LOGIC AND PROOF

Here is a summary of the basic facts about logic and proof that are needed to
read this book. For a complete discussion of these topics see Lucas [10],
Morash [11], Smith-Eggen-St. Andre [12], or Solow [13].

A statement is a declarative sentence that is either true or false. For
instance, each of these sentences is a statement:

7 is a real number.
Every triangle is isosceles.

103 bald eagles were born in the United States last year.

Note that the last sentence is a statement even though we may not be able to
verify its truth or falsity. Neither of the following sentences is a statement:

What time is it? Wow!

Compound Statements

We frequently deal with compound statements that are formed from
other statements by using the connectives “and”” and “or.”” The truth of the
compound statement will depend on the truth of its components. If Pand Q
are statements, then

“P and Q” is a true statement when both
P and Q are true, and false otherwise.

For example,

7 is a real number and 9 < 10

469
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is a true statement because both of its components are true. But
mis a real number and 7 — 5 =18

is a false statement since one of its components is false.
In ordinary English the word “or” is most often used in exclusive
sense, meaning ‘‘one or the other but not both,” as in

He is at least 21 years old or he is younger than 21.

But “or” can also be used in an inclusive sense, meaning ““one or the other,
or possibly both,” as in the sentence

They will win the first game or they will win the second.

Thus the inclusive “or” has the same meaning as “and/or” in everyday
language. In mathematics, “or” is always used in the inclusive sense, which
allows the possibility that both components might be true but does not
require it. Consequently, if P and Q are statements, then

“Por Q7 is a true statement when at least one of P or Q is true
and false when both P and Q are false.

For example, both
7>50r3+8=11

and
7>50r3+8=23

are true statements because at least one component is true in each case, but
4<2o0r5+3=12

is false since both components are false.

Negation
The negation of a statement P is the statement ““it is not the case that
P,”” which we can conveniently abbreviate as “‘not-P.”” Thus the negation of
7 is a positive integer

is the statement ““it is not the case that 7 is a positive integer,” which we
would normally write in the less awkward form *“7 is not a positive integer.”
If P is a statement, then

The negation of P is true exactly when P is false, and
the negation of P is false exactly when P is true.
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The negation of the statement ““Pand Q" is the statement “‘it is not the case
that Pand Q.”” Now “Pand Q" is true exactly when both Pand Q are true, so
to say that this is not the case means that at least one of P or Qs false. But this
occurs exactly when at least one of not-P or not-Q is true. Thus

The negation of the statement “Pand Q" is the statement “not-P or not-Q.”
For example, the negation of
fis continuous and fis differentiable at x =5
is the statement
fis not continuous or fis not differentiable at x = 5.

The negation of the statement “P or Q" is the statement ‘it is not the
case that Por Q.”” Now “Por Q” is true exactly when at least one of Por Q is
true. To say that this is not the case means that both P and Q are false. But P
and Q are both false exactly when not-P and not-Q are both true. Hence

The negation of the statement “Por Q” is the statement “not-P and not-Q.”
For instance, the negation of

119 is prime or V3 is a rational number.
is the statement

119 is not prime and V3 is not a rational number.

Quantifiers

Many mathematical statements involve quantifiers. The universal
quantifier states that a property is true for all the items under discussion.
There are several grammatical variations of the universal quantifier, such as

For all real numbers ¢, ¢ # —1.
Every integer is a real number.
All integers are rational numbers.

For each real number a, the number a® + 1 is positive.

The existential quantifier asserts that there exists at least one object
with certain properties. For example,

There exist positive rational numbers.
There exists a number x such that x2 — 5x + 6 = 0.

There is an even prime number.
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In mathematics, the word “‘some” means ““at least one”” and is, in effect, an
existential quantifier. For instance,

Some integers are prime
is equivalent to saying ‘‘at least one integer is prime,” that is,
There exists a prime integer.

Care must be used when forming the negation of statements involving
quantifiers. For example, the negation of

All real numbers are rational

is ““it is not the case that all real numbers are rational,”” which means that
there is at least one real number that is irrational (= not rational). So the
negation is

There exists an irrational real number.

In particular, the statements ““all real numbers are not rational” and “all
real numbers are irrational” are not negations of ““all real numbers are
rational.”” This example illustrates the general principle:

The negation of a statement with a universal quantifier
is a statement with an existential quantifier.

The negation of the statement
There exists a positive integer

is ““it is not the case that there is a positive integer,” which means that
“every integer is nonpositive” or, equivalently, “no integer is positive.”
Thus

The negation of a statement with an existential quantifier
is a statement with a universal quantifier.

Conditional and Biconditional Statements

In mathematical proofs we deal primarily with conditional statements
of the form

If P, then Q

which is written symbolically as P=> Q. The statement P is called the
hypothesis or premise, and Q is called the conclusion. Here are some
examples:
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If c and d are integers, then cd is an integer.
If fis continuous at x = 3, then fis differentiable there.
a#0=a>0.
There are several grammatical variations, all of which mean the same thing
as “if P, then Q"
P implies Q.
P is sufficient for Q.
Q provided that P.
Q whenever P.

In ordinary usage the statement *‘if P, then Q" means that the truth of P
guarantees the truth of Q. Consequently,

“P=> Q" is a true statement when both P and Q are
true and false when P is true and Q is false.

Although the situation rarely occurs, one must sometimes deal with
the statement “P=> Q" when P is false. For example, consider this cam-
paign promise: “If I am elected, then taxes will be reduced.” If the candi-
date is elected (P is true), the truth or falsity of this statement depends on
whether or not taxes are reduced. But what if the candidate is not elected
(P is false)? Regardless of what happens to taxes, you can’t fairly call
the campaign promise a lie. Consequently, it is customary in symbolic logic
to adopt this rule:

When P is false, the statement “P = Q” is true.

The contrapositive of the conditional statement “P=> Q"' is the state-
ment “‘not-Q = not-P.”” For instance. the contrapositive of this statement
about integers

If ¢ is a multiple of 6, then ¢ is even
is the statement
If ¢ is not even, then c is not a multiple of 6.

Notice that both the original statement and its contrapositive are true. Two
statements are said to be equivalent if one is true exactly when the other is.
We claim that

The conditional statement “P = Q" is equivalent
to its contrapositive “not-Q = not-P.”

To prove this equivalence, suppose P=> Q is true and consider the state-
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ment not-Q = not-P. Suppose not-Q is true. Then Q is false. Now if P were
true, then Q would necessarily be true, which is not the case. So P must be
false, and hence not-P is true. Thus not-Q = not-P is true. A similar argu-
ment shows that when not-Q = not-P is true, then P=> Q is also true.

The converse of the conditional statement “P=> "’ is the statemcnt
“Q = P.” For example, the converse of the statement

If b is a positive real number, then b? is positive
is the statement
If b2 is positive, then b is a positive real number.

This last statement is false since, for example, (— 3)2 is the positive number
9, but — 3 is not positive. Thus

The converse of a true statement may be false.

There are some situations in which a conditional statement and its
converse are both true. For example,

If the integer k is odd, then the integer k + 1 is even
is true, as is its converse
If the integer k + 1 is even, then the integer k is odd.

We can state this fact in succinct form by saying that “k is odd if and only if
k + 1 is even.” More generally, the statement

P if and only if Q,
which is abbreviated as “Piff Q" or “P < (Q,” means
P=Q and Q=P

“P if and only if Q" is called a biconditional statement. The rules for
compound statements show that “P if and only if Q" is true exactly when
both P= Q and Q = P are true. In this case, the truth of P implies the truth
of Q and vice-versa, so that P is true exactly when Q is true. In other words,
“P if and only if Q”” means that P and Q are equivalent statements.

Theorems and Proof

The formal development of a mathematical topic begins with certain
undefined terms and axioms (statements about the undefined terms that are
assumed to be true). These undefined terms and axioms are used to define
new terms and to construct theorems (true statements about these objects).
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The proof of a theorem is a complete justification of the truth of the staie-
ment.

Most theorems are conditional statements. A theorem that is not
stated in conditional form is often equivalent to a conditional statement. For
instance, the statement

Every integer greater than 1 is a product of primes
is equivalent to
If n is an integer and n > 1, then n is a product of primes.

The first step in proving a theorem that can be phrased in conditional
form is to identify the hypothesis P and the conclusion Q. In order to prove
the theorem “P=> (,”” one assumes that the hypothesis P is true and then
uses it, together with axioms, definitions, and previously proved theorems,
to argue that the conclusion Q is necessarily true.

Methods of Proof

Some common proof techniques are described below. While such
summaries are helpful, there are no hard and fast rules that give a precise
procedure for proving every possible mathematical statement. The
methods of proof to be discussed here are in the nature of maps to guide you
in analyzing and constructing proofs. A map may not reveal all the difficul-
ties of the terrain, but it usually makes the route clearer and the journey
easier.

Direct Method This method of proof depends on the basic rule of
logic called modus ponens: If R is a true statement and “R=> S is a true
conditional statement, then S is a true statement. To prove the theorem
“P=>Q” by the direct method. one finds a series of statements P;,
Py, . . . ,P,and then verifies that each of the implications P=> P,, P, = P,,
Py,=P;, ... ,P,_,=P,, and P, = Q is true. Then the assumption that P
is true and repeated use of modus ponens show that Q is true.

The direct method is the most widely used method of proof. In actual
practice, it may be quite diflicult to figure out the various intermediate
statements that allow you to proceed from Pto Q. In order to find them most
mathematicians use a thought process that is sometimes called the forward-
backward technique. You begin by working forward and asking yourself,
What do I know about the hypothesis P? What facts does it imply? What
statements follow from these facts? And so on. At this point you may have a
list of statements implied by P whose connection with the conclusion Q, if
any, is not yet clear.
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Now work backward from Q by asking, What facts would guarantee
that Q is true? What statements would imply these facts? And so on. You
now have a list of statements that imply Q. Compare it with the first list. If
you are fortunate some statement will be on both lists, or more likely, there
will be a statement S on the first list and a statement T on the second, and you
may be able to show that S = T. Thenyouhave P= Sand S = Tand T= Q,
so that P= Q.

When you have used the forward-backward technique successfully to
find a proof that P = Q, you should write the proof in finished form. This
finished form may look quite different from the thought processes that led
you to the proof. Your thought process jumped forward and backward, but
the finished proof normally should begin with Pand proceed in step-by-step
logical order from P to S to T to Q. The finished proof should contain only
those facts that are needed in the proof. Many statements that arise in the
forward-backward process turn out to be irrelevant to the final argument,
and they should not be included in the finished proof. As illustrated in most
of the proofs in this book, the finished proof is usually written as a narrative
rather than a series of conditional statements.

Contrapositive Method Since every conditional statement is equiva-
lent to its contrapositive, you may prove ‘“not-Q = not-P” in order to
conclude that “P=> Q" is true. For example, instead of proving that for a
certain function f,

If a # b, then f(a) # f(b)
you can prove the contrapositive

If f(a) = f(b), then a = b.

Proof by Contradiction Suppose that you assume the truth of a state-
ment R and that you make a valid argument that R = S (thatis, R=> Sis a
true statement). If the statement S is in fact a false statement, there is only
one possible conclusion: The original statement R must have been false,
because atrue premise R and a true statement R = Slead to the truth of Sby
modus ponens.

In order to use this fact to prove the theorem “P= Q,” assume as
usual that P is a true statement. Then apply the argument in the preceding
paragraph with R = not-Q. In other words, assume that not-Q is true and
find an argument (presumably using P and previously proved results) that
shows not-Q = S, where § is a statement known to be false. Conclude that
not-Q must be false. But not-Q is false exactly when Qis true. Therefore Qis
true, and we have proved that P = Q. Once again, the hard part will usually
be finding the statement S and proving that not-Q implies S.
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EXAMPLE Recall that an integer is even if it is a multiple of 2 and that
an integer that is not even is said to be odd. We shall use proof by
contradiction to prove this statement:

If m? is even, then m is even.

Here P is the statement “m? is even” and Q is the statement “m is
even.” We assume “‘m is not even’” or equivalently “m is odd’" (state-
ment not-Q). But every odd integer is 1 more than some even integer.
Since every even integer is a multiple of 2, we must have m = 2k + 1
for some integer k. Then the basic laws of arithmetic show that

m? = (2k+1)2 = 4k® + 4k + 1 = 2(2k® + 2k) + 1.

This last statement says that m? is 1 more than a multiple of 2, that is,
m? is odd. But we are given that m? is even (statement P), and hence
“m? is both odd and even” (statement S). This statement is false since
no integer is both odd and even. Therefore our original assumption
(not-Q) has led to a contradiction (the false statement S). Conse-
quently not-Q must be false, and hence the statement “m is even”
(statement Q) is true.

In the preceding example various statements were labeled by letters
so that you could easily relate the example to the general discussion. This is
not usually done in proofs by contradiction, and such proofs may not be
given in as much detail as in this example.

The choice of a method of proof is partly a matter of taste and partly a
question of efficiency. Although any of those listed above may be used, one
method may lead to a much shorter or easier-to-follow proof than another,
depending on the circumstances. In addition there are methods of proof
that can only be applied to certain tvpes of statements.

Proof by Induction This method is discussed in detail in Appendix C.

Construction Method This method is appropriate for theorems that
include a statement of the type ““There exists a such-and-such with property
so-and-so.”” For instance,

There is an integer d such that d2 — 4d — 5 = 0.

If r and s are distinct rational numbers,
then there is a rational number between r and s.

If r is a positive real number,

1
then there is a positive integer m such that — <r.
m
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To prove such a statement one must construct (find, build, guess, etc.) an
object with the desired property. When you are reading the proof of sucha
statement, you need only verify that the object presented in the proof does
in fact have the stated property. An existence proof may amount to nothing
more than presenting an example (for instance, the integer 2 provides a
proof of “there exists a positive integer””). But more often a nontrivial
argument will be needed to produce the required object.

Warning Although an example is sufficient to prove an existence
statement, examples can never prove a statement that directly or indirectly
involves a universal quantifier. For instance, even if you have a million
examples for which this statement is true:

If ¢ is an integer, then ¢* — ¢ + 11 is prime,

you will not have proved it. For the statement says, in effect, that for every
integer c, a certain other integer is prime. This is not the case when ¢ = 12
since 122 — 12 + 11 = 143 = 13 - 11. So the statement is false. This exam-
ple demonstrates that

A counterexample is sufficient to disprove a statement.

The moral of the story is that when you are uncertain if a statement is
true, try to find some examples where it holds or fails. If you find just one
example where it fails, you have disproved the statement. If you can find
only examples where the statement holds, you haven’t proved it, but you do
have encouraging evidence that it may be true.

Proofs of Multiconditional Statements

In order to prove the biconditional statement “Pif and only if Q,”” you
must prove both “P=> Q" and “Q = P.” Proving one of these statements
and failing to prove the other is a common student mistake. For example,
the proof of

A triangle with sides a, b, ¢ is a right triangle with
hypotenuse c if and only if ¢? = a® + b?

consists of two separate parts. First you must assume that you have a right
triangle with sides a, b and hypotenuse ¢ and prove that ¢ = a? + b2 Then
you must give a second argument: Assume that the sides of a triangle satisfy
¢® = a® + b? and prove that this is a right triangle with hypotenuse c.

A statement of the form

The following conditions are equivalent: P, Q, R, S, T
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is called a multiconditional statement and means that any one of the state-
ments P, O, R, S, or T implies every other one. Thus a multiconditional
statement is just shorthand for alist of biconditional statements; P <> Q and
P<=Rand P=Sand P T and Q< R and Q <> S, etc. To prove this
multiconditional statement you need only prove

P=QandQ=RandR=Sand S=Tand T=P.

All the other required implications then follow immediately; for instance,
from T=>P and P=> Q, we know that T=> (), and similarly in the other
cases.

§ EXAMPLE In order to prove this theorem about integers:
The following conditions on a positive integer p are equivalent:

(1) p is prime.
(2) If pis a factor of ab, then p is a factor of a or p is a factor of b.
(3) Ifp=rs,thenr==+1o0ors==+1.

you must make three separate arguments. First, assume (1) and prove
(2), so that (1) => (2) is true. Second, you assume (2) and prove (3), so
that (2) => (3) is true. Finally, vou must assume (3) and prove (1), so
that (3) = (1) is true. Be careful: At each stage you assume only one of
the three statements and use it to prove another; the third statement
does not play a role in that part of the argument.




APPENDIX B
SETS AND FUNCTIONS

For our purposes a set is any collection of objects; for example,

The set Z of integers.
The set of right triangles with area 24.

The set of positive irrational numbers.

The objects in a set are called elements or members of the set. If Bis a set,
the statement “‘b is an element of B’ is abbreviated as b € B.”” Similarly,
“b ¢ B” means “‘b is not an element of B.”” For example, if Z is the set of
integers,* then

2¢Z and n¢l.

There are several methods of describing sets. A set may be defined by
verbal description as in the examples above. A small finite set can be de-
scribed by listing all its elements. Such a list is customarily placed between
curly brackets; for instance,

{3,7,—4,9) or {a, b, c, s, t}.

Listing notation is sometimes used for infinite sets as well. For example
(2, 4, 6, 8, . . .)indicates the set of positive even integers. Strictly speak-
ing this notation is ambiguous in the infinite case since it relies on every-
one’s seeing the same pattern and understanding that it is to continue
forever. But when the context is clear, no confusion will result.

Finally, a set can be described in terms of properties that are satisfied
by its elements, and by these elements only. This is usually done with
set-builder notation. For example,

{x|x is an integer and x > 9}

* Throughout this book boldface capital Z always denotes the set of integers.
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denotes the set of all elements x such that x is an integer greater than 9. In
general the vertical line is shorthand for “‘such that” and “{y | P}” is read
“the set of all elements y such that P.”” Thus each of the following is the set of
even integers:

{x|x is an even integer}.

{t|teZ and t is even).

{r|r € Z and r is a multiple of 2}.

{y |y € Z and y = 2k for some integer k}.

The Empty Set

Some special cases of set-builder notation lead to an unusual set. For
instance, the set

{x|xis an integer and 0 <x < 1}

has no elements since there is no integer between 0 and 1. The set with no
elements is called the empty set or null set and is denoted @. For every
element ¢

ceQisfalse and c¢Distrue.

The empty set is a very convenient concept to have around, but some care
must be taken when dealing with theorems that are true only for nonempty
sets (that is, sets that have at least one element).

Subsets

A set B is said to be a subset of a set C (written B C C) provided that
every element of B is also an element of C. In other words, B C C exactly
when this statement is true:

xeB=>x€C.

For example, the set of even integers is a subset of the set Z of all integers,
and the set of rational numbers is a subset of the set of real numbers.

The definition of “B C C”’ allows the possibility that B = C (since it is
certainly true in this case that every element of Bis also an element of C).In
other words,

B C B for every set B.

If Bis a subset of C and B # C we say that Bis a proper subset of C and write
BCC.
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The subset relation is easily seen to be transitive, that is,
IfBC Cand CC D, then BC D.

Two sets Band C are equal when they have exactly the same elements.
In this case every element of B is an element of C and every element of C is
an element of B. Thus

B=C ifandonlyif BC Cand CCB.

This fact is the most commonly used method of proving that two sets are
equal: Prove that each is a subset of the other.

Basic logic leads to a surprising fact about the empty set. Since the
statement x € & is always false, the implication

xe@@=>xeC

is always true (see Appendix A). But this is precisely the definition of “@" is
a subset of C.”” So

the empty set @ is a subset of every set.

Operations on Sets

We now review the standard ways of constructing new sets from given
ones. If B and C are sets, then the relative complement of Cin Bis denoted
B — C and consists of the elements of B that are not in C. Thus

B—C={x|xeBandx¢C).

For example, if E is the set of even integers, then Z — E is the set of odd
integers.

The intersection of sets B and C consists of all the elements that are in
both B and C and is denoted BN C. Thus

BNC={x]xeBandxeC).

For example, if B={—2, 1, V2, 5, 7} and C is the set of positive rational
numbers, then BN C = (1, 5} since 1 and 5 are the only elements in both
sets. If B is the set of positive integers and C the set of negative integers,
then BN C = @ since there are no elements in both sets. When B and C are
sets such that BN C =@, we say that B and C are disjoint.

The union of sets Band C consists of all elements that are in at least one
of B or C and is denoted BU C. Thus

BUC={x|xeBorxeC).
For example, the union of B={(1, 3,5, 7}andC={—1, 1, 4, 9}isBUC =
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{(—1,1, 3, 4,5, 7, 9}). If Bis the set of rational numbers and C is the set of
irrational numbers, then B U C is the set of all real numbers.

You should verify that union and intersection have the following prop-
erties. For any sets B, C, and D:

BUB=B BNB=B8
BUO=B BNo=yg
BuC=CUB BNnC=CnNB
BCBUC BNCCB

BCCifandonlyif BUC=C
BC Cifandonlyif BNC=B
BU(CUD)=(BUC)UD BN(CND)=(BNC)ND
BN(CuD)=(BNC)U(BND)
Bu(CND)=(BUC)N(BUD).
The concepts of union and intersection extend readily to large, possi-
bly infinite, collections of sets. Suppose that I is some nonempty set (called

an index set) and that for each i € I, we are given a set A;. Then the intersec-
tion of this family of sets (denoted (N A)) is the set of elements that are in all
tel

the sets A;, that is,
(JAi={x|x€A foreveryiel).
fel

Similarly the union of this family of sets (denoted U A,) is the set of elements

iel

that are in at least one of the sets A,, that is,
|J Ai={x|x €A, forsomejel).
iel

The Cartesian product of sets B and Cis denoted B X C and consists of

all ordered pairs (x,y) with x € B and y € C. Equality of ordered pairs is
defined by this rule:

(x,y) = (u,v) ifandonlyif x=wuinBandy=vinC.
For example, if B= {r, s, t} and C = {5, 7}, then B X C is the set
{(r,5), (r,7), (s,5), (s,7).(t,5), (t.7)}.

The set R of real numbers is sometimes identified with the number line.
When this is done, the Cartesian product R X R is just the ordinary coordi-
nate plane, the set of all points with coordinates (x,y) where x, y € R.

The Cartesian product of any finite number of sets By, By, . . . , B, is
defined in a similar fashion. B, X B, X - - + X B, is the set of all ordered
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n-tuples (x, x5, . . . ,x,) wherex, € Bforeachi=1,2, . . . ,n.Forexam-
ple, if B={0, 1}, Z is the set of integers, and R the set of real numbers, then
B X Z X Ris the set of all ordered triples of the form (0,k,r) and (1,k,r) with
k € Zand r € R. The product B X Z X Ris an infinite set; among its elements
are (0,—5,3), (1,24,7), and (1,1,—V3).

Functions

A function (or map or mapping) f from a set B to a set C (denoted
f:B — C)isarule that assigns to each element b of B exactly one element ¢
of C; cis called the image of b or the value of the function fat b and is usually
denoted f(b). The set B is called the domain and the set C the range of the
function f.

Your previous mathematics courses dealt with a wide variety of func-
tions. For instance, if R is the set of real numbers, then each of the following
rules defines a function from R to R:

fix)=cosx gx)=x2+1 h(x) = x3—5x + 2.

The rule of a function need not be given by an algebraic formula. For
instance, consider the function f:Z — {0, 1}, whose rule is

f(x) =0if x is even and f(x) = 1 if x is odd.

If Bis a set, then the function from B to B defined by the rule “map every
element to itself”” is called the identity map on B and is denoted ¢5. Thus
tg: B— Bis defined by

tp(x) = x for every x € B.

Composition of Functions

Let f and g be functions such that the range of fis the same as the
domain of g, say f: B— Cand g: C — D. Then the composite of fand g is the
function h: B — D whose rule is

h(x) = g(f{x)).
In other words, the composite function is obtained by first applying fand
then applying g:

-t ¢ &.p

x == flx) — = > g(fx).
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Instead of h, the usual notation for the composite function of fand gis g ° f

(note the order). Thus (g © f)(x) = g(f(x)).

EXAMPLE Let E be the set of even integers and N the set of nonnega-
tive integers. Let f: E — Zbe defined by f(x) = x/2 (since xis even, x/2
is an integer). Let g: Z — N be given by g(n) = n2. Then the composite
function g ° f: E — N has this rule:

(g ° i) =g(fx) = g(x/2) = (x/2)* = x*/4.

The composite function in the opposite order, f o g (first apply g, then
£), is not defined since the range of g is not the same as the domain of f.
For instance, g(3) = 9, but the domain of f'is the set of even integers;
even though the rule of f makes sense for odd integers, f(g(3)) =
£(9) = 9/2, which is not in Z.

EXAMPLE Let f:Z—Z and g:Z — Z be given by f(x) =x— 1 and
g(x) = x2. Then the composite function f © g is given by the rule

(fo g)x) =flglx)) =f(=") =x>— 1.

In this case the composite function in the opposite order g © fis also
defined; its rule is

g fllx) =g(fx) =glx—1)=(x—1)*=x*—2x+ 1.
Thus we have, for instance,
(fog)3)=9—1=8 but (g°f)3)=9—6+1=4.
So even though both are defined, f © g is not the same functionas g ° f.

Two functions h: B— C and k: B — C are said to be equal provided
that h(b) = k(b) for every b € B.

EXAMPLE Let f: B— C be any function and t¢: C — C the identity
map on C. Then t¢ ° f: B— C, and for every b € B

(te © f)b) = c(f(b)) = f(b).

Therefore (¢ © f=f Similarly if ¢z is the identity map on B, then
fe1z:B—C, and for every be B

(f© t8)(b) = f(ta(b)) = f(D).
Consequently,
Iff:B—>C,thenicof=f and foig=f.
If f:B— C, g:C— D, and h: D — E are functions, then each of
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the composite functions (f ¢ g) © hand f °(g ° h) is a map from B to E.
We claim that

(feg)h=f°(g°h).

The proof of this statement is simply an exercise in using the definition
of composite function. For each b € B

[(f> 8) © hj(b) = (f° g)(h(b)) = flg(h(b))]

and

Lfe (g o WIB) = fl(g ° h)(B)] = flg(h(b))].

Since the right sides of the two equalities are identical, the composite
functions (f° g) ° hand f ¢ (g ° h) have the same effect on each b € B,
which proves the claim.

Binary Operations

Informally we can think of a binary operation on the integers, for
example, as a rule for producing a new integer from two given ones. Ordi-
nary addition and multiplication are operations in this sense: Given a and b
we geta + b and ab. Producing a new integer from a pair of given ones also
suggests the idea of a function. Addition of integers may be thought of as the
function f from Z X Z to Z whose rule is

fla,b) =a+b.

Similarly, multiplication can be thought of as the function g:Z XZ —Z
given by g(a,b) = ab.

With the preceding examples in mind we make this formal definition.
A binary operation on a nonempty set B (usually called simply an operation
on B) is a function f: B X B — B. The familiar examples suggest a new nota-
tion for the general case. We use some symbol, say *, to denote the opera-
tion and write a * b instead of f(a,b).
. EXAMPLE Aswe saw above, ordinary addition and multiplication are
. operations on Z. Another operation on Z is defined by the function
frZ X Z— Z whose rule is f(a,b) = ab ~ 1. If we denote this opera-
tion by *, then 3 * 5 =15 — 1 = 14, and similarly

12 % 4 =47 —7x4=-—29 0x8=-—1.

Note that a*x b=ab —1=ba—1=0>b * a, so that the order of the
elements doesn’t matter when applying #, as is the case with ordinary
% addition and multiplication (the technical term for this property is




488

Appendix B: Sets and Functions

commutativity). On the other hand,
(1+x2)*3=1%x3=2 but 1+(2%3)=1x%5=4,

so that (a * b) * ¢ # a * (b x ¢) in general. Thus * is not associative
as are addition and multiplication (meaning that (a +b) +c=a +

(b + ¢) and (ab)c = a(bc) always).

EXAMPLE Let S be a nonempty set. If f:S — Sand g: $ — S are func-
tions, then their composite f © gis also a function from Sto S. So if Bis
the set of all functions from S to S, then composition of functions is an
operation on the set B. In other words, the map that sends (f,g)tof° g
is a function from B X B to B. The discussion of composite functions
above shows that the operation © on Bis associative (thatis, (fo g) ° h
= fo (g°h) always) but not commutative (f° g need not equal

geof)

Let = be an operation on a set B and C C B. The subset C is said to be
closed under the operation # provided that

Whenever a, b€ C, thena xb e C.

Consider, for example, the operation of ordinary multiplication on the set B
of positive real numbers. Let C be the subset of positive integers. Then C is
closed under the operation since ab is a positive integer whenever a and b
are. But when the operation on Bis ordinary division, then Cis not closed: If
a and b are integers, a + b need not be an integer (for instance, 3 + 7 =
3/7 ¢ C).

If x is an operation on a set B, then B (considered as a subset of itself) is
closed under * by the definition of an operation. Nevertheless many texts,
including this one, routinely list the closure of B under * as one of the
properties of the operation. Although this isn’t logically necessary, it calls
your attention to the importance of closure and reminds you that closure
cannot be taken for granted for subsets other than B.

Iynjective‘and Surjective Functions

A function f: B — C is said to be injective (or one-to-one) provided f
maps distinct elements of B to distinct elements of C, or in functional
notation: Ifa # bin B, then f(a) # f(b) in C. This rather awkward statement
is equivalent to its contrapositive, so that we have this useful description:

f:B— C s injective provided that
whenever f(a) = f(b) in C, then a= b in B.
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EXAMPLE Let R be the set of real numbers. In order to show that the
function f:R — R given by f(x) = 2x + 3 is injective, we assume that

fla) = f(b), that is,
2a+ 3=2b+ 3.

Subtracting 3 from each side shows that 2a = 2b; dividing both sides
by 2 we conclude that a = b. Therefore fis injective.

EXAMPLE The map f:Z — Z given by f(x) = x2 is not injective be-
cause we have f(—3) = 9 = f(3), but —3 # 3. Alternatively, the dis-
tinct elements 3 and — 3 have the same image.

A function f: B— C is said to be surjective (or onto) provided that
every element of C is the image under fof at least one element of B, that is,

If ¢ € C, then there exists b € B such that f(b) = c.

EXAMPLE Let N be the set of nonnegative integers and f: Z — N the
function given by f(x) = [x|. Then fis surjective since every element of
Nis the image under fof atleast one element of Z (namely itself). Note,
however, that fis not injective since, for example, f(1) = f(—1).

EXAMPLE Let E be the set of even integers and consider the map
g:Z — Egivenby g(x) = 4x. We claim that the element 2 in Eis not the
image under g of any element of Z. If 2 = g(b) for some b € Z, then
2 = 4b, so that 1 = 2b. This is impossible since 1 is not an integer
multiple of 2. Therefore g is not surjective. Note, however, that g is
injective since 4a = 4b (that is, g(a) = g(b)) implies that a = b.

EXAMPLE LetRbe the set of real numbers and f: R — R the function
given by f(x) = 2x + 3. To prove that fis surjective, let ¢ € R; we must
find b € R such that f(b) = c. In other words, we must find a number b
such that 2b + 3 = ¢. To do so we solve this last equation for b and find
-3 -3

b== 5 .Thenf(b)=2(c >+3=c—3+3=c. Therefore f
is surjective. The map fis also injective (see the example on the top of
the page).

- The preceding examples demonstrate that injectivity and surjectivity
are independent concepts. One does not imply the other, and a particular
map might have one, both, or neither of these properties.

If f: B— C is a function, then the image of f is this subset of C:

Im f={c|c=f(b) for some b e B} ={f(b) | b € B).
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For example, if f:Z — Z is given by f(x) = 2x, then Im fis the set of even
integers since Im f= {f(x)|x € Z} = {2x|x € Z}. Similarly, if g:Z —>Z is
given by g(x) =|x|, then Im g is the set of nonnegative integers. A map
f:B— C is surjective exactly when every element of C is the image of an
element of B. Thus

f:B — Cis surjective if and only if Im f= C.

If f: B— C is a function and § is a subset of B, then the image of the
subset S is the set

f(8)={clc=f(b) forsome beS}={f(b)|beS}.

Iff:Z — Zis given by f(x) = 2x, for example, and Sis the set of odd integers,
then £(S) = {2x | x is odd} is the set of even integers that are not multiples of
4. If the subset S is the entire set B, then f(B) is precisely Im f.

Bijective Functions

A function f: B — C is bijective (or a bijection or one-to-one corre-
spondence) provided that fis both injective and surjective.

EXAMPLE The last example on page 489 shows that the map f:R — R
given by f(x) = 2x + 3 is bijective.

EXAMPLE The map f from the set {1,2,3,4,5} to the set
{v, w, x, y, z} given by

fM=v f@)=w fQ)=zx f4)=y f5)=z

is easily seen to be bijective.

The last example illustrates the fact that for any finite sets B and C,
there is a bijection from Bto Cif and only if Band C have the same number of
elements. In particular, if B is finite and C ¢ B, then there cannot be a
bijection from B to C. But the situation is quite different with infinite sets.

EXAMPLE Let E be the set of even integers and consider the map
f:Z — Egivenby f(x) = 2x. By definition every even integer is 2 times
some integer, so f is surjective. Furthermore, 2a = 2b implies that
a = b, so fisinjective. Therefore, fis abijection. In this case a bit more
is true. Define a map g: E — Z by g(u) = u/2; this makes sense since
u/2 is an integer when u is even. Consider the composite function
g° f L —7:
(g f)=g(flx)) = g(2x) = 2x/2 =x.
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Thus (g ° f)(x) = x = 1z(x) for every x, and the composite map g ° f
is just the identity map tz on Z. Now look at the other composite,
feog:E—E:

(f o &)(w) = f(g(u)) = f(u/2) = 2(u/2) = u.

Therefore the composite map f © g is the identity map ¢5.

b e e e

The preceding example illustrates a property that all bijective func-
tions have, as we now prove.

THEOREM B.1 A function f: B— C is bijective if and only if there exists a
Junction g: C — B such that

gef=w and feg=1c.

Proof Assume first that fis bijective. Define g: C — B as follows. If c € C,
then there exists b € B such that f(b) = ¢ because fis surjective. Further-
more, since fis also injective, there is only one element b such that f(b) = ¢

(forif f(b’) = ¢, then f(b) = f(b’) implies b = b’). So we can define a function
g:C — B by this rule:

g(c) = b, where b is the unique element of B such that f(b) = c.
Then g(c) = b exactly when f(b) = c¢. Thus for any c € C
(fo 8)c) =flgle) =fb) =c,

from which we conclude that f ° g = (. Similarly, for each u € B, f(u) is an
element of C, say f(u) = v, and hence by the definition of g, we have g(v) =
u. Therefore

(g ° f)(u) = g(f(u)) = glv) = u

and g © f= 1. This proves the first half of our biconditional theorem.

To prove the other half, we assume that amap g : C — Bwith the stated
properties is given. We must show that f'is bijective. Suppose f(a) = f(b).
Then

g(f(a) = g(f(b))
(g°f)a)=(g°f)b)
tg(a) = tp(b)
a=bh.

Therefore f(a) = f(b) implies a = b, and f is injective. To show that fis
surjective, let ¢ be any element of C. Then g(c) € B and f(g(c)) =
(f° g(c) =tclc) = c. So we have found an element of B that f maps onto ¢
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(namely g(c)); hence fis surjective. Therefore fis bijective, and the theorem
is proved.

If f: B— C is a bijection, then the map g in Theorem B.1 is called the
inverse of fand is sometimes denoted by f 1. Reversing the roles of fand g
in Theorem B.1 shows that the inverse map g of a bijection fis itself a
bijection.

EXERCISES

NOTE: Z is the set of integers, Q the set of rational numbers, and R the set of
real numbers.

A. l, Describe each set by listing:
(a) The integers strictly between —3 and 9.
(b) The negative integers greater than —10.

(c) The positive integers whose square roots are less than or equal
to 4.

2. Describe each set in set-builder notation:
(a) All positive real numbers.
(b) All negative irrational numbers.
(¢) All points in the coordinate plane with rational first coordinate.
(d) All negative even integers greater than —50.
3, Which of the following sets are nonempty?
(a) {reQ(r2=2}
(b) reR|r2+5r—7=0}
(¢) {(teZ|6t2—t—1=0}
4. Is B a subset of C when
(a B=Zand C=Q?
(b) B = all solutions of x2+2x —5=0and C=17Z?
(¢) B={a,b,7,9,11,—6} and C=Q?
5. fACBand BC C, prove that AC C.
6. In each part find B— C, BN C, and BU C:
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(a) B=7,C=0Q. (b) B=R, C=0Q.
‘ (¢c) B={a,b,c,1,2,3,4,5),C=A{a,c, e 2,4, 6, 8}.
7)L1'st the elements of BX C when B={a, b, ¢} and C=1{0, 1, c}.

8. List the elements of A X B X C when A ={0, 1} and B, C are as in
Exercise 7.

9. Let A= {1, 2, 3, 4}. Exhibit functions fand g from A to A such that
feg#gef
10. Do Exercise 9 when A =Z.
‘11. Is the subset B closed under the given operation?
| (a) B = even integers; operation: multiplication in Z.
(b) B = odd integers; operation: addition in Z.

(c) B = nonzero rational numbers; operation: division in the set of
nonzero real numbers.

(d) B=oddintegers; operation * on Z, where a * b is defined to be
the number ab — (a + b) + 2.

12. Find the image of the function f when
(a) [ R=R; flx) =22 (b) fLZ>Q;flx)=x—1.
(¢) R—R; flx) =—x2+1.

13. Let B={1,2, 3,4} and C = {a. b, c).
(a) List four different surjective functions from B to C.
(b) List four different injective functions from C to B.
(c) List all bijective functions from C to C.

14. (a) Give an example of a function fthat is injective but not surjec-
tive.

b) Give an example of a function g that is surjective but not injec-
p g ) )
tive.

15. Let B and C be nonempty sets. Prove that the function
FBXC—CXB
given by f(x,y) = (y,x) is a bijection.
. 16. List all the subsets of {1, 2}. Do the same for {1, 2, 3} and

{1, 2, 3, 4). Make a conjecture as to the number of subsets of an
n-element set. [Don’t forget the empty set.]
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17.
18.

19.

20.

21.

22.

23.

24.

25.

26.

Verify each of the properties of sets listed on page 484.

Ifa,b e Rwitha < b, thentheset {r e Rja = r <b}isdenoted [a,b).
Let N denote the nonnegative integers and P the positive integers.
Find these unions and intersections:

(a) U [nn+1) (b) n [—1/n,0)
neN neP
(©) LJP[%Q-F%) (dy Q[%“%)

Prove that for any sets A, B, C:
AX(BUC)=(AXB)U(AXC)
Let A, B be subsets of U. Prove De Morgan’s laws:
(a) U— (ANB)= (U~ A)U(U—B)
(b U= (AUB)=(U—-A)Nn(U—B)
Prove that for any sets A, B, C:
(A—B)U(B—A)=(AUB)— (AN B)

If Cis a finite set, then|C| denotes the number of elements in C. If A
and B are finite sets, is it true that |A U B|=|A|+|B|?

Let R** denote the positive real numbers. Does the following rule
define a function from R** to R: Assign to each positive real number
¢ the real number whose square is ¢?

Determine whether the given operation on R is commutative (that
is, a* b=">b x a for all a, b) or associative (that is, a * (b*c¢) =
(a = b) * cforall a, b, c).

(a) a*xb=2% (b) a * b = ab?

() cxb=0 (d) @+ b= (a+Db)/2

(e) axb=1 f)axb=>b

(g) axb=a®+b?

Prove that the given function is injective.

(a) fLZ—T; f(x) = 2x (b) f:R—R; f(x) = x°

() f{L—Q; fx) =x/T d) R—R, flx) =—3x+5

Prove that the given function is surjective.

(@) fR—-R; f(x) =8
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27.

28.

29.

30.

31.

32.

33.

34.

35.

(b) ffL=Z flx)=x—4

(¢) fR—R; flx)=—3x+5

(d) f:ZXZ— Q; f(a,b) = a/b when b # 0 and 0 when b = 0.
Let f:B— C and g: C — D be functions. Prove:

(a) If fand g are injective, then g ° f: B— D is injective.

(b) If fand g are surjective, then g ° fis surjective.

(a) Letf:B— Cand g: C — D be functions such that g © fis injec-
tive. Prove that f'is injective.

(b) Give an example of the situation in part (a) in which g is not
injective.

(a) Let f:B—C and g:C— D be functions such that go f is
surjective. Prove that g is surjective.

(b) Given an example of the situation in part (a) in which fis not
surjective.

Let g: B X C — C (with B # @) be the function given by g(x,y) = y.
(a) Prove that g is surjective.
(b) Under what conditions, if any, is g injective?

If f: B— Cis afunction, then f'can be considered as a map from B to
Im f'since f(b) € Im ffor every b € B. Show that the map f: B— Im f
is surjective.

Let B be a finite set and f: B— B is a function. Prove that f is
injective if and only if f is surjective.

Let f: B—> C be a function and let S, T be subsets of B.

(a) Prove that f(SUT) = £(S) U £(T).

(b) Prove that f(SNT) C £(S) N f(T).

(¢) Give an example where (SN T) # £(S) N f(T).

Prove that f: B— Cis injective if and only if f(S N T) = £(S) N £(T)
for every pair of subsets S, T of B.

Let f: B— C and g: C — D be bijective functions. Then the com-
posite function g ° f: B— D is bijective by Exercise 27. Prove that

o fyt=fog™.






APPENDIX C
WELL ORDERING AND
INDUCTION

We assume that you are familiar with ordinary arithmetic in the set Z of
integers and with the usual order relation (<) on Z. The subset of nonnega-
tive integers will be denoted by N. Thus

N=(0,1,23, ...

Finally we assume this fundamental axiom:

WELL-ORDERING AXIOM Every nonempty subset of N contains a small-
est element.

Most people find this axiom quite plausible, but it is important to note
that it may not hold if Nis replaced by some other set of numbers; see pages
1 and 2 of the text for examples.

Animportant consequence of the Well-Ordering Axiom is the method
of proof known as mathematical induction. It can be used to prove state-
ments such as

A set of n elements has 2" subsets.

Denote this statement by the symbol P(n) and observe that there are really
infinitely many statements, one for each possible value of n:

P(0): A set of 0 elements has 2° = 1 subset.
P(1): A set of 1 element has 2! = 2 subsets.
P(2): A set of 2 elements has 22 = 4 subsets.
P(3): A set of 3 elements has 23 = 8 subsets.

And so on. To prove the original proposition one must prove that
P(n) is a true statement for every n € N.

Here’s how it can be done.

497
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THEOREM C.1 (THE PRINCIPLE OF MATHEMATICAL INDUCTION) As-
sume that for each nonnegative integer n, a statement P(n) is given. If

(i) P(0) is a true statement; and
(it) Whenever P(k) is a true statement, then P(k + 1) is also true,

then P(n) is a true statement for every n € N.

The example of the number of subsets of a set of n elements is contin-
ued after the proof of the theorem. You may want to read that example now
to see how Theorem C.1 is applied, which is quite different from the manner
in which it is proved.

Proof of Theorem C.1 Let Sbe the subset of N consisting of those integers j
for which P(}) is false. To prove the theorem we need show only that S is
empty; we shall use proof by contradiction to do this. Suppose S is non-
empty. Then by the Well-Ordering Axiom S contains a smallest element, say
d. Since P(d) is false by the definition of S and P(0) is true by property (i), we
must have d # 0. Consequently, d = 1 (because d is anonnegative integer),
andhenced — 1 = 0, thatis,d — 1 € N.Sinced — 1 < d and dis the smallest
element in S, d — 1 cannot be in S. Therefore P(d — 1) must be true (other-
wise d —1 would be in S). Property (ii) (with k=d — 1) implies that
P((d — 1) + 1) = P(d) is also a true statement. This is a contradiction since
d € S. Therefore S is the empty set, and the theorem is proved. B

In order to apply the Principle of Mathematical Induction to a series of
statements, one must verify that these statements satisfy both properties (i)
and (ii). Note that property (ii) does not assert that any particular P(k) is
actually true, but only that a conditional relationship holds: If P(k) is true,
then P(k + 1) must also be true{ So to verify property (ii), you assume the
truth of P(k) and use this assumption to prove that P(k + 1) is true, As we
shall see in the examples below, it is often possible to prove this coné’litional
statement even though you may not be able to prove directly that a particu-
lar P(j) is true. The assumption that P(k) is true is called the induction
assumption or the induction hypothesis.

You may have seen induction used to prove statements such as “‘the

. . n(n+1)”
sum of the first n nonnegative integers is B

n(n+1)

; here P(n) is the state-

ment: “0+1+2+3+4+ .- +n= .7 Although such examples

make nice exercises for beginners, they are not typical of the way induction
is used in advanced mathematics. The examples below will give you a more
comprehensive picture of inductive proof. They are a bit more complicated
than the usual elementary examples but are well within your reach.
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EXAMPLE We shall use the Principle of Mathematical Induction to
prove that for eachn =0,

A set of n elements has 2" subsets.

If n =0, then the set must be the empty set (the only set with no
elements). Its one and only subset is itself (since & is a subset of every
set). So the statement

P(0): A set of 0 elements has 2° = 1 subset

is true (property (i) holds).
In order to verify property (ii) of Theorem C.1, we assume the
truth of

P(k): A set of k elements has 2F subsets
and use this induction hypothesis to prove
P(k + 1): A set of k + 1 elements has 2¥*! subsets.

To do this, let Tbe any set of k + 1 elements and choose some element
¢ of T. Every subset of T either contains ¢ or does not contain c. The
subsets of T that do not contain c are precisely the subsets of T — {c}.
Since the set T — {c} has one fewer element than T, it is a set of k
elements and therefore has exactly 2% subsets (because the induction
hypothesis P(k) is assumed true). Now every subset of T that contains ¢
must be of the form {c¢} U D, where D is a subset of T — {¢}. There are
2k possible choices for D and hence 2F subsets of T that contain c.
Consequently, the total number of subsets of T is

Number of subsets Number of subsets that _ _, | &
. + . =254+ 2
that contain ¢ do not contain ¢
— 22
= gk+1

Thus any set T of k + 1 elements has 25*1 subsets, that is, P(k + 1) is a
true statement. We have now verified property (ii) and can therefore
apply Theorem C.1 to conclude that P(n) is true for every n € N; that is,
every set of n elements has 2" subsets.

The Principle of Mathematical Induction cannot be conveniently used
on certain propositions, even though they appear to be suitable for induc-
tive proof. In such cases a variation on the procedure is needed:

THEOREM C.2 (THE PRINCIPLE OF COMPLETE INDUCTION) Assume
that for each nonnegative integer n, a statement P(n) is given. If
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(i) P(0) is a true statement; and
(i) Whenever P(j) is a true statement for all j such that 0 < j < t, then
P(t) is also true,

then P(n) is a true statement for every n € N.

Although commonly used, the title “complete induction™ is a bit of a
misnomer since, as we shall see below, this form of induction is equivalent to
the previous one.

Proof of Theorem C.2 For each n € N, let Q(n) be the statement
P(j) is true for all j such that 0 < j < n.

Note carefully that the last inequality sign in this statement is = and not <.
We shall use the Principle of Mathematical Induction (Theorem C.1) to
show that Q(n) is true for every n € N. This will mean, in particular, that P(n)
is true for every n € N. Now Q(0) is the statement

P(j) is true for all j such that 0 =j = 0.

In other words, Q(0) is just the statement ““P(0) is true.”” But we know that
this is the case by hypothesis (i) in the theorem. Suppose that Q(k) is true,
that is,

P(j) is true for all j such that 0 = j < k.

By hypothesis (ii) (with t =k + 1), we conclude the P(k + 1) is also true.
Therefore P(j) is true for all j such that 0 = j <k + 1, thatis, Q(k+ 1) isa
true statement. Thus we have shown that whenever Q(k) is true, then
Q(k + 1) is also true. By the Principle of Mathematical Induction Q(n) is
true for every n € N, and the proof is complete. i

In the formal description of induction (either principle) the notation
P(n) is quite convenient. But it is rarely used in actual proofs by induction.
The next example is more typical of the way inductive proofs are usually
phrased. But even here we include more detail than is customary in such
proofs.

EXAMPLE We shall use the Principle of Complete Induction to
prove:

Ifn, b e N and b > 0, then there exist g, r € N such that
(*) n=bg+r and 0=r<b.

This statement (called the Division Algorithm for nonnegative in-
tegers) is just a formalization of grade-school long division: When n is
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o

divided by b, there is a quotient g and remainder r (smaller than the
divisor b) such that n = bq + r; see the discussion on page 2 of the text.

Statement (*) is true for n = 0 and any positive b (let g = 0 and
r=0). So property (i) of Theorem C.2 holds. Suppose that (*) is true
for all n such that 0 = n <t (this is the induction hypothesis). We must
show that (¥) istrue forn = t. If t < b, thent = b0 + t, so (*) is true with
g=0andr=1¢tIf b <t, then 0 =t — b <t, and by the induction hy-
pothesis, (x) is true for n = t — b. Therefore there exist integers g, and
ry such that

t—b=qb+r, and 0=nr<b.
Consequently,
t=b+qgb+r,=01+q)b+n and O0=nr <b.

Therefore (%) is true for n =1t (with g=1 + ¢, and r=r;). Hence
property (ii) of Theorem C.2 is satisfied. By the Principle of Complete
Induction (#) is true for every n e N.

Some mathematical statements are false (or undefined) for n =0 or
other small values of n but are true for n = rand all subsequent integers. For
instance, it can be shown that

3n>n+ 1 for every integern =1
27> n? + 2 for every integer n = 5.

Such statements can often be proved by using a variation of mathematical
induction (either principle):

In order to prove that statement P(n) is true for each integer n = r,
follow the same basic procedure as before,
starting with P(r) instead of P(0).

The validity of this procedure is a consequence of
THEOREM C.3 Let r be a positive integer and assume that for eachn=ra
statement P(n) is given. If

(i) P(r) is a true statement;
and either

(ii) Whenever k = r and P(k) is true, then P(k + 1) is true;
or

(ii’) Whenever P(j) is true for all j such that r = j <1, then P(t) is true,

then P(n) is true for everyn =r.
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Proof Conditions (i) and (ii) are the analogue of Theorem C.1. Verify that
the proof of Theorem C.1 carries over to the present case verbatim if 0 is
replaced by r, 1 by r + 1, and N by the set N, = {n|n e Nand n = r}. Condi-
tions (i) and (ii’) are the analogue of Theorem C.2; its proof carries over
similarly. W

The final theorem to be proved here is not necessary in order to read
the rest of the book. But it is a result that every serious mathematics student
ought to know. It is also a good illustration of the fact that intuition can
sometimes be misleading. Most people feel that the Well-Ordering Axiom is
obvious, whereas the Principle of Complete Induction seems deeper and in
need of some proof. But as we shall now see, these two statements are
actually equivalent. Among other things, this suggests that the Well-Order-
ing Axiom is a good deal deeper than it first appears.

THEOREM C.4 The following statements are equivalent:

(1) The Well-Ordering Axiom.
(2) The Principle of Mathematical Induction.
(3) The Principle of Complete Induction.

Proof The proof of Theorem C.1 shows that (1) = (2), and the proof of
Theorem C.2 shows that (2) = (3). To prove (3) = (1), we assume the
Principle of Complete Induction and let S be any subset of N. To prove that
the Well-Ordering Axiom holds we must show

If S is nonempty, then S has a smallest element.
To do so, we shall prove the equivalent contrapositive statement
If S has no smallest element, then S is empty.

Assume § has no smallest element; to prove that S is empty we need only
show that the following statement is true for every n e N:

(%) n is not an element of S.

Since 0 is the smallest element of N, it is also the smallest element of any
subset of Nl containing 0. Since S has no smallest element, 0 cannot be in S,
and hence (**) is true when n = 0 (property (i) of Theorem C.2 holds).
Suppose (**) is true for all j such that 0 = j < ¢. Then none of the integers 0,
1,2, . . . ,t— lisin§, or equivalently, every element in S must be greater
than or equal to t. If t were in S, then ¢ would be the smallest element in §
since s = t for all s € S. Since S has no smallest element, fis not in S. In other
words, (*#) is true when n = t. Thus the truth of (x*) when j < t implies its
truth for ¢ (property (ii) of Theorem C.2 holds). By the Principle of Com-
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plete Induction, (**) is true for all n € N. Therefore S is empty, and the proof
is complete. l

EXERCISES

A. 1.

ORI 2

10.

11.

12.

13.

Prove that the sum of the first n nonnegative integers is n(n + 1)/2.
[Hint: Let P(k) be the statement:

0+1+2+ - +k=k(k+1)/2]

. Prove that for each nonnegative integer n, 2" > n.

. Prove that 27! = n! for every nonnegative integer n. [Recall that

O!l=1landforn>0,nl=1-2-3---(n—1)n]

. Let r be a real number, r # 1. Prove that for every integer n = 1,

m—1
r—1°

1+r+r24m34 - +pl=

. Prove that 4 is a factor of 7" — 3" for every positive integer n.

[Hint: 751 — 3kl =7k+1 — 7. 3k 4 7. 3k Z 3k+1 = 7(7k — 3% +
(7 — 3)3%]

Prove that 3 is a factor of 4" — 1 for every positive integer n.
Prove that 3 is a factor of 22"~! + 1 for every positive integer n.
Prove that 5 is a factor of 24"~2 + 1 for every positive integer n.

Prove that 64 is a factor of 9" — 8n — 1 for every nonnegative in-
teger n.

Use the Principle of Complete Induction to show that every integer
greater than 1 isa product of primes. [Recall that a positive integer p
is prime provided that p > 1 and that the only positive integer
factors of p are 1 and p.]

Let B be a set of n elements. Prove that the number of different
injective functions from B to B is n!. [n! was defined in Exercise 3.]

True or false: n2 —n + 11 is prime for every nonnegative integer n.
Justify your answer. [Primes were defined in Exercise 10.]

Let B be a set of n elements.

(a) If n=2, prove that the number of two-element subsets of B is
n(n — 1)/2.
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14.

15.

16.

(b) Ifn = 3, prove that the number of three-element subsets of B s
n(n — 1)(n — 2)/3!.

(c) Make a conjecture as to the number of k-element subsets of B
when n = k. Prove your conjecture.

At a social bridge party every couple plays every other couple
exactly once. Assume there are no ties.

(a) If n couples participate, prove that there is a “best couple” in
the following sense: A couple uis “best” provided that for every
couple v, u beats v or u beats a couple that beats v.

(b) Show by example that there may be more than one best couple.

What is wrong with the following “‘proof ” that all roses are the
same color. It suffices to prove the statement: In every set of nroses,
all the roses in the set are the same color. If n = 1, the statement is
certainly true. Assume the statement is true for n = k. Let Sbe a set
of k + 1 roses. Remove one rose (call it rose A) from S; there are k
roses remaining, and they must all be the same color by the induc-
tion hypothesis. Replace rose A and remove a different rose (call it
rose B). Once again there are k roses remaining that must all be the
same color by the induction hypothesis. Since the remaining roses
include rose A, all the roses in S have the same color. This proves
that the statement is true when n = k + 1. Therefore the statement
is true for all n by induction.

Let nbe a positive integer. Suppose that there are three pegsand on
one of them n rings are stacked, with each ring being smaller in
diameter than the one below it, as shown here:

H |
u ™\

The game is to transfer all the rings to another peg according to
these rules: (i) only one ring may be moved at a time; (ii) a ring may
be moved to any peg but may never be placed on top of a smaller
ring; (iii) the final order of the rings on the new peg must be the
same as their original order on the first peg. Prove that the game can
be completed in 2" — 1 moves and cannot be completed in fewer
moves.
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C.

17. Let x be a real number greater than — 1. Prove that for every posi-

18.

tive integer n, (1 +x)* =1 + nax.

Consider maps in the plane formed by drawing a finite number of
straight lines (entire lines, not line segments). Use induction to
prove that every such map may be colored with just two colors in
such a way that any two regions with the same line segment as a
common border have different colors. Two regions that have only a
single point on their common border may have the same color. [This
problem is a special case of the so-called Four-Color Theorem,
which states that every map in the plane (with any continuous
curves or segments of curves as boundaries) can be colored with at
most four colors in such a way that any two regions that have more
than a single point on their common border have different colors.]



APPENDIX D
EQUIVALENCE RELATIONS

This appendix may be read anytime after you’ve finished Appendix B, but it
is not needed in the text until Section 8.4. If you read it before that point,
you should have no trouble with Examples 1 -3 but may have to skip some
of the unnumbered examples. Chapter 2 is a prerequisite for the examples
labeled ““integers,” Chapter 6 for those labeled “‘rings,”” and Chapter 7 for
those labeled “groups.”

If Aisaset, then any subset of A X A is called arelation on A. A relation
T on A is called an equivalence relation provided that the subset T is

(i) Reflexive: (a,a) € T for every a € A.
(ii) Symmetric: If (a,b) € T, then (b,a) € T.
(iii) Transitive: If (a,b) € T and (b,c) € T, then (a,c) € T.

If Tis an equivalence relation on A and (a,b) € T, we say that a is equivalent
to b and write a ~ b instead of (a,b) € T. In this notation, the conditions
defining an equivalence relation become

(i) Reflexive: a ~ a for every a € A.
(ii) Symmetric: If a ~ b, then b ~ a.
(iii) Transitive: Ifa~b and b ~ ¢, thena ~ c.

When this notation is used, the relation is usually defined without explicit
reference to a subset of A X A.

EXAMPLE 1 Let A be a set and define a ~ b to mean a = b. In other
words, the equivalence relation on A is the subset T = {(a,b) | a = b) of
A X A. Then it is easy to see that = is an equivalence relation.

EXAMPLE 2 The relation on the set R of real numbers defined by

r ~ s means |r| =|s|

is an equivalence relation, as you can readily verify.
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EXAMPLE 3* Define a relation on the set Z of integers by

a ~ b means a — b is a multiple of 3.

For example, 17 ~ 5 since 17 — 5 = 12, a multiple of 3. Clearly a ~ a
for every a since a—a= 0= 3 - 0. To prove property (ii), suppose
a ~ b. Then a — b is a multiple of 3. Hence, — (a — b) is also a multiple
of 3. But —(a — b) = b — a. Therefore b ~ a. To prove property (iii),
supposea ~ bandb ~ ¢. Thena — band b — care multiples of 3 and so
is their difference (@ — b) — (b — ¢) = a — ¢, so thata ~ c¢. Thus ~ isan
equivalence relation (usually called congruence modulo 3 and de-
noted @ = b (mod 3)).

EXAMPLE (INTEGERS) Ifnis a fixed positive integer, the relation of
congruence modulo n on the set Z, defined by
a = b (mod n) if and only if a — b is a multiple of n,
is an equivalence relation by Theorem 2.1.
EXAMPLE (RINGS) Iflisan ideal in the ring R, then the relation of
congruence modulo I, defined by
a=b(modI)ifandonlyifa—bel,
is an equivalence relation on R by Theorem 7.2.
EXAMPLE (GROUPS) If K is a subgroup of a group G, then the
relation defined by
a=bifand only ifab™! € K

is an equivalence relation on G by Theorem 8.17.

Warning It is quite possible to have a relation on a set that satisfies

one or two, but not all three, of the properties that define an equivalence
relation. For instance, the order relation = on the set R of real numbers is
reflexive and transitive but not symmetric; for other examples, see Exer-
cises 8 and 9. Therefore you must verify all three properties in order to
prove that a particular relation is actually an equivalence relation.

Let ~ be an equivalence relation on a set A. If a € A, then the equiva-

lence class of a (denoted [a]) is the set of all elements in A that are equivalent
to a, that is, ' T

[a]={b|beAandb ~ a).

*If you've already read Section 2.1, skip Example 3 here and below; it’s just congruence
modulo n when n= 3.
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In Example 2, for instance, the equivalence class [9] of the number 9 con-
sists of all real numbers b such that b ~ 9, that is, all numbers b such that
Ibl=19]. Thus [9] = {9, —9).

EXAMPLE (RINGS, GROUPS) If I is an ideal in a ring R, then an
equivalence class under the relation of congruence modulo I is a coset
a+I1={a+i|iel}. Similarly if K is a subgroup of a group G, then an
equivalence class of the relation congruence modulo K is a right coset

Ka={ka|keK).

EXAMPLE 3 The equivalence class of the integer 2 consists of all
integers b such that b ~ 2, thatis, all b such that b — 2 isamultiple of 3.
But b — 2 isamultiple of 3 exactly when b is of the form b = 2 + 3k for
some integer k. Therefore

[2]=(2+3k|keZ)={2+0.2+3,2+6,2+9, .. )
={..,-7,—4,-1,2.58, 11, .. ).

A similar argument shows that the equivalence class [8] consists of all
integers of the form 8 + 3k (k € Z). consequently

8]={ ..,-7,—-4,-1,2,58 11,14,17, . . .).
Thus [2] and [8] are the same set. Note that 2 ~ 8. This is an example of

THEOREM D.1 Let ~ be an equivalence relation on a set A and a, b € A.
Then
a ~ cif and only if [a] = [c].

Proof* Assume a ~ ¢. To prove that [a] = [c] we first show that [a] C [c]. To
do this, let b € [a]. Then b ~ a by definition. Since a ~ ¢, we have b ~ ¢ by
transitivity. Therefore b € [c] and [a] C [¢]. Reversing the roles of ¢ and ¢ in
this argument and using the fact that ¢ ~ a by symmetry show that [¢] C [a].
Therefore [a] = [c]. Conversely, assume that [a] = [¢]. Since a ~ a by reflex-
ivity, we have a € [a], and hence a € [c]. The definition of [c] shows that
a~c. 1

Generally when one has two sets, there are three possibilities: The sets
are equal, the sets are disjoint, or the sets have some (but not all) elements in
common. With equivalence classes, the third possibility cannot occur:

COROLLARY D.2 Let ~ be an equivalence relation on a set A. Then any two
equivalence classes are either disjoint or identical.

*If you've read Section 2.1, note that this proof and the proof of Corollary D.2 below are
virtually identical to the proofs of Theorem 2.3 and Corollary 2.4: Just replace = by ~.
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Proof Let [a] and [c] be equivalence classes. If they are disjoint, then there
is nothing to prove. If they are not disjoint, then [a] N [¢] is nonempty, and
by definition there is an element b such that b € [a] and b € [c]. By the
definition of equivalence class, b ~ a and b ~ ¢. Consequently by transitiv-
ity and symmetry, a ~ c. Therefore [a] = [c] by Theorem D.1. B

A partition of a set A is a collection of nonempty, mutually disjoint*
subsets of A whose union is A. Every equivalence relation ~ on A leads to a
partition as follows. Since a € [a] for each a € A, every equivalence class is
nonempty and every element of A is in one. Distinct equivalence classes are
disjoint by Corollary D.2. Therefore

The distinct equivalence classes of an equivalence
relation on a set A form a partition of A.

Conversely, every partition of A leads to an equivalence relation whose
equivalence classes are precisely the subsets of the partition (Exercise 21).

EXERCISES

A. 1. Let Pbe aplane. If p, g are points in P, then p ~ g means p and g are
the same distance from the origin. Prove that ~ is an equivalence
relation on P.

2. Define a relation on the set Q of rational numbers by: r ~ s if and
only if r — s € Z. Prove that ~ is an equivalence relation.

3. (a) Prove that the following relation on the set R of real numbers is
an equivalence relation: a ~ b if and only if cos a = cos b.

(b) Describe the equivalence class of 0 and the equivalence class of
n/2.

4. If m and n are lines in a plane P, define m ~ n to mean that m and n
are parallel. Is ~ an equivalence relation on P?

5. (a) Let ~ be the relation on the ordinary coordinate plane defined
by (x,y) ~ (u,v) if and only if x = u. Prove that ~ is an equiva-
lence relation.

(b) Describe the equivalence classes of this relation.

6. Prove that the following relation on the coordinate plane is an
equivalence relation: (x,y) ~ (u,v) if and only if x — u is an integer.

* That is, any two of the subsets are disjoint.
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7.

. 10.

11.

12.

13.

14.

15.

Let f: A — B be a function. Prove that the following relation is an
equivalence relation of A: u ~ v if and only if f(u) = f(v).

Let A= {1, 2, 3). Use the ordered-pair definition of a relation to
exhibit a relation on A with the stated properties.

(a) Reflexive, not symmetric, not transitive.
(b) Symmetric, not reflexive, not transitive.
(c) Transitive, not reflexive, not symmetric.
(d) Reflexive and symmetric, not transitive.
(e) Reflexive and transitive, not symmetric.
(f) Symmetric and transitive, not reflexive.
Which of the properties (reflexive, symmetric, transitive) does the
given relation have?

(a) a <b on the set R of real numbers.

(b) A C B on the set of all subsets of a set S.
(¢) a # b on the set R of real numbers.

(d) (—1)*=(—1)* on the set Z of integers.

If ris a real number, then [r] denotes the largest integer thatis < r;
for instance [n] =3, [7] =7 and [—1.5] = —2. Prove that the
following relation is an equivalence relation on R: r ~ sifand only if

[r]1 = [s]-

Let ~ be defined on the set R* of nonzero real numbers by: a ~ b if
and only if a/b € Q. Prove that ~ is an equivalence relation.

Is the following relation an equivalence relation on R: @ ~ b if and
only if there exists k € Z such that a = 10*b.

In the set R[x] of all polynomials with real coefficients, define
f(x) ~ g(x)ifand only if '(x) = g’(x), where’ denotes the derivative.
Prove that ~ is an equivalence relation on R[x].

Let T be the set of all continuous functions from R to R and define
f~ gif and only if f(2) = g(2). Prove that ~ is an equivalence rela-
tion.

Prove that the relation on Z defined by a ~ b if and only if a® = b?
(mod 6) is an equivalence relation.
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16

17.

18.

19.

20.

21.

Let S={(a,b)|a, b €Z and b # 0} and define (a,b) ~ (c,d) if and

only if ad = bc. Prove that ~ is an equivalence relation on S.

Let ~ be a symmetric and transitive relation on a set A. What is
wrong with the following “proof ”” that ~ is reflexive: a ~ b implies
b ~ aby symmetry; thena ~ band b ~ aimply a ~ aby transitivity.
[Also see Exercise 8 (f).]

Let G be a group and define a ~ b if and only if there exists c € G
such that b = ¢"!ac. Prove that ~ is an equivalence relation on G.

(a) Let K be a subgroup of a group G and define a ~ b if and only if
a~'b € K. Prove that ~ is an equivalence relation on G.

(b) Give an example to show that the equivalence relation in part
(a) need not be the same as the relation in the last example on
page 508.

Let G be a subgroup of S,. Define a relation on the set
(1,2, . .. ,n}bya ~ bifand only if a = o(b) for some ¢in G. Prove
that ~ is an equivalence relation.

Let A be a set and (A, |i € I} a partition of A. Define a relation on A
by: a ~ bif and only if a and b are in the same subset of the partition
(that is, there exists k € I such that a € A; and b € A).

(a) Prove that ~ is an equivalence relation on A.

(b) Prove that the equivalence classes of ~ are precisely the sub-
sets A, of the partition.



APPENDIX E
THE BINOMIAL THEOREM

Appendix C and Section 3.2 are the prerequisites for this appendix. The
material presented here is used in Section 9.6 and in occasional exercises
elsewhere.

As we saw in the example on page 56,

(@a+b)?=a®*+ 2ab + b

for any elements a, b in a commutative ring R. Similar calculations using
distributivity and commutative multiplication show that

(a + b)® = a® + 3a®b + 3ab® + b?
(a + b)* = a* + 4a°b + 6a%b? + 4ab® + b*.
There is a pattern emerging here, but it may not be obvious unless certain
facts are pointed out first.
Recall that 0! is defined to be 1 and that for each positive integer n, the

symbol n! denotes the number n(n —1)(n —2)- - -3 - 2 - 1. For each k,

with 0 = k < n, the binomial coefficient Z is defined to be the number

n!

=T =R This number may appear to be a fraction, but every binomial

coefficient is actually an integer (Exercise 6). For instance, (11) =
4! 4-3-2-1 A

1,(4 — 1)! 1 . 3 . 2 B 1 > and similarly, <2) 2!2‘ 6 NOte that

these numbers appear as coefficients in the expansion of (a + b)* above; in
fact you can readily verify that

(a+byt=at+ (?)asb + <;>a2b2 + (;)ab3 + bt
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This is an example of

THEOREM E.1 (THE BINOMIAL THEOREM) Let R be a commutative ring
and a, b € R. Then for each positive integer n,

(a+b)=a"+ (?)a"‘lb + (g)a"_2b2 +oe (n " 1)ab"“ +bn.

Proof The proof is by induction on n. If n =1, the theorem states that
(a + b)! = a® + b!, which is certainly true. Assume that the theorem is true
when n =k, that is, that

(a+b)k=ak+(’1‘>ak—lb+ +(I:)a"“'b'+ +(kf l)ab"“-i-b".

We must use this assumption to prove that the theorem is true when n =
k + 1. By the definition of exponents (a + b)**! = (a + b)(a + b)*. Applying
the induction hypothesis to (a + b)* and using distributivity and commuta-
tive multiplication, we have

(a + b)¥*! = (a + b)(a + b)*

=(a+ b)[a" + (f)ak'lb eI (ﬁ)a""b’+
+ (k-’i l)ab"_l + b"]
_ k AV A S
—a[ak+(l) k=1 4 . +(r> k=rhr + +(k___1>ab" 1+b"j|
k k k ]
k k— —r]r. -
p O R S
— [ak+l + <k)a (k k—r+lbr ..
1 r _

k 27,k k
+(k_1)ab 1+ab-

+ [a"b + (’;)a"“lbz + - 4+ (ﬁ)a""b’“ + -

k ko pk+l
+ (k _ l)ab + b

=t | (1) wafer [ (5) + ()ens -
JCE) (s o[ (Yo s v
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Exercise 5 (which you should do) shows that forr=0,1, . . .  k

k K\ _(k+1
<r+ 1) + (r) B <r+ 1)‘
Apply this fact to each of the coefficients in the last gart of the equation

above. For instance, (i‘) +1= (llc) + (g) _ (k'i' 1 and (Izc) i (]lc) _

(k 9 ), and so on. Then from the first and last parts of the equation above

we have
(a + b)k+1 — ak+1 + (k—; 1)akb + (k; l)ak—lbz +4+ ...
+ (f_-:__ i)a""b'“ R (k_;c_ l)abk + bF+1,

Therefore the theorem is true when n = k + 1, and hence by induction it is
true for every positive integer n. i

EXERCISES

A. L. Let x and y be real numbers. Find the coefficient of x%® in the
expansion of (2x — y®)°. [Hint: Apply Theorem E.1 with a = 2x,
b=y?]

2. If x and y are real numbers, what is the coefficient of x124® in the
expansion of (x3 — 3y)10?

B. 3. Let r and n be integers with 0 < r < n. Prove that (Z) = (n " r)'

4. Prove that for any positive integer n, 2" = <8> + (111) + <g> +
-+ (2) [Hint: 2= (1 + 1]
5. Let r and k be integers such that 0 =r=<k— 1. Prove that
(h’ﬁ 1) + (f) = (ffj; i) [Hint: Use the fact that

k=nr)k—(r+ 1) =(k=nl=(k+1)—(+ 1)

to express each term on the left as a fraction with denominator
(k+ 1)i(k — r)!. Add the fractions, simplify the numerator, and

. k+1
compare the result with (r 41 )]
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6. Let n be a positive integer. Use mathematical induction to prove

this statement: For each integer r such that 0 =r=n, :f is an

integer. [Hint: For n =1 it is easy to calculate (é) =1= (}), as-

sume the statement is true for n = k and use Exercise 5 to show that
the statement is true forn=k + 1.

7. Here are the first five rows of Pascal’s triangle:

Row O: 1
Row 1: 1 1
Row 2: 1 2 1

Row 3: 1 3 3 1
Row 4: 1 4 6 4 1

Note that each entry in a given row (except the 1’s on the end) is the
sum of the two numbers above it in the preceding row. For instance,
the first 4 in row 4 is the sum of 1 and 3 in row 3; similarly, 6 inrow 4
is the sum of the two 3’s in row 3.

(a) Write out the next three rows of Pascal’s triangle.

(b) Prove that the entries in row n of Pascal’s triangle are precisely

n

the coefficients in the expansion of (a + b)", that is, 8 A1)

(;) e (2) [Exercise 5 may be helpful.]



APPENDIX F
MATRIX ALGEBRA

This appendix may be read at any time after Section 3.1 but is needed only
in Chapter 16. Throughout this appendix, R is a ring with identity.
Rings of 2 X 2 matrices with entries inZ, Q, R, and C were introduced
in Section 3.1. These matrices are special cases of this definition: Ann X m
matrix over R is an array of n horizontal rows and m vertical columns

m Tig Nz """ Tim
o1 Tog Taz =~ " Taon
sy Taz Tz " Tapm
Tnl Tn2 T'n3 tr Tam

with each r;; € R. For example,

7 —6 4 10 0
1 4 0
1 05 -2 1 e (1 01 0
A=ls 34 12 o) P2 003 C<0111)
0 5 2 0 -8
4X50verZ 3 X 3 over Zy 2 X 4 over Z,

Matrices are usually denoted by capital letters and their entries by
lower case letters with double subscripts indicating the row and column the
entry appears in. For instance, in the matrix A = (a,) at the left above, the
entry inrow 4 and column 2 is a4, = 5. In matrix C at the right above, ¢;, = 0
and cy3 = 1. Thus, for example, row i of an n X m matrix (ry) is

g Tig T3 Ty ° " Tie
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The n X m zero matrix is the n X m matrix with Og in every entry. The
identity matrix I, is the n X n matrix with 1 in positions 1-1, 2-2,

3-3, . . ., n-n, and Og in all other positions. For example, over the ring Z:
1 0 0 0 O
1 0 0 (1) (1) 8 (()) 01 0 0O
L=l0 1 0 L=|u 01 o L=l0o o010 0
0 01 00 0 1 0 0 01 O
0 0 0 01

g

The identity matrix I, can be succinctly described by I, = (dy
the Kronecker delta symbol, defined by

1gifi=j.
50={ rRUI1=]
Ogifi # j.

, where d, is

It is sometimes convenient to think of a large matrix as being made up
of two smaller ones. For example, if A is the 3 X 2 matrix

4 2
10
3 5

over Z, then (I;| A) denotes the 3 X 5 matrix
1 0 0 4 2

01 1
0 0 3

= = DO

0
5
3
6 {2 3
I 0 ,whereA—(4 6)'
01

IfA = (ay) and B = bare n X m matrices, then their matrixsumA + B
is the n X m matrix with a, + by in position i-j. In other words, just add the
entries in corresponding positions, as in this example over Zs:

13 4), (3 2 0y_(4 0 4
021 1 4 2 11 3)

If A and B are of different sizes, their sum is not defined. But if A, B, C are
n X m matrices, then Exercise 3 shows that matrix addition is commutative
|[A + B= B+ A] and associative [A+ (B+ C) = (A+ B) + C]. The nXm
zero matrix acts as an identity for addition (Exercise 4).

For reasons that are made clear in a linear algebra course, the product
of matrices A and B is defined only when the number of columns of A is the

0
1

. A .
Similarly, <—> denotes the matrix (
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same as the number of rows of B. The simplest case is the product ofal X m
matrix A consisting of a single row (a; a; a3 - * - a,,) and an m X 1 matrix B

b,
by
consisting of a single column | -* |.*The product is definedtobe the 1 X 1
b,
matrix whose single entry is the element
albl + azb2 + 03b3 + a4b4 + -+ ambm.

For example, over Z

4
(*) 2 3 Dlo|=2:-4+3-0+1-2=10.
2
If A is an n X m matrix and B is an m X k matrix, then the matrix
product AB is the n X k matrix (c;), where the entry in position i-j is the
product of the ith row of A and the jth column of B:

¢y = anby; + apby; + agby + ayby + - @by = a,b,.

r=1

EXAMPLE The product of

4 2 6 3

A=<?:;(1)> and B=[0 1 2 1
2 6 0 2

isa 2 X 4 matrix whose entry in position 1-1 is 10 (the product of row 1

of A and column 1 of B as shown in () above). In position 2-3 the entry
in AB is the product of row 2 of A and column 3 of B:

1-64+5-24+0-0=16.
Similar calculations show that

AB=<231)§TSf=<1o 13 18 11)
15 o)\ 2] 4 7 16 8

The product BA is not defined because B has four columns but A has
only two rows.

* A matrix with only one row is called a row vector and a matrix with only one column a column
vector, Single subscripts are adequate to describe the entries of row and column vectors.
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* EXAMPLE The product of the row vector (1 0 2) and the 3 X 4
matrix B in the last example is the row vector (§ 14 6 7)because

4 2 6 3
a0 2lo1 2 1]=@6 14 6 7).
2 6 0 2
If A, B, C are matrices of appropriate sizes so that each of the products
AB and BC is defined, then matrix multiplication is associative: A(BC) =
(AB)C (Exercise 7). Similarly, if E, F, G are matrices such that the products
EG and FG are defined, then the distributive law holds: (E + F)G = EG +
FG (Exercise 5). The identity matrices act as identity elements for multipli-
cation in this sense: If A is an n X m matrix, thenI, - A=AandA-I,=A
(Exercise 6). Even when both products AB and BA are defined, matrix
multiplication may not be commutative (see the example on pages 42 -43).
The set M,(R) denotes the set of all n X n matrices over the ring R.
Since all the matrices in M, (R) have the same number of columns and rows,
both A + Band AB and BA are defined for all A, B € M, (R). The properties of
matrix addition and multiplication listed above provide the proof of

THEOREM F.1 IfR is a ring with identity, then the set M,(R) of alln X n
matrices over R is a noncommutative ring with identity I,.

EXERCISES

NOTE: Unless stated otherwise, all matrices are over a ring R with identity.

A. 1. Assume A and B are matrices over Z. Find A + B.

1 2 -2 0 0 ~8 2 4
(a)A_( 5 711) B_(s 041)

3
3 0 2 1 -2 0
4 1 8 3 o 4
(b)A_010 B_o 7 —6
9 -5 7 1 6 0

2. Assume A and B are matrices over Zg. Find AB and BA whenever the
products are defined.

2 4
@ A=[1 5 B=(1 0 1)
3 0 2 3 2

wa=(33) 2=( 53
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(¢ A=(3 2 1 0) B=

— O
—_o O
[ e =)

. Let A= (ay), B= (by), and C = (c,) be n X m matrices. Prove that
(@) A+B=B+A (b)A+B+C)=@A+B)+C

.IfA= (a,j) is an n X m matrix and Z is the n X m zero matrix, prove
that A+ Z =A.

. (a) Let Eand Fbe 1 X mrow vectors and G = (gy) an m X k matrix.
Prove that (E + F)G = EG + FG.

(b) Let E= (e,) and F = (f,) be n X m matrices and G = (gy) an
m X k matrix. Prove that (E + F)G = EG + FG.

. If Ais an n X m matrix, prove that [, - A=A and A - I, = A.

. Let A= (ay) be an nX'm matrix, B= (by) an m X k matrix, and
C = (cy) ak X p matrix. Prove that A(BC) = (AB)C. [Hint: BC = (dy),
k m

where d; = ' b,c,, and AB = (e,), where ¢, = > ab,,. The i-j

r=1 t=1
m m

k m k
entry of A(BC)is Y, apdy = > a“<2 b,,c,j) =33 a,b,c,. Show

t=]1 r=1

t=1 t=1 r=]
that the i-j entry of (AB)C is this same double sum.]



APPENDIX G
POLYNOMIALS

In high school there is some ambiguity about the “x” in polynomials. Some-
times x stands for a specific number (as in the equation 5x — 6 = 17). Other
times x doesn’t seem to stand for any number—it’s just a symbol that is
algebraically manipulated (as in exercises such as (x + 3)(x — 5) =22 —
2x — 15).* Our goal here is to develop a rigorous definition of ““polyno-
mial” that removes this ambiguity. The prerequisites for this discussion
are high-school algebra and Chapter 3.

As a prelude to the formal development, note that the polynomials
from high school can be described without ever mentioning x. For instance,
5 + 6x — 2x® is completely determined by its coefficients (5, 6, 0, —2).**
But 5 + 6x — 2x3 can also be written 5 + 6x — 2x3 + 0x* + 0x® + 0x8. To
allow for such additional “zero terms’” we list the coefficients as an infinite
sequence (5, 6,0, —2,0,0,0,0, . . .)that ends in zeros.

Adding polynomials in this new notation is pretty much the same as
before: Add the coeflicients of corresponding powers of x, that is, add
sequences coordinatewise:

5+ 6x —2x3 (5. 6,0,—2,0,0,0, ...
3 — 2x + 5x% — 4«8 3.—2,5,—4,0,0,0, . . )
8 + 4x + 5x% — 6x° (8, 4,5,—6,0,0,0, ...

Multiplication can also be described in terms of sequences, as we shall see
below. If you keep this model in mind vou will see clearly where the formal
definitions and theorems come from.

Throughout the rest of this appendix R is a ring with identity (not
necessarily commutative). A polynomial with coefficients in the ring R is

* Sometimes x is also used as a variable that can take infinitely many values (as in the function
f(x) = x® — x). This usage is discussed in Section 4.4.
** 0 is the coeflicient of x2,
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defined to be an infinite sequence

(ag, ay, ag, a3, . . .)

such that each g, € R and only finitely many of the g, are nonzero; that is, for
some index k, a; = O for all i > k. The elements g, € R are called the coefhi-
cients of the polynomial.

The polynomials (g, a;, ag, . . .) and (b, by, by, . . .) are equal if
they are equal as sequences, that is, if gy = by, a; = b;, and in general,
a;, = b,for every i = 0. Addition of polynomials is denoted by ® and defined
by the rule

(ao,al,a2, . . ')®(b0’b19b2’ .. >=
(ag+by,a, + by,ay,+by, ... ,a,+b,...).

You should verify that the sequence on the right is actually a polynomial,
that is, that after some point all its coordinates are zero (Exercise 2).
Multiplication of polynomials is denoted © and defined by the rule*

(ao, a,, g, . . ')Q(b07bl’b2’ o o .)=(Co, Cy1,Co, . . .), Where

Co = aoby
¢, = agh, + a,b, o
el

02 = aobz + albl + 02 + a2b0 K J/\ ;‘ ;T

Cc,= aob” + albﬂ_l + a2b"._2 + asb"_s + R a”_lbl + anbo

=Y ab,
i=0
To show that the product defined here is actually a polynomial you must
verify that after some point all the coordinates of (cy, ¢,, . . .) are zero

(Exercise 2).

THEOREM G.1 Let R be a ring with identity and P the set of polynomials
with coefficients in R. Then P is a ring with identity. If R is commutative, then
so is P.

Proof Exercise 2 shows that Pis closed under addition and multiplication.
To show that addition in P is commutative, we note that a, + b, = b, + a, for
all a;,b, € R because R is a ring; therefore in P

* To understand the formal definition, do the following multiplication problem and look at the
coeflicients of each power of x in the answer: (g, + a;x + axx?)(by + byx + bgx?).
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(a9, a5, aqg, . . .)®(by, by, by, . . )

=(ao+b0,al +bl’ a5 .)=<bo+ao,bl+al, 5 o )

= (bo, bl? b2, 5 o ) @ (ao, ay, dg, . . .).
Associativity of addition and the distributive laws are proved similarly. You
can readily check that the multiplicative identity in P is the polynomial
(1a,Or, 08,05, . . .),thezero element is the polynomial (Og, Og, O, . . .),
and the solution of the equation (a9, a,, a5, . . .) + X = (0g, Oy, Og, . . .)
iSX= ('—ao, —ap, —4ag . . .).

To complete the proof that P is a ring with identity we must show that
multiplication is associative. Let A, B, C € P, where
A= (ay,a,,a,, . . .) B=(by, by, by, . . )

C=(cy,01,0Ca, . . .).

Then the nth coordinate of (A C B) © C s

(*) i (ab)cyy = i [i ajb.'—,}cn—t = i i ajbl—jcn-—i'

i=0 i=0 Lj=0 i=0 j=0

Exercise 6 shows that the last sum on the right is the same as

(v4) S abc.

where the sum is taken over all integers u, v, wsuch that u + v + w = n and
u=0,v = 0,w = 0. Onthe other hand. the nth coordinate of A © (B © C)is

n

(***) Z ar(bc)n—r= i a"[nir b"C""’—s] = i Er a’b‘c"_'_"

r=0 r=0 =0 r=0 s=0

Exercise 6 shows that the last sum on the right is also equal to (**). Since the
nth coordinates of (A © B) © C and A & (B ® C) are equal for each n = 0,
(AOB)OC=AO (BOC). The proof of the final statement of the
theorem is left to the reader (Exercise 3). B

In the old notation, constant polynomials behave like ordinary
numbers. In the new notation constant polynomials are of the form
(r,0,0,0, .. .), and essentially the same thing is true:

THEOREM G.2 Let P be the ring of polynomials with coefficients in the ring
R. Let R* be the set of all polynomials in P of the form (r, Og, Og, Og, . . .),
with r € R. Then R* is a subring of P and is isomorphic to B.

Proof Consider the function f: R — R* given by
f(r) = (r’ OR, OH, OR, a o )
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You can readily verify that fis bijective. Furthermore,
flr+s)=(r+s,0g,0z,0g, ...)
= (r, Og, O, Og, . . .) @ (s, Og, Og, Op) = f(r) + £(s)

and

f(rs) = (rs, Og, Og, Og, . . .)
=(T, OR’ OR’OR’ oo -)Q(S, OB, OR, OR, o o ) =f(r) @f(s)

Therefore fis an isomorphism, and hence R* is a subring. B

Now that the basic facts have been established, it’s time to recover the
“old”” notation for polynomials. First, we want polynomials in R* to look
more like ‘‘constants” (elements of R), so

(a, Og, Og, On, . . .) will be denoted by the boldface letter a.
Next, reverting to the original source of our sequence notation,
(Og, 1g, Og, Og, Og, . . .) will be denoted by x.

There is no ambiguity about what x is here — it is a specific sequence in P; it
is not an element of R or R*, and it does not ““stand for”” any element of R or
R*.

This notation makes things look a bit more familiar. For instance,
(a, Oy, O, Og, . . .) + (b, Og, Op, . . .)(Og, 1g, Og, Og, . . .) becomesa +
bx. Similarly, we would expect cx® (the “constant” ¢ times x3) to be the
sequence (Og, Oy, Og, ¢, Oy, O, . . .) withcin position 3.1 But we can’t just
assume that everything works as it did in the old notation. The required
proof is given in the next two results.

LEMMA G.3 Let P be the ring of polynomials with coefficients in the
ring R and x the polynomial (0g, Ig, O, Og, . . .). Then for each elementa =
(a, Og, Og, . . .) of R* and each integer n = 1:

(1) x"=(0g, Og, . . . ,Og, Ig, Og, . . .), where g is in position n.
(2) ax"= (0g, Og, . . . , Og,a, Og, . . .), where a is in position n.
Proof The polynomial x can be described like this:
x=(ey, €, €z, . . .), where ;= Ogforalli# 1, and e; = 15.
Statement (1) will be proved by induction on n.tt It is true forn =1
} Remember that in the polynomial (r, s, t, . . .) the element r is in position 0, sisin position 1,

t is in position 2, etc.
tt+ See Appendix C.
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by the definition of x! = x. Suppose that it is true for n = k, that is, suppose
that

xk=(dy, d,, dy, . . .), where d,= 0g for i # k, and d; = 1.
Then
Al =yxkr =(dy, dy,dy, . . ey, 1,05, . . )=(rg, 11, 7s, . ..),
where for each j = 0,

J
= de;,.

i=0
Since ¢, = 0 for i # 1 and d; = Og for i # k, we have

i =doet -+ - Hdjet die) T diyeg=die, = 131p= Ig
A ~ v \ J
0 0
and, forj#k+1,
ri=detde_+ -+ +d_,e,+d_je;+de
i 0% 17j ‘6 =272 171 %5)

=d,_je,=d,_1,=d

J Ot N
But j — 1 # k since j # k + 1. Therefore r;=d,_, = 0g for all j# k+ 1.
Hence x**! = (ry, 7y, 715, . . .) =(0g,0g, . . . ,0g, 1z, Og, . . .), with 1
in position k + 1. So (1) is true for n = k + 1 and therefore true for all n by
induction.

A similar inductive argument proves (2); see Exercise 7. i

THEOREM G.4 Let P be the ring of polynomials with coefficients in the ring
R. Then P contains an isomorphic copy R* of R and an element x such that

(1) ax = xa for every a € R*.

(2) Every element of P can be written in the form ay + a;x + agx® +
c e taut

(3) Ifag+ax+ - -+ +ax"=by+bx+ - +b,x™ withn<m,
then a; = b, for i = n and b; = Oy for i > n; in particular,

(4) ag+ ayx + agx®>+ - - - +a,x" = Oy if and only if a; = Og for every
i=0.

Proof Let x be as in Lemma G.3. The proof of (1) is left to the reader
(Exercise 5).

(2) If (ay, a;, ag, . . .) € P, then there is an index n such that a, = 0y
for all i > n. By Lemma G.3
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(ag,ay,ay, . . . ,8,,0g,0g, ...)
= (a9, 0g, Og, - . .) +(Og,a,,0g, . . .)+(0g, Og, az, Og, . . .)
+---+(0gf,...,08,a,,0&8 ...
=gyt ax+ap®+ - +aan

(3) Reversing the argument in (2) shows thata, + a;x + - - - + a,x"is
the sequence (ay, a;, ay, ..., a,, Og, Og, ...) and that hy+
bx+ ---+bx™=(by, by, by, ... ,b, Og,Og, . . .). If these two se-
quences are equal, then we must have a,= b, for i = n and 04 = b, for n <
i=m.

(4) is a special case of (3): Just let b; = 0g. B

When polynomials are written in the form ay+ ax + - - - + a,x",
addition and multiplication look like they did in high school, except for the
use of boldface print in certain symbols.

EXAMPLE In the ring of polynomials with real-number coefficients,
the distributive laws and Theorems G.2 and G.4 show that

Bx+D2x+5)=(3x+1)2x+ 3+ 1)5
=3x2x+1-2x+3x35+1-5
=3-2xx+1-2x+3-5x+1-5
=6x2+17x + 5.

In terms of elements, the distinction between boldface and regular
print is important because a is a sequence, while a is an element of R. But in
terms of algebraic structure, there is no need for distinction because R*
(consisting of all the boldface a’s) is isomorphic to R (consisting of all the
a’s). Consequently, there is no harm in identifying R with its isomorphic
copy R*and writing the elements of R = R*in ordinary print.t Then polyno-
mials look and behave like they did before. For this reason the standard
notation for the polynomial ring is R[x], which we shall use hereafter instead
of P.

We have now come full circle in terms of notation, with the added
benefits of a rigorous justification of our past work with polynomials, a

t You've been making this identification for years when, for example, you treat the constant
polynomial 4 as if it were the real number 4. The identification question can be avoided by
rewriting the definition of polynomial to say that a polynomial is either an element of R or a
sequence (a,, a,, . . .) with at least one @, # Og for i = 1 and all g, eventually zero. Then the
polynomials actually contain R as a subset. The definitions of addition and multiplication, as
well as the proofs of the theorems, then have to deal with several cases. Proceed in the obvious
(but tiring) way until you have proved Theorem G.4 again.
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generalization of these concepts to rings, and a new viewpoint on polyno-
mials. Beginning with a ring R with identity we have constructed an exten-
sion ring R[x] of R (that is, aring in which R is a subring). This extension ring
contains an element x that commutes with every element of R. The element
x is not in R and does not stand for an element of R. Every element of the
extension ring can be written in an essentially unique way in terms of
elements of R and powers of x. Because x has the property that
ao+ayx+ - -+ +a;x" = 0gif and only if every a; = Og, x is said to be tran-
scendental over R or an indeterminate over R.*

Finally, what can be said about polynomials with coefficients in a ring
R that does not have an identity? In this case, you need only find aring S with
identity that contains R as a subring. For example, the ring of even integers
has no identity but is contained in the ring Z of all integers, which does have
an identity; for the general case, see Exercise 32 in Section 3.3. Then form
the ring S[x] as above. Those polynomials whose coefficients are actually in
R form a subring of S[x]; this is the ring R[x]. Note that when R does not have
an identity, the polynomial x is not itself in R[x}.

EXERCISES

A. 1. Express each polynomial as a sequence and express each sequence
as a polynomial.

(a) (0,1,0,1,0,1,0,0,0, . . )

(b) (0,1,2,3,4,5,6,6,8,9,0,0,0, . . J)
(¢) 3x®—5xt 4+ 12x% — 3x2 4+ 7.5x — 11

(d) x—1)x®*—22+1)

2. (a) If (a;, a5, . . .)and (b,, b,, . . .) are polynomials, show that
their sum is a polynomial (that is, after some point all coordi-
nates of the sum are zero).

(b) Show that (a;,a,, . . .) © (by, by, . . .)isapolynomial. [Hint:
If a, = Og for i > k and b, = 0 for i > t, examine the ith coordi-
nate of the product for i > k + ¢.]

3. Prove these parts of Theorem G.1:
(a) addition in P is associative;
(b) both distributive laws hold in P;
(c) Pis commutative if R is.

* The latter terminology is a bit misleading since x is a well-defined element of R[x].
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4.

3.

B. 6.

C. 10.

Complete the proof of Theorem G.2 by proving that
(a) fis injective; (b) fis surjective.

Prove (1) in Theorem G.4.

(a) In the proof of Theorem G.1 (associative multiplication in P)

n i

show that ¥ > ab,_jc,_, =Y a,b,c,, where the last sum is
=0 j=0

taken over all nonnegative integers u, v, w such that u + v +

w = n. [Hint: Compare the two sums term by term; the sum of
the subscripts of a;b;_,c,,_, is n; to show that a,b,c,, is in the other
sum, let j = u and i = u + v and verify that n — i = w.]

(b) Show that i "i' abc, .-, = Y abyc, (last sum as in part (a)).

r=0 s=0

. Prove (2) in Lemma G.3. [Hint: a = (ay, a,,a,, . . .),wherea,= 04

for i> 1, and by (1) x*=(d,, d,, dy, . . .), where d,= 14 and
d, = Og for i # n; use induction on n.]

. Let R be an integral domain. Using sequence notation, prove that

the polynomial ring R[x] is also an integral domain.

. Let Rbe afield. Using sequence notation, prove that the polynomial

ring R[x] is not a field. [Hint: Is (Og, 1g, Og, Og, . . .) a unit?]

(a) Let Q[n] be the set of all real numbers of the form ro + ;7 +

ron?+ -+ - + r,n", wheren = 0andeachr, € Q} Show that Q[7]
is a subring of R. ~
(b) Assume that ro+ rm+ - - - + r,z" =0 if and only if each r, =

0. (This fact was first proved in 1882; the proof is beyond the
scope of this book.) Prove that Q[7] is isomorphic to the polyno-
mial ring Q[x].
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ANSWERS AND

SUGGESTIONS FOR
SELECTED ODD-NUMBERED
EXERCISES

For exercises that ask for proofs, there may be a sketch of the full proof (you
fill in minor details), a key part of the proof (you fill in the rest), or a comment that
should enable you to find a proof.

Section 1.1, page 5

1. (a) quotient 15; remainder 17 (¢) quotient 0; remainder 0
(e) quotient 117; remainder 12.

5. (a) quotient 6; remainder 19 (c) quotient 62,720; remainder 92
(e) quotient —14,940; remainder 335.

7. ffa=3qg+ 1,then a? = (3g + 1)2=9¢> + 6 + 1 = 3(3¢* + 2q) + 1, which is
of the form 3k + 1 with k = 3¢® + 2q. Use similar arguments when a = 3q or
a=3q+ 2.

9. By the Division Algorithm, every integer a is of the form 3qor 3qg + 1 or 3g + 2.
Compute a® in each case and proceed as in Exercise 7.

Section 1.2, page 11

1. (A)8 (c)1 ()9 (g 592.

3. a|b means b = au for some integer u. Similarly, b |c means ¢ = bv for some
integer v. Combine these two equations to show that ¢ =a - (something),
which proves that a | c.

5. a|bmeans b = au for some integer u, and b | a means a = bv for some integer v.
Combine the equations to show that a = auv, which implies that 1 = uv. Since u
and v are integers, what are the only possibilities?

11. (a) 1 or 2.

13. If d |k and d | a, then k = du and a = dv, so that du =k = abc + 1 = dvbc + 1.
Use the first and last terms of the equations to show that d| 1.

15. Many possible answers, including (a) 8 =56 - 4 + 72(—3)
(€)1=143 - 1943 + 227(—1224)  (e) 592 = 4144 - 2+ T696(—1).
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Answers and Suggestions for Selected Odd-Numbered Exercises

17.
19.

23.

29.

33.

¢ = au for some u € Z (why?). Since b | ¢, we have b | au. Use Theorem 1.5.
Suppose d |a and d | b, so that a = du and b = dv. Since a| (b + ¢), b + ¢ = aw.
Hence ¢ = aw — b = adu — dv = d(au — v), so that d |c¢. Since (b,c) = 1, what
can you conclude about d and (a,b)?

Every common divisor of @ and (b,c) is also a common divisor of (a,b) and c.
[Proof: If d | (b,c), then d | b and d | ¢ by the definition of (b,c). If d | a also, then d
is a common divisor of ¢ and b, and hence d | (a,b) by Corollary 1.4.] A similar
argument shows that the common divisors of (a,b) and ¢ are also common
divisors of @ and (b,¢).

d = cu+ av for some u, v (why?). Hence db = cbu + abv. Use the fact that
ab = cw for some w (why?) to show that ¢ | db.

First show that every integer n is the sum of a multiple of 9 and the sum of its
digits. [Example: 7842=7 - 1000+ 8 - 100+ 4 - 10 + 2 = 7(999 + 1)
F899+1)+4(9+1)+2=(7-999+8-99+4-9) + (T+8+4+2)
=9(7 - 111+ 8 -11 + 4) + (7 + 8 + 4 + 2)]. Let r be the remainder when the
sum of the digits of n is divided by 9. Show that n = 9k + r for some k. Hence n is
divisible by 9 if and only if r = 0, that is, if and only if 9 divides the sum of the
digits.

Section 1.3, page 16

1.
3.

13.

15.

17.

(1)5040=24-32-5-7 (c) 45,670=2 - 5 - 4567

(<) Suppose p has the given property and let d be a divisor of p, say p = dt. By
the property,d = %1 ort = = 1 (and hence d = £ p). Thus the only divisors of p
are =1 and £p, and p is prime.

.(a)3,32,3% .. .,3,3-5 32-5 3.5 ..., 3-5 35, 3252

33-.52 ... ,3-5%43-5% ...,3-5,32-5,3%-5,...,3 5.

. Every prime divisor of a? is also a divisor of a by Theorem 1.8, and similarly for

b2.

If ¢ has prime decomposition p;p, * * * px, thenab = ¢ =p,p,pap, - - - PP
Now p, must divide a or b by Theorem 1.8, say a. Since (a,b) = 1, p, cannot
divide b. Hence (p;)?|a. By relabeling and reindexing if necessary, show
that a=ppipepe - - pp;=(Pip2 * - py)? and b=ppu1 - Pk =
(pj+lpj+2 Cop)

Every prime that divides a® must also divide a by Corollary 1.9, and similarly for
b.

Ifp=6k+ 1, thenp2+ 2= (6k+ 1)2 + 2 = 36k2 + 12k + 3 =

3(12k? + 4k + 1). The other cases are handled similarly.

Section 1.4, page 21

1.
5.

All of them.
Every three-digit integer is less than 1000, and v1000 =~ 31.62. Use Theorem
1.13.
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7.

13.

Verify that x" — 1= (x — 1)(x" ' + a2+ - - - +x2+x+ 1). Conclude that
y™ — 1= (y™" — 1 hasy™ — 1 asafactor. Apply this fact withy = 2andp = mn
to show that 2» — 1 is composite whenever p is.

Exercise 6 in Appendix E shows that (:) is an integer. (’;) =p,andfork > 1,

the denominator of (: is the product of integers that are each strictly less

than p.

Section 2.1, page 27

1.

13.

15.

21.

23.

23.

(=) By the Division Algorithm, a = gn + rand b = pn + swith the remainders r
and s satisfying 0 <r<n and 0 =<=s<n. If a=b (mod n), then a—b=kn
(why?), and hence kn=(gn+r)— (pn+s), which implies that r—s=
(k— g + p)n, that is, n|(r —s). Since r and s are strictly less than n, this is
impossible unless r — s = 0. To prove the converse, assume r = s and show that
n|(a—Db).

3

. By Corollary 2.5, a=0o0ra=1or a=2 or a= 3 (mod 4). Hence a2 is con-

gruent to 0% or 1% or 22 or 32 (mod 4) by Theorem 2.2.

. (a) (n — a)2=n? — 2na + a® Hence (n — a)? — a? is divisible by n.
. (a) Every integer that is congruent to 4 (mod 5). (c) Every integer that is

congruent to 4 or 9 or 14 (mod 15).

(a)If a=b (mod 2n), then b=a + 2nk for some k (why?). Hence b*=
(a + 2nk)? = a® + 4nka + 4n?k?, so that b? — a® = 4n(ka + nk?).

Let ¢ and d be any integers. By Corollary 2.5, each is congruent (mod 4) to
exactly one of 0, 1, 2, 3. If ¢ = 2 and d = 3, then by Theorem 2.2, ¢2 + d? =
22+ 32=1 (mod 4). Since a = 3 (mod 4), we cannot have a = ¢ + d? in this
case. The other cases are handled similarly.

a — b = nk for some k (why?). Show that any common divisor of a and n also
divides b, and that any common divisor of b and n also divides a. What does this
say about (a,n) and (b,n)?

(a) Apply the factorization of x” — 1 in the answer to Exercise 7 of Section 1.4
when x = 10.

Note that 10 = —1 (mod 11) and use Theorem 2.2.

Section 2.2, page 34

1.

(@+ | 0 1 S0 1

0 0 1 0 0 0
1 1 0 1 0 1
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(c) + 0 1 2 3 4 5 6
0 0 1 2 3 4 5 6
1 1 2 3 4 5 6 0
2 2 3 4 5 6 0 1
3 3 4 5 6 0 1 2
4 4 5 6 0 1 2 3
5 5 6 0 1 2 3 4
6 6 0 1 2 3 4 5
0 1 2 3 4 5 6
0 0 0 0 0 0 0 0
1 0 1 2 3 4 5 6
2 0 2 4 6 1 3 5
3 0 3 6 2 5 1 4
4 0 4 1 5 2 6 3
5 0 5 3 1 6 4 2
6 0 6 5 4 3 2 1
3. (a)a=30ra=>5.
5.(@)x=0o0rlor2or3or4orb5.
(c)x=0o0r1lor2or3ord4.
9. (a) a® + b" (c) a2 + b2,

Section 2.3, page 37

1. (a)a=1,2,3,4,5, or 6. (c)a=1,2,4,5,7, or8.

3. ab=101inZ,means p |ab in Z. Apply Theorem 1.8 and translate the result into
YA

5. a';é 0in Z, means that a # 0 (mod p) in Z, that s, p | a. Hence (p,a) = 1 (why?).

By Corollary 2.9, ax = 1 (mod p) has a solution. Use it to obtain a solution for
ax = b (mod p).

Section 3.1, page 48

1. (a) Closure for addition.

7. (a) Subring without identity (every product is the zero matrix). (c) Subring
without identity. (e) Commutative subring with identity.
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15. (a) +

17. To prove that E is closed under #, you must verify that when a and b are even

= (ab/2) x c =
. Express a * (b * ¢) in terms of multiplication in Z and verify that the

integers, so is @ * b= ab/2. To prove that * is associative, verify that

{(a * b) x c=a = (b * c) as follows. By definition, (a * b) * ¢

{ab/2)c
2

two expressions are equal. Commutativity of * is proved similarly. To prove the

distributive law, you must verify that a * (b + c) =a * b+ a * ¢, that is, that

a(b + ¢)/2 = ab/2 + ac/2. If there is a multiplicative identity e, then it must
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21.
31.

33.

satisfy e * a = a for every a € E, which is equivalent to ea/2 = ¢ inZ. Butea/2 =
a implies that e = 2.

The multiplicative identity is 6.

(b) Since H is contained in the ring M(C), its addition is commutative and asso-
ciative, its multiplication is associative, and the distributive law holds. So you
need only verify that H is closed under addition and multiplication, that the
zero and identity matrices are in H, and that the negative of every matrix in H is
also in H.

Consider R=1Z,, S = Z, and examine the table in the answer to Exercise 15(a)
above.

Section 3.2, page 58

1.
3.
9. If ub = 0g and u is a unit with inverse v, multiply both sides by v. What is the
11.

15.
17.

21.

25.

27.

(a) a® — ab + ba — b2
If ¢ is a nonzero idempotent, apply Theorem 3.7 to the equation e2 =¢ - 1.

definition of a zero divisor?

Units: (1,e), (1,b), (5,¢), (3,b); zero divisors: (0,¢), (2,0), (2,¢), (3,0), (3,¢), (4,0),
(4,¢).

ab = ac is equivalent to a(b — ¢) = 0.

(=) If Sis closed under subtraction and a € S, thena — a € S, so 04 € S. Hence for
any b € S, 05 — b € S. Use this to show that S is closed under addition, that is, that
a, b e Simplies thata + b € S.

(a) (a+ a)2=a+ a because x2 = x for every x. But (a +a)2=(a+a)(a+a) =
a+atat+a®=a+a+ta+ta

(a) In view of Exercise 9, you need only show that every nonunit in Z,, is a zero
divisor. If a is not a unit in Z, then (a,n) = d > 1 in Z by Corollary 2.9. Hence
n/d is an integer. Is it nonzero in Z,? What is its product with a in Z,?
Example: Y R=1Z,, and a= 5, then S={reZ,,|5r=0}={0, 2, 4, 6, 8}. In
particular, the element a need not be in S— only the elements that ““annihilate”
a under multiplication are in S. To show that § is closed under addition and
multiplication, you must verify that ra = 0z and sa = Oy imply that (r + s)a = 0y
and (rs)a = Og.

Section 3.3, page 69

1.
3.

7.

The tables for Z, X Z, are in the answer to Exercise 15(a) of Section 3.1.

If f(a) = f(b), then (a,a) = (b,b), and hence a = b by the equality rules for or-
dered pairs. Therefore f is injective. fla+b)=(a+b, a+b)=(a,a)+
(b,b) = f(a) + f(b). Complete the proof by showing that f(ab) = f(a)f(b) and
that fis surjective.

Use this fact to prove that fis injective: If a — bV2 =c¢—dV2 (witha, b,c,de
Q), then b=d, which implies that a=c. [Proof If b+d, then V2=
(c — a)/(d — b), contradicting the fact that V2 is an irrational real number.]
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9.

13.
17.

23.

25.

27.

Iff(a) = f(b), then [a] = [b] in Z,,, which implies that a = b (mod n) in Z. But this
can happen even when a # b, so fis not injective and hence not an isomorphism.
Use the same argument as in the answer to Exercise 7, with V2 replaced by i.
The multiplicative identity in Z* is 0. If there is an isomorphism f:Z — Z*,
Theorem 3.10 shows that f must satisfy f(1) =0. Hence f(2)=f(1+1)=
fMEef1)=0®0=0+0—1=—1. Similarly, f3)=f1+2)=F1)®
f2)=0®(—1)=0+(—1) — 1 =—2. What is f(4)? f(5)? f(—1)? Find a for-
mula for f. Then use this formula to show that fis injective, surjective, and a
homomorphism.

(a) Because f and g are homomorphisms, (f° g)(a+ b} =f(gla + b)) =
flgla) + g(b)) = flg(a)) + f(gb)) = (f° g)a) + (f° g)(b). A similar argument
shows that (fo g)(ab) = (f° g)a) - (f° g)(b). (b) You must show two
things: (1) if fand g are injective, sois f © g; and (2) if fand g are surjective, so s
fo g To prove (1), assume (f° g)(a) = (f° g)(b), that is, f(g(a)) = f(g®)).
Then use the injectivity of f and g to show a = b.

(a) Show that f(1g)s = s = sf(1) for every s € S. [Hint: Since f is surjective, what
can be said about each s € S?]

(a) Z has an identity and E doesn’t. (¢) The rings have different numbers of
elements, and so no injective function is possible from Z,XZ,, to
Zg. {e) The equation x + x = x has a nonzero solution in Z X Z, (what is it?)
but not in Z.

Section 4.1, page 81

o

. (a) 3xt+ a3+ 22+ 2 (¢)x5—1.
layxd %t at a1 a1 a1 a3 a2+

x+ 1.

. (a) g(x) = 322 — 5x + 8; r(x) = —4x — 6.

(c) g(x) =23+ 3x2+ 2x + 3; r(x) = 4.

. Yes (read the definition of zero divisor and remember that R is a subset of Rx]).
. If0#beR,then b € R[x] and 15 = bg(x) + r(x). Use the fact that deg b =0 to

show that 7(x) = 0 and g(x) € R. Hence every nonzero element of R has an
inverse.

Section 4.2, page 86

1
5.
7

15.

. If 0z # c € F, then ¢ has an inverse; hence f(x) = c(c"}f(x)).

(a)x—1 (c)x2—1 (e)x—i.

. Since f(x) divides every first-degree polynomial, it must have degree 1 or 0. If

f(x) = cx + d with ¢ # O, then f(x) = c(x + dc™1), and hence x + dc™! also di-
vides every nonconstant polynomial. Use Exercise 3 to reach a contradiction.
Conclude that deg f(x) = 0.

Every divisor of h(x) is also a divisor of f(x).
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Section 4.3, page 91

1. (a)x®+2x2+4x+ 3 (c) x® —ix +i.
3. (a)x2+x+1; 222+ 2x+ 2; 322+ 3x + 3; 422 + 4x + 4.
7. (=) Suppose f(x) is irreducible and g(x) = ¢f(x), with 0z # ceF. If g(x) =

r(x)s(x), then f(x) = (c"'r(x))s(x), and hence either c~!r(x) or s(x) is a nonzero
constant by Theorem 4.8. If ¢~ 1r(x) is a constant, show that r(x) is also a constant.
Hence g(x) is irreducible by Theorem 4.8.
9. (ax2+ax+1 ()x2+1; x2+x+2; x2+2x+2; 2x24+2; 2x2+x+1;

222+ 2x + 1.

11. If it were reducible, it would have a monic factor of degree 1 (why?), that is, a
factor of the form x + a with a € Z,. Verify that none of the seven possibilities is
a factor.

13. (x — 3)(x — 4)3.

21. (a) If f(x) e Z, is a monic reducible quadratic, then it must factor as f(x) =
(cx + d)(c™'x + e) for some ¢, d, e € Z,, (why?).
Hence f(x) = c(x + dc )¢ Yx + ec) = (x + a){x + b) witha=dc™! and b = ec.
When counting the possible pairs of factors, remember that, for example,
(x + 2)(x + 3) is the same factorization as (x + 3)(x + 2). Also consider factori-
zations such as (x + 2)(x + 2).

23. (a) Proceed as in the answer to Exercise 11, with Z in place of Z,.

Section 4.4, page 96

1. (a) Many correct answers, including f(x) = x2 + .
3. (a) No; f(—2) #0. (c) Yes.
9. InZ;[x}: x>+ 1; 22+ x4+ 2; 22+ 2x + 2.
13. (a) If f(x) = cg(x) with ¢ # 0y, then g(x) = c"'f(x). Hence g(u) = 0y implies

f(u) = 0z and vice versa.

15. If x® + 1 is reducible, then x* + 1 = (x + a)(x + b) for some a, b € Z,, (see the
answer to Exercise 21 (a) of Section 4.3). Expand the right side.

19. (a)If fl(x) = (x —a)*g(x) with g(a)#0, then f(x)=k(x—a)'g(x)+
(x — a)*g’(x). If a is a multiple root of f(x), thenk = 2and k — 1 = 1. If gis aroot
of both f(x) and f’(x), show that k = 2.

Section 4.5, page 105

1. (a) (= D(x+ D{x— 2)(x2+ 1) (¢) xx(x + 2)(x — 1)(3x — 1)
(e) (x + 3)(2x + 1)(x2 + 1).

3. Use the Rational Root Test.

5. (a) Let p= 2. (c) Letp=2o0rp=23.
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7. (a) Let p =5 and use Corollary 4.14.
11. Factor 91; apply Eisenstein’s Criterion and Corollary 4.14.
17. A polynomial of degree k has k + 1 coefficients. There are n choices for each
coefficient except the coefficient g, of x*. How many choices are there for a;?

Section 4.6, page 110

1 (a)1—2;142;;3,-2  ()3+2;3—2;—1+i—1—4i
3. @) x*—2in Qx]; =z + V2)(x + V2)(x — V2) in R[x};
(x — ¥2i)(x + V2i)(x + ¥2)(x — V2) in Cla].
(¢) (x — 1)(x*—5) in Qx]; (x — 1)(x + V5)(x — V5) in R[x] and C[x].
5. Nonreal roots of f(x) occur in pairs by Lemma 4.24.

Section 5.1, page 115

. See the answer to Exercise 1 of Section 2.1 with f(x) and g(x) in place of g and b.

. By hypothesis, p(x) | k(x)(f(x) — g(x)): use Theorem 4.6.

. There are eight congruence classes.

. Show that if a# b, then x + a # x + b (mod x2 — 2). Hence the equivalence
classes of x + a and x + b are distinct.

[ =

Section 5.2, page 120

1.
+ [0] [1] {x] lx + 1] [x?] [x2+1] [x2® + x} [x24+x+1]
[0] [0] {1 [x] [r+1] [«*] [x* +1] [x* + 2] [x2+x+1]
1] (1} [0] fx+1] [x] [x2+1] [x%] x24+x+1] [x2+4a]
[x] [x] [x+1] [0] ] [x2 + 2] [x2+x+1] [x¥ [x2+1]
fx+1] [x+1] [x] [1} [0] [2+x+1] [x2+2a] [x2+1] [x?]
[x¥] [x2] [x2+1] [x2 + %] [x2+x+1] [0] 1] [x] [x+1]
[x2+ 1] [x2+1] [x?] [x24+x+1] [x®+2a [1} [0] [x+1] [x]
[x2 + «] [x2 + 1] [2+x+1] [+F (x*+1] [x] Ix+1] [0] (1]
[e2+x+ 1] [x2+x+1] [x2+4] [x2+1} [x%] [x+1] [x] 1] [0]
. [o] [1] [x} x+1] [x%] [x2+ 1] [x2 + 2] [x2+x+ 1]
[0] [o] fo] (0] [0} [0} [0] (o] [0]
[1} [o] [1] [x] [x+1} [x%] [x2+1] [x2 + 1] [x2+2x+ 1]
[x] [0] [} [x2] [x2 + «] x+1] [1] [x2+x+1] [x2+1]
[x+1] [0] [x+1] [x2+ 2] [x2+1] [x2+x+1} [29 1] [x]
[x?] [0] [x%] [x+1] [2+x+1] [x2+13] [#] [x2 + 1] 1]
[x2+ 1] [0] [x2+1] 1] [x¥] [x] [x2+x+1] [x+1] (x2+ 1]
[x2 +x] [0] [x*+x] [x2+x+1] [1] [x2+1] [x+1] [x] [x2]
[2+x+1]1[0] [x2+x+1] [x2+1] [x] [1] [x? +x] [x¥ [x+1]
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7.

11.

Foe W el
(0] (0] (1] [«] [x+1]
[1] [1] (0] [x+1]  [4]

[x] [«] [x+1] [0] (1]
x+1] | [x+1]  [4] (1] [0]

U R e
[0] [0] (0] [0] [0]
(1] (0] [1] [«] [x + 1]
[«] [0] [x] (1] [x+1]
[x + 1] [0] [x + 1] [x+1] [0]
la+ bx] +[c+dx]=[(a+c)+ (b+d)l;

[a + bx][c + dx] = [(ac + 3bd) + (ad + bc)x].
Consider the product of [x] with itself.

Section 5.3, page 125

1.

3.

7.

By Corollary 5.5, the distinct elements of F[x]/(x — a) are the classes of the form
[c] with ¢ € F. Use this to show that F[x]/(x — a) is isomorphic to F.

r s
(a) Verify that the multiplicative inverse of r + s V3 is - V3, where t = r2 —

3s2.

By Corollary 5.11, there is an extension field K of F that contains aroot c, of f(x).
Hence f(x) = (x — ¢,)g(x) in K[x]. Use Corollary 5.11 again to find an extension
field L of K that contains a root ¢, of g(x). Continue.

Section 6.1, page 132

1.

11.
13.
21.

25.

<@ (0)={0}and (1)=(2)=3)=(4)=Zs  (c) (0)={0}; (1) =(3) =(7)

I is nonempty since 0y = Ogc € . If rc, sce I, with r, s€ R, then r¢ —sc=
(r—s)cel For any t€R, (rc)t =t{rc) = (tr)c € I. Therefore I is an ideal by
Theorem 6.1.

. To see that K is not an ideal, consider what happens when you multiply a

constant polynomial by a polynomial of positive degree.

(11)=1Z,,; (2)=(6)=(10)={0, 2, 4,6, 8,10}; (4)=(8)={0, 4, 8}; (3)
(9) =0, 3, 6, 9}.

(a)IfreRand lzel,thenr=1r - 1€l Hence RCIand thus R=1

Use Exercise 11 and the remarks on page 56.

An element of (m) N (n) is divisible by both m and n; hence it is in (mn) by
Exercise 17 of Section 1.2.

(=) If (a) = (b) = (0g), show that a = 04 = b and hence a = bu with u = 15. If
(a) = (b) # (0g), then both g and b are nonzero and a = a - 15 € (a). Therefore
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29.

33.

37.

a € (b), so that @ = bu for some u € R. Similarly, b = av for some v € R. Hence
a = bu = avu, which implies that uo = 13 (Theorem 3.7), so that u is a unit.
Use Theorem 6.1. K is nonempty because f(03z) = 05 by Theorem 3.10, and
hence 0, € K. If a, b € K, then f(a) = 05 and f(b) = O by the definition of K. To
show that a — b € K, you must prove that f(a — b) = 0,.If r € R, you must prove
that f(ra) = Og in order to show that ra € K.

If I + (3), show that I contains an element b such that (3,b) = 1. Use Theorem
1.3 to show that 1 € I and hence, by Exercise 11 (a), [ = Z.

(b) If f(x) € Z[x] has constant term c, then x divides f(x) — ¢, so that f(x) = ¢ (mod
J) by part (a). Hence f(x) + J=c¢ + ] by Theorem 6.4. If b, ¢ are distinct in-
tegers, then b — ¢ cannot be divisible by x (why?). Hence b —c ¢ Jand b ¥ ¢
(mod J). Therefore b + ] # ¢ + J by Theorem 6.4.

Section 6.2, page 141

3.

19.

27.

By Exercise 13 in Section 6.1, the kernel of fis either (0y) or F. Explain why
it cannot be F. Hence fis injective by Theorem 6.9 and therefore an isomor-
phism.

. Consider the case when R = Z and I is the principal ideal (r). ThenZ/I is justZ,.

Is Z,, always an integral domain?

. Apply the First Isomorphism Theorem to the identity map from R to R.
. g(x) is in the kernel of ¢ if and only if g(1) = 0. But g(1) = 0 if and only if x — 1

divides g(x) by the Factor Theorem 4.12.

By the First Isomorphism Theorem, every homomorphic image of Z is isomor-
phic to aring of the form Z/K, for some ideal K of Z. Every ideal K is principal by
Exercise 41 of Section 6.1, say K = (n). Hence cosets modulo K are the same as
congruence classes modulo nand Z/K is Z (if n = 0), 0(if n = 1), or Z,, (if n > 1).
If r+J is a nilpotent element of R/], then for some n, we have Og+ =
(r+J)»=r"+]. Hence r" € J (why?), which means that +" is nilpotent in R.
Hence (r*)™ = 0 for some m. But this says r € J, and hence r + Jis the zero coset
0g +]J.

Section 6.3, page 147

1.

By the definition of composite, n = cd with 1 <j¢|<|n|and 1 <|d| <|n|. Hence
¢ and d cannot be multiples of n. Thus cd = n € (n), but c ¢ (n) and d ¢ (n).
Therefore (n) is not a prime ideal.

. (a) Use Theorem 2.8 to show that p is prime if and only if Z,, is a field. But

Z,=17/(p); apply Theorem 6.13.

. The maximal ideals in Z; are {0, 3} and {0, 2, 4}.
. If R is a field, use Exercise 13 of Section 6.1. If (0g) is a maximal ideal, use

Theorem 6.13 and Exercise 9 of Section 6.2.

. If p=cd, then cd € (p). Since (p) is prime, either c € (p) or d € (p), say c € (p).
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15.
17.

19.

Hence ¢ = po for some v € R. Use this and the fact that p = cd to show that d
is a unit.

(b) M is not prime because, for example, 3 - 7=0€eM,but 3¢ Mand 7 ¢ M.

I is an ideal by Exercise 24 of Section 6.2. Use the fact that ] # S (why?) and
surjectivity to show that I # R. If rs € I, then f(rs) € J. Hence f(r)f(s) € ] (why?),
so that f(r) € ] or f(s) € ] by primality. Therefore r € I or s € I, and hence I is
prime.

(=) Suppose R has a unique maximal ideal M. Then M # R by definition, and so
M is contained in the set of nonunits by Exercise 11 of Section 6.1. If c is a
nonunit, then the ideal (¢) # R (why?). So (c) is contained in a maximal ideal by
hypothesis. But M is the only maximal ideal. So ¢ € (¢) C M. Since every nonunit
is in M, the set of nonunits is the ideal M.

Section 7.1, page 160

1.

1 2 3y*'_(1 2 3 1 2 3y'_(1 2 3
(2 3 1) _<3 1 2)and<3 1 2) f(z 3 1).Eachoftheother

permutations is its own inverse.

3.(a) 18 (c)24 (e)6.

5. ° o r Ty s t u
To 1o r ry s t

r r Ty Ty t u s

Ty Ty T r u s t

s u t ro Ty r

t t s u r To )

u u t s ry o To

11. (a) S3 X Z, is nonabelian of order 12 and D, X Z, is nonabelian of order 16.

15.

17.
25.
29.

(a) G is a group. Closure: If a, b € Q, then a * b = a + b + 3 € Q. Associativity:
(asb)yxc=(a+b+3)xc=(a+b+3)+c+3=a+b+c+6=a+
(b+c+3)+3=ax(b+c+3)=ax(b=*c). Verify that —3 is the identity
element and that the inverse of a is —6 —a because a* (—6 —a)=a+
(=6 —a) +3=—3, and similarly (—6 —a) * a = —3. (¢) G is a group with
identity 0. The inverse of a is —a/(1 + a).

No; there is no identity e satisfying both a * ¢ = a and e * a = a for every a.

If ab = ac, then b = eb = (a~'a)b = a~'(ab) = a~(ac) = (@ 'a)c = ec = c.

Let a, b, c be distinct elements of T. Let 0 € A(T) be given by o(a) = b, o(b) = a,
and a(t) = t for every other element of T. Let 7 € A(T) be given by t(a) = b,
(b)=c¢, t(c)=a, and 1(t) =t for every other element of T. Verify that
(o°t)@)=aand (t°0)a)=c, hencesg°1#1°0.
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Section 7.2, page 167

[—

11.
13.

15.

21.

23.

27.

29.

31.

.e=clc=cl?=(c"lc)c=ec=rc.

. If f(a) = f(b), then a=! = b~!. Hence (a~!)~! = (b~!)"!. Therefore by Corollary

7.3,a=(a!)"! = (b7!)"! = b. Thus fis injective. Corollary 7.3 can also be used
to prove the fis surjective.

. The table on page 158 shows that six elements of the group D, satisfy the

equation x2=¢.

(a) Uy has order 4; U,, has order 8.

If G is a finite group and a € G, then the elements a, a?, @, . . . cannot all be
distinct. Hence @' = g/ for some i > j. Corollary 7.6 shows that a has finite
order.

(a) x = @b is a solution of ax = b because a(a™'h) = (aa " )b=eb=b. If c is
also a solution, then ac = b = a(a'b). Hence ¢ = a~'b by Theorem 7.2 (2).
If a, b € G, then by hypothesis, aa = e, bb = ¢, and abab = e. Left multiply both
sides of the last equation by ba and simplify.

Let x = a~'cb~! and show that axb = c. To prove uniqueness, assume ayb = ¢
and show that y = a1cb™!.

12 3 12 3y o
(b) In S,, leta—(2 . 3) andb—(1 . 2). Verify that ja|= 2, |b|= 2,

ab= (1 2 3), and (ab)* = ab.
2 31

Let |a| = m and |b|=n, with (m,n) = 1. If (ab)* = ¢ and ab = ba, then g*b* =
(ab)k = e, so that a* = b~* Hence ¢* = (b~%)" = (b")"* = ¢. Therefore m | kn by
Theorem 7.5, and hence m |k by Theorem 1.5. Similarly, n|k. So mn|k by
Exercise 17 of Section 1.2

ab = b*a = aba™! = b* = (aba™')? = (b*)® = (aba ')(aba ')(aba™') = b2 =
ab*a ! =e¢ (because b®=¢)=ab®=a=b®=e¢e. Therefore ab=bta=

b3ba = eba = ba.

Section 7.3, page 175

11.
15.

. Since ey is the identity in H, eyey = ey. Apply Exercise 1 of Section 7.2 with

c=ey

.{(a)Ifa,be HNK,thena,be Handa, b € K. Since H is a subgroup, ab € H and

a ' e H. Similarly, abe K and a ! € K. Hence abe HNK and a~'e HNK.
Therefore H N K is a subgroup by Theorem 7.7

(1) =Ui5; (2) =(8) ={1, 2, 4, 8}; (4) ={1, 45, (7) =(13) = {1, 4, 7, 13};
(11y ={(1, 11); (14) ={1, 14}.
1=242=2,4=227=13%8=2%11=2-13;13=131;,14=2%-13.
(a) Using additive notation, we see that the group is cyclic with generator (1,1):
1(1,1) = (1,1); 2(1,1) =(0,2); 3(1,1) = (1,0); 4(1,1) =(0,1); 5(1,1) = (1,2);
6(1,1) = (0,0). ‘
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17.

19.

23.

27.

31.

33.

37.
41.

45.

Since H is nonempty, there is some ¢ € H. By hypothesis,e =cc™' e H. If d e H
then since e € H, we have d~! = ed~! € H. Use this and the fact that d = (d7!)™!
to show that ¢, d € H implies ¢d € H. Apply Theorem 7.7.

Use Theorem 7.7. If a, b € Z(G), you must show that ab € Z(G) and a™! € Z(G),
that is, that abg = gab and ga=! = a~!g for every g€ G.

(=) If a is in the center of G, then ag = ga for every g € G. Hence C(a) =
{geGlag=ga}=C.

If xlax and x'bxex'Hx with a, beH, then abecH, and hence
(x~'ax)(x"'bx) = x~Y(ab)x € x"'Hx. Show that (x7'ax)!=ax"'a"'x € x"'Hx.
Apply Theorem 7.7

If a, b € H, then since G is abelian, a"b* = (ab)* € H. Also (a")" 1 =a"=
(a ') € H. Apply Theorem 7.7

The subgroups of Z,, are {0}, {0, 6}, {0, 3, 6, 9}, {0, 4, 8},{0, 2, 4, 6, 8, 10}, and
Z,,.

See Exercise 29 of Section 7.2.

If (m,n) =d > 1, then m = dr, n=ds, and drs <mn. If (a,b) € Z, X Z,, then
drs(ab) = (drsa,drsb) = (sma,rnb) = (0,0). Therefore the order of (a,b) is a di-
visor of drs (by Theorem 7.5 in additive notation) and hence strictly less than
mn. So (a,b) does not generate Z,, X Z,, (a group of order mn) by Theorem 7.10.
(a) Show that U;g = {1. 5, 7, 11, 13, 17} is generated by 5.

Section 7.4, page 183

1.

5.
9.

13.

19.

23.

27.

(a) Homomorphism: f(x+y)=3(x+y)=3x+ 3y =f(x) + f(y). Surjective:
if teR, then f(#/3) = 3(t/3) = t. Injective: if f(x) = fly), then 3x = 3y, and

hence x =y.

1 O 1 1 0 1 01 1 1 1 0 . .
.(a)(o 1>, (O 1),(1 0>,<1 1),(1 0>,(1 1) (b) It is easier to

compare tables if the corresponding elements are listed in the same order for
each group. To determine a correspondence, remember that under an isomor-
phism, corresponding elements must have the same order.

Show that both groups are cyclic of order 4 and use Theorem 7.13.

f(a®) = flec) = ey = f(a)°. For positive integers, use induction: f(a') = f(a) =
fla)'. If f(a*) = fla)’, then f(a**') = f(a*a') = f(a") f(a) = f(a)*f(a) = fla)**".
Hence f{a") = f(a)" for all n = 0. What about negative n?

(=) If G is abelian, then f is a homomorphism because f(ab)= (ab)~! =
b™'a ! = a7 b~ ! = f(a) f(b). In this case, f is an isomorphism by Exercise 5 of
Section 7.2.

If a" = e, then by Exercise 9 and Theorem 7.14, f(a)" = f(a") = flec) = eq.
Similarly, if f(@)" = ey then f(a") = f(a)" = ey = f(eg). Hence a" = ¢ since fis
injective. So a* = e if and only if f(a@)" = ey,

If f, g€ Inn G, then f(a) = ¢ *ac and g(a) = d~'ad for some ¢, d. Show that
(f ° g){a) = (dc)"a(dc) and hence f ° g € Inn G. Show that the inverse function
h of fis given h(a) = cac™* = (¢"})"lac™! € Inn G. Use Theorem 7.7.

(a) Verify that every nonidentity element of Ug has order 2 but that this is not
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33.

39.

true for Uy, Hence there is no isomorphism f by Exercise 19. (c) Yes.
Prove it by comparing operation tables.

(a) If 6,(x) = 6,(y), then xc™! = yc~!. Hence x = y by Theorem 7.2. Therefore 6,
isinjective. If x € G, then xc € G and §,(xc) = (xc)c™! = x. Hence 6, is surjective.
(a) Show that h and v both induce the same inner automorphism (that is,
h~'ah = v'av for every a € D,). Do the same for r, and ry, for r, and r5, and for
d and t. Then show that the inner automorphisms induced by h, r,, r,, and d are
all distinct (that is, no two of them have the same action on every element of D).

Section 7.5, page 192

1.

b

11.

17.

19.

27.

33.
35.

(=)IfKa=K,thena=eae Ka=K.SoaeK.

1 ¢ a b
h
(b)If(O 1)eNand (0 d)eG,t en

(o) G DG )-(0 76 6 2

(e T e

. G*=G X (e) is a subgroup by Exercise 5 of Section 7.3. It is normal by

Theorem 7.21 since for any (c,d) € G X H and (a,e) € G*, (c,d) (a,e)(c,d) =
(cLd Y (a,e)(c,d) = (c"ac,d led) = (¢ 'ac,e) € G*.

If c € G, let fbe the inner automorphism given by f(x) = ¢~xc (see page 180).
Since N is characteristic, f(N) C N, that is ¢ INc C N. Hence N is normal by
Theorem 7.21.

Use Exercise 3 of Section 7.3 to show that NN K is a subgroup of K. If g € K and
ne NN K, theng € G, n € N, and hence g~'ng € Nby the normality of Nin G. But
n € NN K implies that n € K, and hence g~'ng € K by closure in K. Therefore
g 'nge NN K, so that g'(NN K)g C NN K. Hence NN K is normal in K by
Theorem 7.21.

If neN and k € K, use normality to show that k~1(n"kn) = (k"'n"k)n is in
KNN=(e).

Let N=(a). Then H= (a*) for some k by Theorem 7.11. If ge G, then
g 'ag € N by normality; hence g~'ag = a* for some t. Consequently, for any
a¥eH, g la"g = (g 'ag)¥ = (a) = (a)" e H.

Nisasubgroup by Exercises 3 and 27 of Section 7.3. Show that Nis normal in G.
By hypothesis, the cyclic group (a) is normal. Hence b™'ab € (a), that is,
b~lab = a* for some k.

Section 7.6, page 198

3.

Show that Z,4/M is cyclic with generator 1 + M; then show that 1 + M has order
6 in Z,s/M.
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3.
9.
13.
15.

G/N=1Z,.

Since ab = ba in G, NaNb = Nab = Nba = NbNa in G/N.
R*/R**=1Z,.

(a)Ifm,neZ, thennim/n+Z)=m+Z=0+7Zin Q/Z.

Section 7.7, page 204

1.

— =1 Ut

(a) Homomorphism: f(x +y) = 3(x + y) = 3x + 3y = f(x) + fly). Kernel f=
{0, 4, 8}. (c) Kernel g = {0, 2, 4, 6}. (e) Homomorphism: h([x],s + [y1s)
= h(lx + ylig) = [2(x + )]s = [2x + 2y], = [2x]5 + [2y]s = h([x],s) + h([y]is)-

. (a) <O>’ Z2’ ZS) Zé’ ZG> Z12'

. Kernel fis a normal subgroup of G, so what can it be?

. The kernel is the subgroup of all multiples of x — 3 in Z[x].

. Show that the map fR*— R** given by f(r) = |r|is a surjective homomorphism.

What is its kernel?

. Since H= G/K by the First Isomorphism Theorem, it suffices to construct a

bijection from the set S of all subgroups of G that contain K and the set T of all
subgroups of G/K. If Bis a subgroup of G that contains K, then B/K is a subgroup
of G/K, so define §: S — Tby 8(B) = B/K. Then fis surjective by Theorem 7.31.
Show that 8 is injective.

Section 7.8, page 215

-~ UL

13.
17.
19.
23.

27.

31.

. (a)4 (b) 1 (c) 6.

.(a)1,2,3,4,6,8,12, 27 () 1,2, 4,5, 8,10, 16, 20, 40, 80.

. 27,720.

. HN K is a subgroup of H and of K, and so its order must divide p by Lagrange’s

Theorem. Hence |H N K| is either 1 (in which case HN K = {e)) or p (in which
case H= HN K=K).

. (a)3or5.
. Ife # a € G, then (a) is a nonidentity subgroup of G. Hence G = (a). If|G| =|a|

has composite order, say [a| = td, then (a*) is a subgroup of order d by Theorem
7.5. Use Theorem 7.35.

2.

If " = e, then f(a)" = f(a”) = f(eg) = ey. So|f(a) divides n by Theorem 7.5.
A proper subgroup has order n, with 1 <n <pgq and n a divisor of pq. Use
Theorem 7.35.

If the center Z(G) has order p, then G/Z(G) has order gq. Hence G is cyclic by
Theorems 7.35 and 7.25.

The center Z(G) must have order p or p? by Lagrange’s Theorem. If it has order
p?, then G = Z(G), and so G is abelian. If Z(G) has order p, then G/Z(G) has
order p, and so G is abelian by Theorems 7.35 and 7.25.

If a» = e and b? = ¢, then (ab)? = a?b? = ¢. Hence H is a subgroup by Theorems



Section 8.1

551

7.5 and 7.8. If |[H| were divisible by a prime g # p, then H would contain an

element of order g by Cauchy’s Theorem 7.38. Hence |[H|must be a power of p.

Section 7.9, page 224

SN RN

15.

23.

25.
29.

(@) (173)  (c) (1476283).
. {a) (12)(45)(679)  (c) (13)(254)(69)(78).
. (a)odd  (c¢)even.

. (a) 3 (c) 60.

cAaay @) = (aa)aa-y) © 00 (@a4)(aya3)(aay).  There  are k-1
transpositions (one for each of ay, a5, . . . , a). k— 1l isevenif and only ifk is
odd.

Let o correspond to ry, 02 to (r,)?, etc. Let 7 correspond tod, 6 ° 7, tor; ° d,
g% o tto (ry)? ° d, and so on.

Let 7= (ab) and express o as a product of disjoint cycles. Since disjoint cycles
commute by Exercise 12 and since each cvcle is its own inverse, all cycles in
o10”! not involving @ or b will cancel and o707 ! will reduce to one of these cases
(where a, b, x, y are distinct symbols): (ab)(ab)(ab); (by) (ab)(by); (ax)(ab)(ax);
(ax)(by)(ab)(ax)(by). Verify that each is a transposition.

Adapt the proof of Theorem 7.48 with G in place of S,,.

There are three possible cases (where a, b, ¢, d are distinct symbols): (ab)(ab),
(ab)(ac), and (ab)(cd). But (ab)(ab) = (1) = (abc)®; (ab){ac)= (acb); and
(ab)(cd) = (acb)(acd).

Section 8.1, page 234

11.
13.

15.

17.

23.

. (a) True. Proof: a| b means b = au and ¢ d means d = cv. Hence bd = aucv =

ac(uv).

. If a is an associate of b, then a = bu for some unit u. Hence bu = a = be, and

therefore u = ¢, a contradiction.

. (a) Suppose g = pu, where pis irreducible and uis a unit. Suppose g = rs; then

rs = pu, and hence p = (pu)u~! = (rs)u™* = r{su™!). Since p is irreducible, ris a
unit or sy~ !is a unit by Theorem 8.1. But if su=!is a unit, say su~!w = 1, thensis
a unit. Therefore q is irreducible by Theorem 8.1.

See the example after Corollary 8.4,

(=) Every divisor of a unit « is also a unit (why?) and hence an associate of u by
Exercise 7 (b). So u has no proper divisors.

If Og # e € R, use Theorem 8.1 to show that a® can’t be irreducible and hence
must be a unit. Hence a4 is a unit.

Suppose p = rs. Then p|r or p|s. Show that r or s must be a unit and apply
Theorem 8.1.

For some d, bc=ad. Wa=nrry, -+ r,,d=z29 "+ 2., b=pyps * * * p,,
and ¢ = q,q, - * - g, with each p,, g,, 1}, z, irreducible, then
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PiPe " " Psgiqe " Q=1 Ty * *  TiZ1Zg * * ° %,.S0each r,is an associate of
p; or g;. But r, cannot be an associate of any p, (otherwise r, would divide the ged
15 of a and b, which implies that the irreducible r, is a unit).

Section 8.2, page 242

3.

5.

11.

13.

19.

25.

27.

(ab) C (b) since b|ab. If (ab) = (b), then ab|b, say abu=b. Hence au = 1,
contradicting the fact that e is a nonunit.

d(ab) = &((su — tv) + (sv + tu)i) = (su — tv)? + (sv + tu)? = s2u® — 2stuv +
t20? + s%0? + 2stuv + t2u? = s2u? + t20? + s%0? + 22 = (2 + ) (u? + v?) =
(a)d(b).

If (a) is an ideal other than R, then a is not a unit (why?) and hence must be
divisible by an irreducible element p (Theorem 8.10). Hence (a) C (p), with (p)
maximal by Exercise 10.

(b) Verify that f:Z— Z,, given by f(a) = |a], is a surjective homomorphism.
By Exercise 17, d = au + bv for some u, v € R. If e € S is a common divisor of a
and b, then e necessarily divides d. Hence d is a gcd of a and b in S.

Assume that 6(a) = k for all nonzero a € R. If b # 0g, then there exist g, r such
that 1 = bg + r, with r = 0 or §(r) < §(b). The latter condition is impossible
because &(r) = k = 5(b). Thus r = 04, and hence q is a multiplicative inverse of
b.

By Theorem 8.11, I = (b) for some nonzero b. If a € Z[i], then a = bq + r with
r=0 or &(r) < é(b), and hence a = r (mod I). By Theorem 6.4, the number of
distinct cosets of I (congruence classes mod I) is at most the number of possible
r’s under division by b. Show that there are only finitely many possible r’s.

Section 8.3, page 252

1.

If x =a, y = b, z=rc is a solution of x" + y* = z" and n = kt, show that x = o',
y = b*, z= ¢t is a solution of x* + y* = 2%, contradicting the hypothesis.

N(ab) = N((rm + snd) + (m + sm)Vd) = (rm + snd)? — d(rn + sm)? = r2m? +
2mnrsd + s*n%*d? — dr*n? — 2mnrsd — ds?m? = r?m? + s2n2d? — dr'n? —
ds*m? = (r? — ds?)(m® — dn?) = N(a)N(b).

(a) Use Corollary 8.16.

.(>)Leta=ut+ov—>5andb=w+zV—5.Ifr+sv—5€P, thenr+sV—5=

2a+ (1 +V=5)b=2(u+oV=5) + (1 + V=5)(w + 2v—5) = (2u + w — 5z) +
(20 + w + 2)V—5. Hence r — s = Qu + w — 52) — (20 + w + 2) =
2(u — v — 3z), so that r = s (mod 2).

Section 8.4, page 260

1.
3.

(2) la,b] = |ak,bk] because a(bk) = b(ak).
la,1g] + [b,1g] = lalg + 14b, 1315 = [a + b, 1] € R* and [a,14][b,15] =
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3.

11.

[ab,1x1g] = [ab,14] € R*; hence R* is closed under addition and multiplication.
The zero element [0g,14] of Fis in R*. The negative of [a,15 is [—a,14] € R*.
+ bd

Verify that f: F— {r + si|r, s € Q) given by f([a + bi, ¢ + di]) = <ac )

c

( bc —ad

¢+ d?

mu + nv =1 for some integers u and v by Theorem 1.3; u and v may be nega-

tive. Negative powers of @ are defined in F and hence, in F, a = a* = gm+™ =

ameqw = (am)u(an)v = (bm)u(bn)u == bmu+nu e bl — b

) i is an isomorphism.

Section 8.5, page 266

1.

(=) If f(x) is a unit in R|x], then f(x)g(x) = 1, for some g(x). By Theorem 4.1,
deg f(x) + deg g(x) = deg 15 = 0. Hence deg f(x) = 0 = deg g(x), so that f(x),
g(x) € B. Hence f{(x) is a unit in R.

. (<) Assume p is irreducible in R[x]. If p = rs in R, then either r or s is a unit in

Rlx]. Hence r or s is a unit in R by Exercise 1. Therefore p is irreducible in R by
Theorem 8.1.

. Since ¢j¢y * ¢, f(x) = g(x), each ¢, divides g(x). Therefore ¢, is a unit in R

because g(x) is primitive.

. First use the fact that R[x] is a UFD to show that R is an integral domain. If cis a

nonzero, nonunit element of R, then ¢ is a nonzero, nonunit element of R|x] by
Exercise 1. Hence c =p,p, * - * p,, with each p, irreducible in Rjx]. Theorem
4.1 shows that each p, € R. Hence p, is irreducible in R by Exercise 3. Use the
fact that Rx] is a UFD to show that this factorization is unique up to order and
associates in R.

Section 9.1, page 274

1.

15.

a+bi=(b— 2a)i+a(l + 2i) + 0(1 + 3i).
Also, a + bi = (—2a)i + (a — b)(1 + 2i) + b(1 + 3i).

. Verify that (—3/V2) — V3)v2 + V3(+2 + i) + V3(V3 — i) = 0.
. If the subset is {Of, uy, ug, . . . . u,}, then 10+ Opg + Opus + - - - +

0gzu, = Op, with the first coefficient nonzero.

. There exist ¢, € F, not all zero, such that ¢;v, + - * - + v, = Opsince the v, are

linearly dependent. The set {v,, . . . v, w;, . . . ,w,)islinearly dependent
because c;v, + - - - + o+ 0w, + -+ - 4+ 0w, = 0y and not all the coeffi-
cients are zero.

. Foranyr+sieC,r+si=(£—E>b+i(c+di).Hence{b,c+di}spansC

b bd d
over R. Prove that it is also linearly independent over R.
(@) Ifa+bv2+cV3=0,thena+bV2 = —¢V3. Squaring both sides and rear-
ranging show that 2abV2=3c2—a>—2b%. If ab+#0, then V2=
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21.

25.

(3¢ — a® — 2b?)/2ab € @, which contradicts the fact that V2 isirrational. Hence
a=0orb=0.Ifa=0, then b¥2 + ¢V3 = 0. Square both sides and make a
similar argument to show that bc = 0. Hence b = 0 orc = 0. Buta = 0andb =0
imply that ¢V3 = 0, whence ¢ = 0. Similarly, a = 0 and ¢ = 0 imply that b = 0.

Suppose cju,+ - teu, +dw=0, If d# 0z then w=—d 'ciu, —
d lcqu, — + - - —d 'c,u,, a contradiction. Hence d = Oz. Then all the ¢, = 05
because {u,, . . . , u,} is linearly independent.

((i) = (iii)) Suppose S = {v,, . . . ,v,) spans K over F. Then some subset T of S

is a basis of K over F by Exercise 22. Since [K: F] = n, T must have n elements,
and hence T =S. Use Exercise 24 to prove (ii) = (iii) and (i).

Section 9.2, page 281

3.

17.
21.

Both F(u + ¢) and F(u) contain F by definition. Since c € Fand u € F(u), u + c €
F(u). Therefore F(u) D F(u + ¢), since F(u + c) is the smallest subfield contain-
ing Fand u + ¢. Conversely, u= (u+ ¢) — c € Flu + c), so that F{u) C F(u+¢),
since F(u) is the smallest subfield containing F and u. Therefore F(u + ¢) = F(u).

. (a) Verify that 3 + 5i is a root of x* — 6x + 34. (¢) Verify that 1 +¥2 is a

root of x® — 3x2 + 3x — 3.

. By hypothesis, uis aroot of some p(x) € Fix]. But Flx] C K[x], so that uis a root of \

p(x) € Kx|.

. Vris a root of x* — 1 € Q(n)|x].
11.
15.

6.

By Lemma 4.24 and the Factor Theorem, a+bi is a root of f(x)=
(x — (a + bi))(x — (a — bi)). Verify that f(x) has real coefficients.

(a) x* — 2x%2 — 4.

7 is a root of x* — 7* € Q(n*)[x] and hence is algebraic over @(n%). Therefore
{1, =, n%, =3} is a basis by Theorem 9.7.

Section 9.3, page 287

3.

5.

9.

11.

Many correct answers, including (a) {1, V5, i, \/gi} (e) (1, V2, V3, V5, V6,
V10, V15, V30).

Use Corollary 4.14 to show that x% + 1 is irreducible over @(v3) and thus is the
minimal polynomial of i over Q(v3). Hence [Q(¥3,):Q(V3)]=2 and
[[@(V3,i): Q] = [Q(3,)): QNVI)][Q(V3: Q] =2 - 2=4.

. |[K{u): F] is finite by Theorems 9.7 and 9.4. Hence u is algebraic over F by

Theorem 9.9. If p(x) € F|x] is the minimal polynomial of u over F and g{x) € K[x]
is the minimal polynomial of u over K, then g(x) | p(x) by Theorem 9.6. Hence by
Theorem 9.7, [K(u): K] = deg q(x) = deg p(x) = [F(u) : F].

[F(1) : F] and [K(u) : F(u)] are finite by Theorems 9.4, 9.7, and 9.9 and Exercise 8.
Apply Theorem 9.4 to F C F(u) C K(u).

(a) Theorem 9.4 applied to FC F(u) C F(u,0) shows that m =deg p(x) =
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13.

15.

[F(u):F] divides [F(u,v): F]. Similarly, n|[F(u,0):F]. Hence mn | [F(u,v):F)] by
Exercise 17 of Section 1.2. Use Theorem 9.4 and Exercise 7 to show that
[F(u,v) : F] = mn. Therefore [F(u,v): F] = mn.

Let h(x) € F(u)[x] be the minimal polynomial of v over F(u); then h(x) | g(x). By
Exercise 11(a) and Theorems 9.4 and 9.7, (deg p(x))(deg g(x)) = [F(u,v): F] =
[F(u,v) : Fw)]|F(u) : F] = (deg h(x))(deg p(x)). Therefore deg h(x) = deg g(x), and
hence g(x) = kh(x) for some k € K. Since h(x) is irreducible over F(u), so is g(x).
If u is algebraic over E, then it is algebraic over F by Theorem 9.10 and Corol-
lary 9.11.

Section 9.4, page 293

3.
7.

11.
15.

21.

Q@(V5,i) is a splitting field; it has dimension 4 by Exercise 3 of Section 9.3.
The minimal polynomial p(x) of u is irreducible in F[x] and has a root in K.
Therefore p(x) splits over K = F(u).

The fourth roots of — 1 are (£ V2/2) * (v2/2)i, so that Q(v2,i) is a splitting field.
x2 + 1 is irreducible in Z,[x] by Corollary 4.14. Hence by Theorem 5.10,
Z,lx]/(x? + 1) is a field of nine elements that contains the roots [x] and [2x]
of x2+ 1.

If p(x) € K[x] is irreducible and uis a root of p(x), then K(u) is algebraic over K by
Theorem 9.10. Therefore u is algebraic over F by Corollary 9.11. Its minimal
polynomial g(x) over F splits over K and divides the irreducible p(x) in K[x] by
Theorem 9.6. Show that p(x) has degree 1 and apply Exercise 19.

Section 9.5, page 298

1.
7.

9.

13.

Every polynomial in F[x] is also in Elx].

(@) If f(x) =a,x"+ - - - +a, and f'{x) = Of, then for each k>0, (klp)a, =
ka, = 0g. Since F has characteristic 0. k1 # Og, and hence g, = 0. Therefore
flx)=a,.

If f(x) and f’(x) are not relatively prime, then their ged has a root 4 in some
splitting field. Hence u is a repeated root of f(x) by Exercise 8, so that f(x) is not
separable.

Use the proof of Theorem 9.18, as in the example that follows the theorem.

Section 9.6, page 305

3.

5.

na=a+a+---+ta=lgatlza+ - +1lga=1z+ - +1lgla=
{nlg)a = Oga = 0y.

Let p = characteristic F = characteristic K. F has order p™, where m = [F:Z ],
by Theorem, 9.23, and hence g=p™ Since [K:Z,]|=[K:F|[F:Z,)]=nm,
Theorem 9.23 shows that K has order p™ = g*.
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13.

17.

Every element a of Z,, is a root of x» — x by the proof of Theorem 9.25. Hence
a? = ainZ,,, which means that a? = a (mod p) in Z. If a is relatively prime to p in
Z, then a is a nonzero element of the field Z,, and hence has an inverse.

By Theorem 9.25, E=1Z,{(u,, . . . , u,) =F, where the u, are all the roots of
xP" — x in K.

Section 10.1, page 313

25.

27.

¢ © YL

- (a) {(0,0)}; {(0,0}, (1,0)}; {(0,0), (0,1)}; {(0,0), (1,1)}; Z; X Z,.
L2y XZ,.

No.

. (b)If D is normal, then for any a, beG, (a,ee)b,b,b)la,ee) ' eD. But

(a,e,e)(b,b,b)(a,e,e)”! = (aba~1,b,b). Since this is in D, we must have aba™! = b,
which implies that ab = ba.

. (a) Let M= ((123)) and N = ((12)) in S;.
Use the homomorphism fin the proof of Theorem 10.1. If f(a,, . . . ,a;) =,
thenag,= (g, - - - a,_,) 'ela,s; * * - a;)"!. Use Lemma 10.2 and Corollary 7.3

repeatedly to show that a,e NN, - -+ N_ Ny, -+ - Ny ={(e). Hence fis
injective by Theorem 7.27.
(a) What are the normal subgroups of S;?

Section 10.2, page 324

1.

L © N Wt

19.

If pra=0 and pmb=0, then p"(—a)=—(p"a)=0 and p™*"ab=
p"p™a + b) = p™(p"a) + p"(p™b) = 0. Hence a + b € G(p) and —a € G(p). Use
Theorem 7.7

 (2)2,02,,2,0Z,01Z, ©Z,0Z,®Z, ()Z,0Z,0Z,@ZL,;

2,02,02;, (22,02,0Z,0 2,02;0L;,2,02,02,0Z;01L,;
7,02,02,01,2,02,02, 02, ® Ly;
2,02,0L,0Ly; L, O L, ® Ly,

.(@)2,5%  (¢)2,2,2%2%3,5,5,5, 5.

. (a)2,2and 2, 2 (c) 2, 22 and 2, 22.

. (a) G must contain an element of order p(why?). If a has order p, then pa = 0.
. If g is a prime other than p and if g divides |G|, use Cauchy’s Theorem 7.38 to

reach a contradiction.
(a) Exercise 1 is the special case when every element of finite order has order a
power of p. Essentially the same proof works here.

Section 10.3, page 331

3.

{(12)(34), (13)(24), (14)(23), (1)} is the only Sylow 2-subgroup. The four Sylow
3-subgroups are ((123)), ((124)), ((134)), ((234)).
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5. (a) 1 or 4.

7. (a) Show that G has a normal Sylow 7-subgroup.  (c) Show that G has a
normal Sylow-11 subgroup.

9. If a € G, then (Na)?” = N in G/N, so that a" ¢ N.

13. If N;, . . ., N; are the Sylow p-subgroups, use the injective homomorphism f
in the proof of Exercise 25 of Section 10.1. Verify that |G|=|N; X -+ - X N,
and conclude that fis also surjective.

19. Show that there is a normal Sylow 3- or 5-subgroup. Note that if there are six
Sylow 5-subgroups, G has 24 distinct elements of order 5 (why?). Similarly, if
there are ten Sylow 3-subgroups, G has 20 distinct elements of order 3.

Section 10.4, page 338

- (@) {ro}, {re}, {1, 13}, {h, v}, {d, t}.

. Look at H={ry, |, 1y, r3} in D,.

- ((123)), ((124)), ((134)), ((234)).

. If Ciis the conjugacy class of a € G, show that f(C) is the conjugacy class of f(a).

. In the equation in Exercise 14 (c), verify that each |C}|is either 1 or a positive

power of p. At least one |C)| is 1 because {e} is a conjugacy class. Since |N| is
divisible by p, there must be more than one|C,| = 1 and hence some nonidentity
element of Z(G) in N.

19. If b e N(N(K)), then b=*N(K)b = N(K). Hence b='Kb C N(K), since K C N(K).
Verify that both K and b™'Kb are Sylow p-subgroups of N(K) and hence conju-
gate in N(K). But K is normal in N(K), and so b=Kb = K. Hence b € N(k).

21. If Sis a Sylow p-subgroup containing H (Exercise 25), then every Sylow p-sub-

group is of the form a~!Sa for some g € G and therefore contains a~!Ha.

U O Ut S

Section 10.5, page 343

. (a) (123), (132), (124), (142), (134), (143), (234), (243).

. (1).

. Disjoint transpositions commute by Exercise 12 of Section 7.9.

. The inverse of a k-cycle is a k-cycle, and disjoint cycles commute by Exercises
10 and 12 of Section 7.9. Since each ¢ € N satisfies 62 = (1), verify that a noni-
dentity element in N must be either a transposition or the product of disjoint
transpositions.

=1 U W =

Section 11.1, page 351

1. f a(c) = ¢ for every c € F, then 67 }(c) = 67 Yo (c)) =c.
3. Use Theorem 9.7 to show that g(c) = ¢ for all ¢ € F(u).
5. Use Corollary 11.5 and Lagrange’s Theorem 7.33.
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9. @) px)=22+x+1 (b)GaloQw)=1Z,.
11. GalgQ(V2,i) =Z, X Z,.

Section 11.2, page 359

1. The number of intermediate fields is the same as the number of subgroups of
GalzK, which is finite by Theorem 11.11.

5. Four, of dimensions 10, 5, 2, and 1.

9. (a) Every subgroup of Z, = GalgK (in particular, GalgK) is cyclic and normal by
Theorem 7.11. By Theorem 11.11, GalE = GalK/GalgK; apply Exercise 14 of
Section 7.6.

11. (b) [Q(V2):Q] = 4 since x* — 2 is irreducible in Q[x] by Eisentein’s Criterion.
x2 + 1 is the minimal polynomial of i over Q(¥2) by Corollary 4.14.

Section 11.3, page 369

1. (a) Many correct answers, includin‘g
Q C Q(5) C Q(WEVT) Cc Q(5,V7,V2 + V5) c Q(V5,¥7,¥2 + V5,1 + V7).

5. A, consists of the subgroup H and the eight 3-cycles (123), (132), (124), (142),
(134), (143), (234), (243). Show that H is normal in A,. Use the fact that all
groups of order < 4 are abelian to show that the series S, D A, D H D (1) satis-
fies the definition of solvability.

7. (@)1 () +1,+i  (e)*1, 1/2+iV3/2, —1/2 iV3/2.

13. If K is the splitting field of a cubic polynomial, then [K:F] is divisible by 3
(why?) and =6 by Theorem 9.13. Hence the Galois group is a subgroup of S,
(Corollary 11.5) of order 3 or 6.

17. (a) 28 — 4x3 + 4 = (x° — 2)2. Q(¥2,w) is a splitting field, where  is a complex
cube rootof 1. G=§,. (c) x5 + 6x3 + 9x = x(x2 + 3)2. Q(i V3) is a splitting
field. G=1Z,. (e) G=S;.

Chapter 12, page 378

1. If ka = 0 (mod p), then p | ka. But (p,k) = 1 (why?). Hence p | aby Theorem 1.8,
which is a contradiction.
3. (a) 0107 0512 2421 1479

Section 13.1, page 383

3. Ifthereis a solution, then 0, 1, or 2 is a solution by Exercise 2. Verify that this is
not the case.
9. x =—30 (mod 187).
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11. x=—18 (mod 210).

13. x = 204 (mod 204,204).

19. (&) If b — a = dk and mu + no = d, then muk + nvk = b — a. Proceed as in the
proof of Lemma 13.1.

Section 13.2, page 388

3. 7is(1,2) and 8 is (2,3) in Z; X Z;. So the product is (1 - 2,2 - 3) = (2,1).
5. (=) If f(r) = f(s), then both r and s are solutions of the system x = r (mod m, ),
x=r(modmy), ..., x=r{modm,).

Section 13.3, page 392

1. (a) Repeated use of Corollary 13.6 shows that both are isomorphic to
Z, X Z,X Ly and hence to each other.

Section 14.1, page 401

1. (a) The proof given in Example 4 on page 396 also applies here.
3. It is not antisymmetric (consider 3 and — 3).

1)

15. In the set P of positive integers ordered by divisibility, the L.u.b. of a subset is
the least common multiple of the integers in the set by Exercises 10 and 14.
Consider the subset of primes.

17. (a) By the definition of g.l.b. andlub.,a Ab=aanda Ab=b=bV ¢, and
thereforea Ab=a N (bV ¢). Similarly,a Ac=a A (b V ¢).

Hence a A\ (b \V ¢) is an upper bound of a /A b and a A ¢, and therefore
@anbyV@NcysaNdVe).

21. Z is a principal ideal domain and (a) C (c) if and only if ¢| a (see Section 8.2).

25. (a) 1 is the only minimal element of P. There is no maximal element since there
is no positive integer that is divisible by all positive integers. (e} Many
correct answers, include the set S in Exercise 1.
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Section 14.2, page 412

1.

17.

21.

23.

If I and J are both largest elements, then I < J since J is a largest element and
J = Isince I is a largest element. Hence I = J.

. C
. Show that if mn = 105, then n is the complement of m (that is, [m,n] = 105 and

(m,n) =1). Note that 105=3 - 5 - 7.

. Since a =0V a for every a and O V O’ = I by definition, O' =0V O’ =L
. You must show that for any positive integers a, b, ¢, [a,(b,c)] = ([a,b],(a,c]). By

Exercise 11 in Section 1.3, it suffices to consider the case when p is prime and
a=p", b=p*, c=p' There are six cases (r<s=<t,s<t=r, etc.). In the first
case, for example, [a,(b,c)]=max(r,min(s,t))=s and ([a,b],[a,c]) =
min{max(r,s),max(r,t)) = s.

By repeated use of De Morgan’s laws and the distributive laws,

{(@aNANDYN @ NAB)Y =@NbYN@Aby={@ Vb )N@ Vb)=
@VbNaVb)={(a@VbNa)V (@ Vb)NA\b)=

(@A VONa)V{(@ ANDIYNVDOA))=0V bANAa)V(@ ADb)V0)=
bAaNV (@ NAb)=(@Ab)V(a \D).

(=) Since O=a N b=aandaisanatom, wemusthavea Ab=0Qora A b=
a.

<) IfA = {c}, thenits only subsets are @ and A. Hence @ ¢ B ¢ Aisimpossible,
and A is an atom.

Section 14.3, page 422

1.
3.

(@pAp.

(a) Use Theorem 14.6.

©@p | a | p=q | pANp=q) | PNP=49) =4
T| T T T T
T | F F F T
F|T T F T
FI|F T F T

b

a” ¢

Chapter 15, page 434

3.

(a) Begin as in the construction of the coordinate plane. Place the compass point
on (1,0) and make a circle whose radius is the segment from (1,0) to (3,0). It
intersects the vertical axis at Q. The right triangle with vertices (0,0), Q, (1,0)
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has hypotenuse of length 2 and one side of length 1. Hence the angle at Q
(opposite the side of length 1) is a 30° angle, by a well-known theorem in plane
geometry. (c) Part (a) shows that a 90° angle can be trisected. Since a 30°
angle can be bisected, a 45° angle can be trisected.

. cos 3t = cos(t + 2t) = cos t cos 2t — sin ¢ sin 2t =

cos t(2cos% — 1) — sin #(2 sin £ cos ) = 2 cos? — cos t — 2 sin®t cos t =
2 cos3t — cos t — 2(1 — cos®t)cos t = 4 cos® — 3 cos t.

. No.To prove this, show that x must be the root of a cubic polynomial in Q[x] that

has no rational roots.

. No.
. If Vk € F, then F(Vk) = F. If Vk ¢ F, then the multiplicative inverse of a nonzero

element a+bVk of F(WkK) is ¢+ dVk, where c=af(a®—kb?) and d=
—b/(a? — kb?).

Section 16.1, page 446

11.
17.

21.
23.

27.

1. Verify that Cis closed under addition and hence is a subgroup by Theorem 7.8.
3.
5. (a) 0000, 1000, 0111, 1111 (¢) 0000, 0010, 0101, 0111, 1001, 1011,

(a) 1 (c) 4.

1100, 1110.

(c) If the ith coordinate is denoted by a subscript, then (u + w), = u, + w, and
(v + w), = v, + w,. Hence (u + v), = (¢ + w), if and only if u, = v;.

Many correct answers, including 00000, 11100, 00111, 11011.

n=>5.

Verify that an element of B(n) has even Hamming weight if and only if it is the
sum of an even number of elements of Hamming weight 1 (for instance, 110 =
100 + 010). Use this to show that the set of elements of even Hamming weight
is closed under addition.

(a) .96059601 (c) .00058806 (e) .00000001.

Section 16.2, page 457

1.

(a) (c)

[

0 0
11
1 0
01

et ot
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3. Several possible answers, including

0
1
1
1
0
0
0
1
1
1
1
1
0
0

O O bt et st el = OO OO

O O O b OO b bt O bt et (O
H O QOO OO M OO e

00

13. An error is detected if and only if w is not a codeword. Note that w = u + e and

that the set of codewords is closed under addition.

Section 16.3, page 464

1.

@I fxy=ax"+ -+ +ax'+ -+ +ay, then f(x)+ f(x) = (a, + a,)x"+
- +{a,ta)t+ - +(ag,+a,)=0x"+ - +0x*+ --- +0 because
a;,+a,=0foreveryaq,eZ;.

. Verify that 1 + x + x* has no roots in Z,; and hence no first- or third-degree

factors. If there is a quadratic factor, it is either the product of two linear factors
or irreducible. Use long division to show that the only irreducible quadratic
(Exercise 2) is not a factor.

. (a) Use the table to show that a® isaroot of f(x) = 1 + x + x2 + x3 + x*. It then

suffices to show that f(x) is irreducible. Use the method of Exercise 3.

() fllag+ax+ - - - +a,_;x*"']) = (0,0, . . . ,0), then

lag +a;x+ - - - +a, ;x"" 1] =[0], so that the kernel of fis the identity sub-
group. Apply Theorem 7.27.

. (a) D(x) = x® + a*x + ahasroots 1 = a® and o = a!. Hence the correct word is

000000000000000. (¢) D(x) = x2 + a*3x + a* has roots a® and «!°. Hence
the correct word is 101010010110000.

Appendix B, page 492

1.

(a)(—2,—1,0,1,2,3,4,5,6,7,8  (c){1,2).

3. (a) empty since V2 is irrational. (c) empty.
7. (a,0), (a,1) (a,c), (b,0), (b,1), (b,c), (c,0), (c,1), (c,c).

11.
13. (a) Many correct answers, including the functions f, g, h, k given by f(1) =

(a) yes (c) yes.

>

a
f(2)=b, f3)=c, f(4)=a; g(1) =c, g(2)=Db, g(3)=a, g(4)=b; h(1)=b

>
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19.

23.
25.

27.

29.

h(2)=a,h(3)=c, h{(4) =c; k(1) =c, k(2) = a,k(3) = a,k(4) =b.  (c) There
are six bijections from C to C.

If (a,d) e AX (BUC),thenae Aand d € Bord € C. Therefore (a,d) ¢ A X Bor
(a,d)e AXC, and hence (a,d)e(AXB)UAXC). Thus AX(BUC)C
(A X B) U (A X C). Conversely, suppose (r,s) € (A X B) U (A X C). Then (r,s) €
AXBor {rs)e AXC. If (rs) e AXB, then re A and s € B (and hence se¢
BUC), so that (rs)eAX(BUC). Similarly, if (r;s)e AXC, then
(r,s) € AX (BUC). Therefore (A X B)U (A X C) C A X (BU C), and hence the
two sets are equal.

No; why not?

(a) If f(a) = f(b), then 2a = 2b. Dividing both sides by 2 shows that a =b.
Therefore fis injective. (c) If f(a) = f(b), thena/7 = b/7, which implies that
a=b.

@ If (g © f)(a) = (g ° f)(b), then g(f(a)) = g(f(b)). Since g is injective, f(a) =
f(b). This implies that a = b because fis injective. Therefore g ° fis injective.
(a) Letd € D. Since g © fis surjective, there exists b € Bsuch that (g ° f)(b) = d.
Let ¢ = f(b) € C. Then g(c) = g(f(b)) = (g ° f)}(b) = d. Hence g is surjective.

Appendix C, page 503

1.

11.

13.

P(0) is true since 0 =0(0 + 1)/2. If P(k) is true, then 1 4+2+ - - - +k=
k(k+1)/2. Add k+1 to both sides and show that the right side is
(k + 1)(k + 2)/2. This says that P(k + 1) is true.

. Let P(n) be the statement 2°~! < n!. Verify that P(0) and P(1) are true. If P(k) is

trueand k= 1, then 2! = kland 2 < k + 1. Hence (2¥~1)2 =< kl(k + 1), that is,
2k < (k+ 1). Thus P(k + 1) is true.

. Suppose the statement is true for k, that is, that 3 is a factor of 2%+1 + 1. Then

92+1 4 1 = 3¢, and hence 2%+1 = 3t — 1. To show that the statement is true for
k+ 1, note that 22k+D+l—=2+2+1— 9%+102 = (3¢t— 1)4=12—4=
3(4t — 1) — 1, and hence 22¢¥1+1 4+ 1 = 3(4¢ — 1),

Let B={b,, b,, . . . ., b,). In defining an injective function from B to B, there
are n possible choices for the image of b;, n — 1 choices for the image of b,
(because by can’t have the same image as b, ), n — 3 choices for the image of b,,
and so on.

(a) Assume that a set of k elements has k(k — 1)/2 two-element subsets and that
B has k + 1 elements. Choose b € B and let C = B — {b}. Every two-element
subset of B consists either of two elements of C or of b and one element of C.
There are k(k — 1)/2 subsets of the first type by the induction hypothesis.

Appendix D, page 510

3.

(a) @ ~ a since cos a = cos a. If a ~ b, then cos @ = cos b and, by the symmetric
property of =, cos b = cos a; hence b ~ a.Ifa ~band b ~ ¢, then cosa = cos b
and cos b = cos c. Hence cos a = cos ¢, and therefore a ~ c.
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5. (b) The equivalence class of (r,s) is the vertical line through (r,s).
9. (a) transitive (c) symmetric.

19. (b) Consider the subgroup K = {ry, v} of D,.

Appendix E, page 515

1. 4032. ‘ ‘
3. (':) QR i R ey e T <n . r)'

Appendix F, page 520

1 -6 0 4
1. (a)A+B—(9 s 11 12).

3. (a) The entry in position i-j of A + Bis a, + by. But a; + b, = b, + a,, which is
the entry in position i-j of B+ A. Hence A+ B=B + A.

Appendix G, page 529
1. (a)x+x*+x° (¢)(—11,7.5,—3,12,—5,0,3,0,0,0, . . .).
3. (a) [(ag,a1, . - ) ® (by.by, . . N ®(co,cy, - . )
=(ap+by,a, +by, .. )O®(co,cr5-..)
=((ag+bo) + ¢y, (ay+by)+cy, .. 2)
=(ay+ (bg+¢y),a,+ (by+c), .. .)
=(ag,8y, - - )@ (by+cy, by +cy, .. .)
= (gg,ay, - - -) ®[(bo.by, . . )@ (co,61, - - )]
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absorbs products, 127
absorption laws, 399
ACC, 238, 244
addition

polynomial, 77

inZ, 32

inZ, 31, 33
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identity, 40

notation, 165, 188, 317
Adelman, L., 374
adjoining an element, 279
algebra

Boolean, 406

Fundamental Theorem of, 108
algebraic

closure, 293

element, 277

extension, 283

integer, 251

number, 251, 287
algebraically closed, 108, 293
algorithm

division, 2, 4, 78

Euclidean, 9, 242
alternating group, 222, 340
A, 223, 340
angle

constructible, 435

trisection, 425, 433
antisymmetric, 395

arithmetic,

clock, xvii

Fundamental Theorem of, 15
ascending chain condition, 238, 244
associate, 88, 229
associative operation, 32, 40, 153, 488
atom, 414
Aut G, 185
automorphism

field, 346

groups, 180

inner, 180, 185
axiom, 474

basis, 270
BCH code, 459, 462
biconditional statement, 474
bijection, 490
bijective function, 490
binary
linear code, 439
operation, 487
symmetric channel, 438
binomial
coeflicient, 513
theorem, 514
block code, 439
Boole, G., 406
Boolean algebra, 406
applications, 416
isomorphism, 409
Boolean ring, 60
bound
greatest lower, 397
least upper, 397
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bound (Continued)
lower, 397
upper, 396

C, 46
calculator, 5, 101
cancellation

in groups, 164

in integral domains, 57
Cartesian product

of groups, 160

of rings, 48

of sets, 484
Cauchy’s Theorem, 327

for abelian groups, 212, 325
Cayley’s Theorem, 182, 207
center

of group, 176, 198, 335

of matrix ring, 53
centralizer, 176, 333
chain, 403

condition, 238, 244
characteristic, 61

n, 300

zero, 296
characteristic subgroup, 193
check digits, 444

Chinese Remainder Theorem, 318,

390
circle
constructible, 426
squaring the, 436
circuit, 419
class
congruence, 113, 188
conjugacy, 333
equivalence, 508
residue, 113
class equation, 335
classification of finite groups, 207
clock arithmetic, xvii
closed
algebraically, 108, 293
circuit, 419
under an operation, 488
closure, 32, 40, 153, 488
algebraic, 293

code, 373, 439

BCH, 459, 462

binary linear, 439

corrects errors, 441

cyclic, 466

detects errors, 442

Hamming, 443, 457

(n, k) linear, 439

parity-check, 439

secret, 373

systematic, 444
codeword, 439
coding theory, 437
coefficient, 75

binomial, 513

leading, 77

polynomial, 75, 524
column vector, 519
common divisor, 6
commutative

operation, 32, 40, 153, 488

ring, 40
commutator subgroup, 200
compass, 425
complement, 405, 483
complete induction, 499, 502
complex

conjugation, 6

numbers, 46, 123
composite function, 485
composition factor, 214
compound statement, 469
computer arithmetic, 385
conditional statement, 472
congruence(s), 379

class, 25, 27, 113, 188

class arithmetic, 116

linear, 379

modulo an ideal, 129

modulo n, 23

modulo p(x), 112

modulo a subgroup, 188

system of, 380
conjugacy, 332

class, 333
conjugate

elements, 332



Index

567

conjugate (Continued)

fields, 360

subgroups, 336
constant polynomial, 77
constructible

angle, 435

circle, 426

line, 426

number, 427

point, 426
construction

methods of proof, 477

straightedge and compass, 425
converse, 474
contradiction, proof by, 476
contrapositive, 473, 476
correspondence

Galois, 353

one-to-one, 490
coset, 131, 188, 189, 208

decoding, 450

leader, 450
counterexample, 478
cryptography, 373
cube duplication, 425, 433
cycle(s), 219

disjoint, 220
cyclic group, 172

decoding
coset, 450
maximum-likelihood, 439
nearest-neighbor, 441
standard-array, 450
syndrome, 454
techniques, 449
Dedekind, R., 250
degree, 77
DeMorgan’s Laws, 408
dependent, linearly, 269
derivative, 295
designed distance, 462
dihedral group, 158
dimension, 272
direct product
external, 312

direct product (Continued)
of groups, 309, 312, 316
infinite, 316
internal, 312
of rings, 48
direct proof, 475
direct sum, 309, 316
disjoint
cycles, 220
sets, 483
distance, Hamming, 440
distributive law, 32, 40, 407
lattice, 406
divides, 6, 83, 229
Division Algorithm
in Flx], 78
inZ, 2, 4, 500
division ring, 45, 56
divisor, 6
elementary, 323
greatest common, 84
proper, 232
zero, 58
D,, 158
domain
Euclidean, 241
of function, 485
integral, 45, 57, 58
principal ideal, 239
unique factorization, 231
duality, 397
duplication of the cube, 425, 433

Eisenstein’s Criterion, 103
element

adjoining an, 279

algebraic, 277

identity, 153

image of, 485

inverse, 56, 153

of maximal order, 319

order of, 166

of set, 481

transcendental, 75, 277, 529
elementary divisor, 323
empty set, 482
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equivalence

class, 508

relation, 507
equivalent statements, 416, 473
Erathosthenes, sieve of, 20
error

correcting code, 441

detecting code, 442

pattern, 458
Euclidean

algorithm, 9

domain, 241
Euler ¢-function, 214
Euler’s Theorem, 218
evaluation homomorphism, 99
even

integers, 41

permutation, 221
existential quantifier, 471
exponent notation

in groups, 165

in rings, 55
extension

algebraic, 283

field, 122, 268

finitely generated, 284

Galois, 355

normal, 292

quadratic, 429

radical, 362

ring, 529

separable, 295

simple, 277
external direct product, 312

factor, 229

composition, 214

group, 196

invariant, 322

ring, 138

theorem, 95
Fermat

Last Theorem, 246

Little Theorem, 217, 306, 375
field(s), 45

algebraic closure of, 293

field(s) (Continued)
algebraically closed, 293
automorphism of, 346
extension, 122, 268
finite, 299
fixed, 350
Galois, 304
intermediate, 350
quadratic extension, 429
of quotients, 255, 259
of rational functions, 259
root, 289
splitting, 289

finite
abelian groups, 317
dimensional, 272
field, 299
group, 153, 207
order, 153, 166

finitely generated
extension, 284
group, 199
ideal, 243

First Isomorphism Theorem, 139, 201

First Sylow Theorem, 327, 335
fixed field, 350
forward-backward technique, 475
Four-Color Theorem, 505
Freshman’s Dream, 302
function, 485

bijective, 490

composite, 485

domain of, 485

equality, 486

image of, 489

injective, 488

order preserving, 404

polynomial, 93

range of, 488

rational, 259

surjective, 489
Fundamental Theorem of

Abelian Groups, 320

Algebra, 108

Arithmetic, 15

Galois Theory, 356
Flx], 74
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Gal,K, 346
Galois
correspondence, 353
criterion, 363, 366
extension, 355
field, 304
Fundamental Theorem, 356
group, 346
group of polynomial, 363
theory, 345
Gauss, C. F., 245
Lemma, 263
Gaussian integers, 229
g.cd., 6,230
general linear group, 154
generator
of cyclic group, 172
matrix, 444
polynomial, 462
generators and relations, 212
glb., 397
G(p), 318
greatest
common divisor, 6, 8, 13, 84, 230,
397
lower bound, 397
group(s)
abelian, 153
additive notation, 165, 188, 317
alternating, 222, 340
automorphism, 180
Cauchy’s Theorem, 212, 325, 327
Cayley’s Theorem, 182, 207
center, 176, 198, 335
classification problem, 207
code, 349
congruence, 188
cosets, 188, 208
cyclic, 172
dihedral, 158
direct product, 309, 312
factor, 196
finite, 153
finitely generated, 199
Galois, 346, 363
general linear, 154
generators of, 174

group(s) (Continued)
homomorphism, 179
indecomposable, 316
inner automorphism, 180
isomorphic, 178
Isomorphism Theorems, 201, 202
metabelian, 206
multiplicative notation, 164, 188
nilpotent, 331
normalizer, 336
order of, 153
p-, 319, 331
permutation, 156, 182
quaternion, 161
quotient, 196
representation, 182
simple, 204, 213, 340
solvable, 363
special linear, 162
symmetric, 155, 219
torsion, 326
of units, 154

Hamming, R. W., 437
code, 443, 457
distance, 440
weight, 440

homomorphic image, 139

homomorphism
evaluation, 99
group, 179
kernel, 138, 200
lattice, 404
natural, 139
ring, 64

hypothesis, 472
induction, 498

ideal(s), 127
congruence modulo an, 129
finitely generated, 243
generated by a set, 134
left, 129
maximal, 146
prime, 144, 149
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ideal(s) (Continued)
principal, 128, 133
product of, 250
right, 132
sum of, 133
zero, 127
idempotent
element, 59
laws, 399
identity, 40
additive, 40
element, 153
map, 485
matrix, 518
image, 485, 489
homomorphic, 139
indecomposable group, 316
independent
linearly, 269
of representatives, 30
indeterminate, 75, 529
index
set, 484
of subgroup, 208
induction, 477, 498, 502
complete, 499
hypothesis, 498
infimum, 397
infinite
dimensional, 272
direct product, 316
direct sum, 316
order, 153, 166
injective, 488
Inn G, 185

inner automorphism, 180, 185

integer, 1
algebraic, 251
Gaussian, 229
modulo n, 27
quadratic, 245, 252
square-free, 234, 247

integral domain, 45, 57, 58,\229
field of quotients, 255, 259
interdependence of chapters, xv

intermediate field, 350
internal direct product, 312

intersection, 483
invariant factor, 322
inverse, 56, 153

of function, 492
invertible matrix, 57
irreducibility

in Q[x], 100

in Rz} and Clx], 107
irreducible

element, 229

polynomial, 89
isomorphic, 64
isomorphism

Boolean algebra, 409

extension of, 280, 291

group, 179

preserved by, 69

ring, 62, 64

theorems, 139, 143, 201, 202, 206

join, 398

kernel, 138, 200
Kronecker delta, 518
Kummer, E., 246, 250

Lagrange’s Theorem, 208

Lame, G., 246

largest element, 405

lattice, 398
complemented, 405
distributive, 406
homomorphism, 404
modular, 413

l.e.m., 13, 236
leading coefficient, 77
least

common multiple, 13, 236

residue, 376

upper bound, 397
left

coset, 189

ideal, 129

regular representation, 183
length of cycle, 219
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line, constructible, 426
linear
code, 439
combination, 7, 269
congruences, 380
linearly (in)dependent, 269
linked switches, 419
logic, 416, 469
lower bound, 397
Lu.b., 397

map, 485
identity, 485
mapping, 485
mathematical induction, 498, 502
matrices, 42
matrix, 42, 517
addition, 518
generator, 444
identity, 518
invertible, 57
multiplication, 519 .
parity check, 451
ring, 42, 520
zero, 518
maximal
element, 403
ideal, 146
order, 319
maximum likelihood decoding, 439
M(C), 44
McBrien, V. O., v, 302
meet, 398
member of set, 481
Mersenne prime, 21
message word, 438
metabelian group, 206
methods of proof, 475
construction, 477
by contradiction, 476
contrapositive, 476
direct, 475
induction, 477, 498
minimal
element, 403
polynomial, 278

modular
arithmetic, 29
lattice, 413
modus ponens, 475
monic polynomial, 84

MQ), 44

M(R), 42

multiconditional statement, 478

multiplication
polynomial, 77
inZ, 32
inZ,, 31, 33

multiplicative
identity, 40
inverse, 56
notation, 164, 188

M(Z), 44

MZ,, 44

N, 497

natural homomorphism, 139
nearest-neighbor decoding, 441
negation, 470
negative, 53
nilpotent
element, 61
group, 331
norm, 247
normal
extension field, 292
subgroup, 190
normalizer, 177, 336
null set, 482
number
algebraic, 251, 287
constructible, 427

odd permutation, 221

one-to-one
correspondence, 490
function, 488

onto function, 489

open circuit, 419

operation, 487

oppositely linked switches, 419



even, 221
odd, 221
phi-function, 214
PID, 239
point, constructible, 426
polynomial(s), 75, 523
addition of, 77, 524
congruence modulo a, 112
constant, 77
degree of, 77
derivative of, 295
division algorithm for, 78
function, 93
Galois group of, 363
irreducible, 89
leading coefficient of, 77
minimal, 278
monic, 84
multiplication of, 77, 524
primitive, 262
relatively prime, 86
root, 94
separable, 295
poset, 395
premise, 472

572 Index
order, 153 preserved by isomorphism, 69
of element, 166 primality testing, 19
of group, 153 prime
maximal, 319 ideal, 144, 149
partial, 394 integer, 13
preserving function, 404 Mersenne, 21
ordering, 35 number theorem, 20
partial, 394 relatively, 86
total, 403 subfield, 301
primitive
polynomial, 262
p-(sub)group, 319, 327, 331 root of unity, 365
parallel switches, 419 principal ideal(s), 128, 133
parity-check ascending chain condition, 238
code, 439 domain, 239
matrix, 451 Principle of
partial order, 394 Complete Induction, 499
partially ordered set, 395 Duality, 397
partition, 510 Mathematical Induction, 498
Pascal’s triangle, 516 product
permutation(s), 151 Cartesian, 484
~ disjoint, 220 direct, 309

of ideals, 250

of matrices, 518

semidirect, 315
proof, xvii, 475

by contradiction, 476

by contrapositive, 476

by induction, 477, 498
proper

divisor, 232

subgroup, 170

subset, 482

public-key cryptography system, 374

P(X), 396

Q, 45
quadratic
extension field, 429
formula, 361
integer, 245, 252
quantifier, 471
quaternion(s)
division ring of, 47
group, 161
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quotient(s)
field of, 255, 259
group, 196
ring, 138

Qg[x], 233

R, 45
radical
extension, 362
solvable by, 363
range of function, 485
rational
functions, 259
numbers, 45,
root test, 100
real
numbers, 45
quaternions, 47
received word, 439
reducible polynomial, 89
reflexive, 24, 113, 130, 395, 507
relation, 394, 507
antisymmetric, 395
equivalence, 507
partial order, 394
reflexive, 395, 507
symmetric, 507
transitive, 395, 507
relative complement, 483
relatively prime, 7, 86
remainder, 2, 79
Remainder Theorem, 94
representation, 182, 186
residue class, 113
right
coset, 188
ideal, 132
regular representation, 186
ring(s), 40
Boolean, 60
Cartesian product of, 48
commutative, 40
division, 45, 56
extension, 529
factor, 138
of Gaussian integers, 229

ring(s) (Continued)
homomorphism, 64
with identity, 40
isomorphism, 62, 64
matrix, 42, 520
quaternion, 47
quotient, 138
Rivest, R., 374
root, 94
adjoining a, 279
field, 289
multiple, 98
rational, 100
of unity, 365
row vector, 519
RSA system, 374
Ruffini, P., 345, 361
ruler and compass constructions, 425
R[x], 75

Second
Isomorphism Theorem, 143, 206
Sylow Theorem, 328, 337
semidirect product, 315
separable
extension, 295
polynomial, 295
series switches, 419
set(s), 481
-builder notation, 481
Cartesian product of, 484
disjoint, 483
empty, 482
index, 484
intersection, 483
null, 482
partially ordered, 395
partition of, 510
relative complement of, 483
totally ordered, 403
union, 483
Shamir, A., 374
sieve of Erathosthenes, 20
simple
extension, 277
group, 204, 213, 340
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smallest element, 405
S,, 155
solvable
group, 363
by radicals, 363
span, 269
special linear group, 162
splits, 289
splitting field, 289
square-free integer, 234, 247
squaring the circle, 436
standard
array, 450
generator matrix, 444
statement(s), 469
biconditional, 474
conditional, 472
contrapositive, 473
converse, 474
equivalent, 473
multiconditional, 478
negation, 470
straightedge, 425
subfield, 45
prime, 301
subgroup, 170
characteristic, 193
commutator, 200
conjugate, 336
cyclic, 172
generated by set, 174
index of, 208
normal, 190
normalizer of, 336
Sylow p-, 327
torsion, 326
subring, 41
subset, 482
subtraction, 54
sum
of ideals, 133
of matrices, 518
supremum, 397
surjective, 489
Sylow
p-subgroup, 327
Theorems, 327 -329, 335-338

symmetric, 24, 113, 130, 507
binary channel, 438
group, 155, 219
symmetries of the square, 158
syndrome decoding, 454
system of linear congruences, 380
systematic code, 444
switch, 419

tautology, 423
thematic table of contents, xx
theorem, 474
Third
Isomorphism Theorem, 143, 202
Sylow Theorem, 329, 338
torsion (sub)group, 326
totally ordered set, 403
transcendental element, 75, 277, 529
transitive, 24, 35, 113, 130, 395, 507
transposition, 221
trisection of an angle, 425, 433
truth table, 416

UFD, 231
U,, 154
union, 483
unique factorization
domain, 231
in Flx], 90
in polynomial domains, 261
inZ, 15
unit, 56, 88, 154, 229
unity, root of, 365
universal quantifier, 471
upper bound, 396

vector, 519

weight, Hamming, 440
Well-Ordering Axion, 1, 497, 502
word size, 385

Z 1,41
Z[Vd)], 229
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Zero
divisor, 58
element, 40
ideal, 127
matrix, 518
Z(G), 176, 198

Zli], 229
Z, 27,41
new notation, 33

Z, (p prime), 36
Z|x], 261



